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intended the one which is inserted at p. 7ti, as preparatory to the 
succeeditig Theory of the Moon ; and Euler distiiicllj slates as 
a reasoQ foi cultivating the algoritJim of sines, its great utility in 
the mised Mathematics. 

In the arrangement of the Treatise, which the Table of 
Contents sufficiently explains, Spherical succeeds to plane Tri- 
gonometry. Now, the former has not, like the lattcrj been ex- 
tended beyond its original purpose. It has no collateral and indirect 
uses ; it has not enriched the general language of analysis, by 
its peculiar phrases. But, notwithstanding this confined range, 
and apparent simplicity in the object of the science, its propositions 
are more easily established by the Analytical method than the 
Geometrical, And, (at least in the opinion of the Author of this 
Treatise) this would be the case, even if there existed no simi- 
larity and artificial connexiouj between the processes by which 
the series of formula in the two branches of Trigonometry 
were respectively established. But, so far from there being no 
similarity, the corresponding propositions can be deduced by 
methods so analogous, that to l(uow the one is almost to know 
the other. 

This will appear to be the case, if we refer to pages 24 and 
139, &c. of this Treatise. We shall there find similar Algebraical 
derivations of formulae from two fundamental expressions for the 
cosine of an angle. The principle of the derivation, however, 
is not new ; it originated with Euler, who inserted in the Jcta 
Acad. Petrop. for 1779, a Memoir entitled Trigonornetria Spherica 
Universii, ex primis principiis tireviter et ditucide derivata. Gua 
next, in the Memoirs of the Academy of Sciences for 1783, p. 291, 
deduced, but by awkward and complicated processes. Spherical 
Trigonometry " from the Algebraical solution of the simplest of 
its Problems." In 1786, Cagnoli, in his excellent Treatise, 
derived without " similar triangles ur complicated figures," the 
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fundamental expressions for the sine and cosine of the sum of 
two arcs. And lastly, Lagrange and Legendre, the one in the 
Journal de L'Ecole Polytechnique, the other in his Elemens de 
Geametrie, have followed and simplified Euler's method, and 
instead of three fundamental expressions^ have shewn one to be 
sufficient. 
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PREFACE 



TO THE THIRD EDITION. 



The present Edition is not diflereut, in its plan^ from the 
second. It contains, however, more matter> to the amount of 
twenty-five pages, and some alterations. The additional matter 
(the greater portion of it) will be found in the enquiry concerning 
the properties and uses of logarithms ; the altered matter at the 
beginning of the Treatise. But whatever is changed or added, 
has been so with a view of rendering the Work more plain and 
easy to the Student ; and, for the same end^ it has been inter- 
spersed with new instances of illustration. 

Cants College, Feb. 2, I8l». 
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It is not easy to adapt a Treatise on Trigonometry to all 
descriptions of Students ; to state, in its beginning, within a small 
compass, and with their simplest solutions, those Propositions 
which relate merely to the cases of oblique-angled triangles, 
and then, on the ground of those propositions and by the 
method of their solutions, to proceed to investigations of greater 
intricacy. 

The Student, if he be supposed to possess a knowledge of the 
fist six Books of Euclid, may thence, by a few easy inferences, 
and by the aid of some simple constructions, arrive most readily 
at the Trigonometrical solutions of the cases of oblique-angled 
triangles. If his views extend no farther, he cannot take a better 
guide than Ludlam or Robert Simson : nor proceed by any easier 
method than the Geometrical. 

But few Students are content with such confined views. 
Trigonometry is now extended far beyond its original object, and 
to other investigations than those of the relations of ihe sides 
and angles of Triangles. The collateral uses of the science have 
become the most numerous, and are not the least important. 
To the knowledge of many of these, however, the Geometrical 
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method is unable to conduct us. At some point or other of our 
enquiries (we speak of its present and actual state) it must be 
abandoned^ and recourse be had to that which technically is called 
the Analytical Method. 

Since this latter is the sole thoroughly, efficient method^ will 
it not be better to make it, in a Treatise on Trigonometry, the 
predominant one, instead of being compelled merely to call in its 
aid, when the resources of the former are exhausted ? 

The Author of the present Treatise has endeavoured to con- 
struct it on such a plan ; and, with this view, he has had as little 
recourse as possible, to Geometrical constructions and the pro- 
perties of figures. What he thence has borrowed are not so much 
to be considered as the first steps in his process of demonstration, 
as the data and ground-work from which the process itself is to 
commence and to be instituted. 

By these means the process is made uniform and systematical. 
But uniformity may be purchased at too dear a rate ; and the 
main purpose of the Work, which is utility^ would be sacrificed, 
if, for the sake of system, the analytical method were reluctantly 
compelled to submit to modes of proof that are strange to its 
nature and genius. 

The specimens of demonstration contained in the following 
pages must determine whether or not such sacrifice has been 
made. 

The great practical use of Trigonometry is the resolution 
of rectilinear triangles; but, that it is capable of being extended, 
and to objects, not merely curious, but of real interest, we may 
.learn from the history and actual state of the science. 

The first considerable extension of Trigonometry^ beyond its 
original object, was made about twenty years after the death of 
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Newton. It was then, on the ground-work laid down by that great 
man, that three Mathematicians of the Continent, Clairauty Da- 
lembert and Euler^ and Thomas Simpson our countryman^ began 
to establish a system of Physical Astronomy more perfect than 
what its Author had left. With this view, they laid aside the Geo- 
metrical method which Newton had used^ and which they thought 
incompetent to their purpose^ and adopted the Analytical. Pursuing 
this method^ they perceived the formulaB of Trigonometry to be 
of continual use and recurrence, and the language, by which the 
process of demonstration was conducted, to be formed, in a great 
degree, of symbols and phrases borrowed from that science. In 
order, therefore, to render the process precise and expeditious, it 
became necessary to improve the means and instruments by which 
it was carried on ; and, accordingly, at the time spoken of, the 
advancement of Trigonometry^ the pure and subsidiary science^ 
was contemporaneous with that of Astronomy, the mixed and 
principal one. 

This general statement would be confirmed by an examination 
of the Memoirs and Treatises on Physical Astronomy published 
about the year 1750. 

Clairaut and Dalembert in their Lunar Theories embody in 
those Works, or introduce as prefatory matter, several, now 
commonly known. Trigonometrical formulae*. In the Volume 
of Tracts which Thomas Simpson published, the Author evidently 

* It will hardly be believed that theorems, such as are given in 
pp. 28, 29, &c. were almost unknown. Yet Clairaut, (Mem, Acad, 1743, 
p. 342, and Theorie de la Lune, edit, 2, p. 9-) alluding to these 
Theorems, says, * M. Euler est le premier, que je s^acbe, qui ait fait 
usage 3e ces Theoremes pour operer sur les sinus et cosinus d'angles, 
sans avoir recours a leurs formes imaginaires.' 
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PLANE TRIGONOMETRY. 



CHAP. I. 

On the Division of the Circle into Degrees^ Minutes, Seconds, Sfc.*^ 

Definitions of Sines^ Cosines, Sfc. 

ARCS THE MEASURES OF ANGLES. 

Art. 1. It is proved in the'33ci Proposition of the sixth 
Book of Euclid, that, in equal circles, angles have the same 
ratio to each other, as the arcs on which they stand. Hence 
alsd, in the same circle, the angles vary as the arcs on which 
tbey stand ; and consequently we may assume arcs as the 
measures of angles. 

In the circle ABDE, the arcs AB, AD, are measures of 
the angles JCB, JCD ; and of the same angles, in the smaller 
circle abde, ab, ad, are the measures; which latter arcs have 




the same ratio to the arcs AB, AD, that the radius Ca has 
to CA. For, since, in the circle abde, the measure of four 
iright angles vt the whole circumference abde, 

A 



Z aCb : 4 right /. s :: ab : ahde, therefore 

^ aCb =4 right Z 5 x , . . 

abae 

Similarly, / ACB^ or Z flC6 = 4 right Z s X ^ .>,^ a • 

TT ^* abde Ca . t^, ^ . , a> 

Hence. ~ = ^^jjj^ = ^> ^^"ce, (Playfair s Geometry, 

edit. 2. p. 219.) the circumferences of circles are to one another 
as their radii. , 

2. If from the points jB, b, two lines BF, bf be drawn 
making with CA equal angles CFB, Cfb, then, by the similar 
triangles CFB, C/b, we have 

BF _ CB 

bf ^ C6 ^ 

and hence, if, in a circle ABDE, we have determined the value 
of a line such as BF, we can always assign the value of a similar 
line bf, in another circle abde, provided the ratio of the radii 
CB, Cb, be known : for instance^ if CB be called 1, and Cb, r, 

bf=BFx ~ = BF X r, or BF =^. 

1 r 

3. * It is usual to divide the circumference of a circle into 
SfiO equal parts, which parts are called degrees, and of which 
the symbol is n^ or 5®, if n or 5 be their number : each degree is 
also divided into 60 equal parts^ which parts are called minutes ; 
and of which the symbol is m' or 7', if ni or 7 be their number : 
and, finally, each minute is divided into 60 equal parts, which 
parts are called seconds, and of which the symbol is / ' or 35 , if 
t or 35 be their number: thus, if j^B (Fig. p. 1.) equals one- 
fourth of the circle jJBDE, AB contains 90 degrees, or, symbo- 
lically, AB =z 90^ If JB := j^th of the circumference A BDE, 
A B contains 30** or AB = 30**. If -4 jB — yth of the circumference 



* See the Note at the end of the Chapter. 
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ABDE, AB = l 860" = 51° + - l^ = 51" + — 

^ 7 . -7 

= 51" 25' + - 1' = 5l» 25' 42" + - l". 



The values of - \" and of like quantities are, usually^ ex- 

• 7 

pressed by means of decimals; thus, - l", retaining only the 

two first figures, equals 0".85; and Jth of the circumference 
would be expressed by 

51** 25' 42". 85. ' 

But it is occasionally useful (see Astron. p. 397.) to extend the 
division of the circle beyond that of seconds, and to introduce, 
with their proper symbols, thirds, fourths, &c. In such an ex- 

tension^ - l'' would equal 5l"' 25*^.7 and the foregoing arc, the 

seventh of the circumference, would be expressed by 

51^ 25' 42" 51'" Q5'\7. 

4. The arcs of circles, it has appeared, are proper measures 
of the iangles which they subtend; if the angles be increased, the 
arcs are also increased, and in the same ratio ;.and knowing the 
vahie of one, is, in fact, knowing the value of the other. But, 
in Trigonometry, the values of angles are made to depend on 
the values of certain right lines, drawn according to certain rules, 
but not varying as the angles vary. The lines just alluded to 
are called sines, tangents, secants, &c. which it now becomes 
necessary to define. 

The Sine of an Arc is a right line drawn, from one extre- 
mity .of an arc, perpendicularly to a diameter passing through 
the other extremity. 

The Cosine of an Arc is a right line intercepted between 
the centre of the circle and that point in the diameter (th*? fool 
of the sine) at which the sine of the same arc drawn perpendi- 
cularly to the diameter meets it. 



Th^ Versed Sine is a part of the diameter intercepted 
between the common extremity of the arc and diameter, and the^ 
foot of the sine. 

The Tangent of an Arc is a right liiie, drawn from one ex- 
tremity of it and perpendicularly to a diameter passing through it, 
and terminated by its intersection with another diameter paj^sing 
through the other extremity of the arc and produced beyond it. 

The Set^ant of an Arc is a line intercepted betwfsep tbf 
centre of the circle and that extremity of the tangent of the same 
arc which lies without the circle. 

The Chord of an Arc 19 a straight line joining its two ex- 
tremities. 

The Complement of an Arc l^ss tb$ui a qu^rapt if iti d^fe^ 
from a quadrant. The Cq-tangent^ Co-secam pf 9Q arc are^ r$n 
spectively, the tangent, and secant of its complement, and, 
therefore, may be drawn according to the preceding directions^ 
by considering the complement of the arc to be the arc itself.* 

If we now illustrate these definitions^ and assume^ in the 
annexed diagram, AB to be the arc : then, see p. 3. 1. M. 

BF in the sine of JB, apd F is what wa have called the 
fm>t of the sine. 

CF is the cosine of AB (sep p. 3* 1. 27.) 

^JP is thfi versed siui of AB (I. 1.) 

JT is the tangent of AB (1. 4.) 

CT is the secant of A B. 

A line joining A and B would be the chord of AB : as Bgb, 
bjb' (see fig«,p* ?•) are the chorda of the arcs BQb, bab\ 

t Besides tbfse* (hei^ havfs, qF l^t^ yeari, l^n iptro^iupe^ t«n^s such 
m CD-vfrsed 8iQi9, ^UfV^Tf e(l sipf, $i^-co^y^r8^ bines ($ee iVf^ncfqzV^ T4(>l«fi) : 
4^ the r«a«oa of their intmbictiop if pexMiin fi^ciUUe^ M^otd^d by their 1^ 
in compatatioD, such as that of clearing ^e JU W^'cf dif tfui/Cf , to. 



IV complenieiit of ^Bis(p.4. 1. le.) BQ, tiace AB + Bd 
sf quadrant: t)9W BQ being considered ai the arc of which the 
fine, tangent, i^ant. See. me required, iti> aine, cosine, tangent, 
aecant, \>j the preceding definitions, ar^ (see fig. pr 7*) respec- 
tirely, Bg, Cg, Qt, C( : a«d, accordingly, (see pp. 3, 4.) those 
aanje lines are respectively, the cpsiue, sine, co-tangent, co-aecant 

erf th« arc 4B. 

The lines that have hitherto been drawn expound the sine, 
CQlijve, 8tc. pf an art: 4B less thaq a qHadrapt c but if we take 




'Ab greater than a quadrant, then^ according to the above defini' 
tioos, bf is the sine of the arc AQb. 
Cf il Uie cosioe, 
jif is the versed sine^ 
CS the secant, 
. AS is the tangent. 
In order to determine the co-tanjent and co-secant of this 
■re Jb we must vary and extend the defioitiop of the complement 
of an arc : now, (see p. 4. 1, IS.) the arc being less than a 



quadrant^ its complement was defined to be its defect from that 
Quantity : but an extended definition which should make the 
complement of an arc to be the difference between if and a 
quadrant would suit both arcs greater and less than a quadrant ; 
and, according to such definition, Qb (fig. p. 5.) would be the 
complement of Ab, and Qs (AQ being a quadrant) the tangent 
^ of Q6 would be the co- tangent of Ab. Cs the secant of Qby 
would be the co-secant of Jib. 

Let the arc be called A, then when A is less than a quad- 
rant (Q), 

^ + (Q - ^) = Q, 
or, ^- (^-Q) = Q, 

when A is greater than a quadrant (Q), 

^ - (A - Q) = Q, 

I 

therefore, by what has preceded, 

sin. J = COS. (A — Q), and sin. (A — Q) = cos. A, 

tan. A = co-tan. {A — Q), and co-tan. A =• tan. (A — Q\ 

sec. A = co-sec. (A — Q), and co-sec. A = sec. (A — Q). 

Let now the arc be greater than two quadratits but less 
than three: and let AQad represent such an arc, then, by the 
preceding definitions (fig. p. 5.), 

de is the sine, 
Ce the cosine, 
Ae the versed sine, 
AT the tangent, 
CT the secant. 

Lastly, let the arc be greater than three quadrants but less 
than four, or less than the circumference of the circle ; and let 
AQak represent such an arc, then 

kg is its sine, 

Cg the cosine, 

Ag the versed sine. 

Am the tangent, 

Cm the secant. 



We may also -use the definitions of. p. 3^ 4^ and draw the 
sines, cosines. Sic. of -arcs greater (if we may so call them) than 
the circumference : for instance, suppose the arc to be equal to 
the circumference plus the arc AB; then, guided by the defini- 
tion (see p. 3,) begin from j1, one extremity^ and go round the 
circle in the direction AdaB! till you arrive at B the other 
extremity of the arc (= AQaA + AB)\ from B draw J5F. 
perpendicularly to A a passing through Ay and BF is the re- 
quired sine of the arc, CF is the cosine, AF the versed sine, 
AT the tangent, and CT the secant : which are evidently the 




sine, cosine, 8lc. of the arc AB, Hence, admitting the existence 
of arcs greater than a circle, and applying to such the original 
definitions of p. 3, 4, we have these equalities 

sin. AB = sin. (circumference + -4B), 
or sin. A = sin. (2 7r + A) , 

calling AB, Ay and the circumference 2 tf ; also 

COS. A = COS. (2 7r -+- A)y 
tan. A = tan. (Sir + A), 
sec. A = sec. (Sir + A), 

and in a similar manner we might easily obtain more like 
equalities. 

The sine, cosine of an arc are thus expressed by means 
of the sine^ cosine, &c. of other arcs : but they may also be 
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t!tprfm«A in tenn« of 6tie aiidtiver : dius^ Atktt by thie h>rty- 
•ifBDlib Fro)>08itioik of the first Book of Euclid^ 

CB^ =r CF^ + BF\ 

m 

Wt hate« idftking r zs CB, 

r* sx COS.* ji + sin.* u^, 
•ild> accordingly, 

sin.^ -rf = r^ — COS.* ^. 

Again, since CT* = CJ^ + ^T*, 

sec,* -^ = r* + tan.* ^, 
andy accordingly, 

tan.* A = sec* A ^ r** 

Again, by the similar triangles CFB, CAT^ 

CF : FB :: CA : AT; 

Ci*' 

. sin. A 

or, tan* ^ is: r. ^ . 

cos. ^ 

and, by the same similar triangles, 

CA 



CT 


- 


CBx 


Cf 




= 


rad. X 


red. 
COS. ^B 



cos. .^if ' 

« 

In like manner we may easily deduce from the similar tri* 
angles CQt, CgB, the values of Q^ and Ct, the co'tangeni 
and co-secant (see p. 6«) of the arc AB, (« u/)f 



^ ^^ J5ff , sin. QB 

for, Qt = CQ X —^ = rad. x ^, 

Lg COS. Cin 

COS. 4B 

as rad. -: -— 

sill. AB 

r . COS. A 



sm. il 
and, 

r>* i-.T> CQ J rad. 

Ct = CB X — - = rad. x 



Cg sin. AB 



sin. ii 



Or, we maj dispense with this second set of similar triangles 
(CQt and CgB) and deduce the values of the co-tangent and 
co-secant from the previous values of the tangent and secant^ by 
means of their definition (see j>. 6.). 

Thus, the co-tangent of an arc is the tangent of the com- 
plement of that arc. If A be the arc and Q a quadrant, Q^A 
is the complement : now by 1. IQ* of p. 8. 

4 /n A\ sin. (Q—A) 

tan. (Q-il) = r. — — j ; 

cos. ((4 — A) 

but, sin. (Q — il) = cos. A, 

cos. (Q— -A) = sin. A ; 

.*. cotan. A [the- same as tan. (Q — A)] = r . — : — ^ • 

sin. A 

In tike manner. 



co-sec. A = sec. (Q— A) ^= 



r' 



cod, {Q — A) 

„2 



sin. A 



If it w^re worth the while, it would be easy to express, under 
ttifferent terms, the preceding equalities : for instance, we may 

thiiA pynrpsa fhp tivn Inf-fpr. 



___ , ^ — _ _ — . — 

thus express the two latter. 
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The radius is a mean proportional to the secant and cosine of 
an arc, and, also, to the co-secant and sine. 

The radius is also a mean proportional to the tangent and 
co-tangent: which may be thus deduced, ' 

. sin. A . COS. A 

tan. il = r . r , co-tan. il = r . -: 7- ; 

COS. A sm. A 

.*. tan. A X co-tan. A = r^, 
or, tan. A : r :i r i cotan. A, 

and this same proportion is immediately dediicible from the 
similar triangles CQt^ CAT (fig. p. 7.). 

The right line AB is (see p. 4.) the chord of the arc AB. 
If the right line be. bisected at n and Qn, be drawn perpendicularly 



to AB^ then the point m, where Cn produced meets the circle, 
bisects the arc AB (Euclid, Book III, Prop. SO.); therefore 

AB A 
the arc 4^ = Bm a: — - = — (supposmg A^AB). 

But An \% by the definition of p. S. 1. 24, the sine of Am^ 
the chord {AnB)t therefore^ of an arc A is double the sine {An) 

(A\ 
-^j : or, which is the same proposition, the 

sine of an arc (4) .is half the chord of twice that arc (2 A). 

In9tead of making ^il = the arc ilJB, make, for conveoience, 
^A to represent it, and let v represent mn the versed sine of Am^ 
or Bm ( = il): then, since (Euclid, Book Ilf. Prop. 55.), 



n 

# 

mn X np =i An^, 
V X (2r — r) = sin.* A, 
br^ 2rv = sip.* A + v*. 

But il»* + mn* ==: Am^ (the line ^Iwi), 

(il\* 
2 sin. —J (see p. 10. II. 17, &c.); 

.'. (see 1. 3.) 2rv = 4 . sin.* -^ : 

but Cn = Cf» — mn, 
or, COS. -4 = r — z; 

= , therefore, r — »- sin.* — 

A 



=,-(■•'-«•»• i)' 



unce 



"1 / 2 A -\ 

o A • o -A • 

cos. \r sm. ■- = r , 

If we multiply the two last expressions (U. 13, 14.) fpr cos. A, 
ive have 

cos. A X COS. A, or cos.* A = 

•^<2r I COS. h sm. — 1 — f* — 4 sm. cos. — f 

= -u I r* -^ 4 . sm. — cos. •— J . 

VT * 2 "^ 2 ^ 2 i A 

Hence» —« sm. —■ cos. — =s r —cos. A 
r* 3 2 

=: sm. A, 
tod consequently, 

2 sin. - cos. — = r sin. J.. 
2 2 



IS 

The supplement of an arc b the difference between it and a 
semicircle : accordingly, 

BQa is the supplement of AB, 
ab is the supplement oi AQ,h, 
and ad is the supplement of AQad. 
Now (see the definition) BFta the sine of BQa : for B^ is 




drawn from one extremity B of th^ arc BQtt perpendiculariy t9 
the diameter a A pasting through a the other estremity: but, as we 
have seen (p. 4.). or by the same definition, BF is the sine of 
AB. .Simikrly, bf is the sjne equally qf the arc ba idd the 
arc AQb: edtite sine of ad and a (1(2: and, generally, the sine of 
the nipplement of an arc is equal the sine of the arc Uself. 

.*• We have already (see pp. 6, 7.) in one or two instances, ex- 
pressed by means of general symbols certain equalities that subsist 
between the sines and cosines of arcs, which, though different, may 
be said to be related. Such modes of expression are, in the actual 

,», The parts included within ,', »,• are less essential than tbe 
other parts, and may, in a first or'partial perusal, be passed over by the 
Student. 
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operations^ carried on by the aid of the Trigonometrical Analysis, 
of frequent and considerable use. It is desirable^ therefore* to 
extend them, which may be done without much difficulty. Thus 
with regard to the equality which has just been stated : if £ tt * 
represent the circumference of a circle, of which th^ radius is l^^ 
and A be the arc, then 

sin. A = sin. (ir — A), 
and since A may represent any arc, if instead of A we substitute^ 

- — il in the preceding equation, we have 

"° (i " ^) = "" (i + ^) ' 

and if^ instead of A, we substitute 

— TT — i4, we have 
n 

sm. f — V — A 1 = sm. f -r + A I . 

We may also obtain other general expressions ; thus by ex^ 
tending the definition of a sine (see pp. 4, 7.) the subjoined 
equations are true 

* sin. A = sin. (2 w- + A) == sin. (4 ?r + A), and generally, 

sin. A = sin. (2 w w + A)> 

n being a whole number. 

For like reasons, 

siri. (ir — A) 2= dn. (3 r*- A) = sin. (5 'Jt-- A\ 

and generally, 

sin. (tf — A) = sin. {(2 « + 1) tf — A }, 
n being any number in the progression, 0, 1,2, 3, &c. Heiicf?^ 

* The niimdrical valqe of *, that of the circumference of a circle of 
whidithei&wie^er is 1, is 3.141 59>&c.: 2 v^ or 2 x ^.141 59, &Ci ex- 
presses, then, the value of the circumference of a circle, of which the 
radius is Ij 
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ttnce by p. 12, sin, A = sin. (ir — ^1) there results this general 
«quation^ 

sin. (2 nir + A) ^ sin. {(2 n + 1) tt — A], 

or, what amounts to the same thing, if 8 be the sine of any 
arc Af it is also the sine of all arcs comprehended under the two 
formulae, 

(9,fnr + A), {(2w + 1) ir-A}, 

In which n may be any term of the progression, 0, 1,2, 3, &c. 

1 1. The definition of a cosine being (see p. 7.) lite that df a 
sine, extended to designate the cosines of arcs, that are greater 
than the circumference, we may, in like manner^ obtiun general 
expressions for it. Thus, CF^ which is the cosine of ABj 




may be considered as the cosine of the (circumference + AS) 
&c. Hence^ as before the following equations will be true; 
COS. A = COS. (2 IT + A) = COS. (4 IT + A) >= COS. (2 nir + A\ n 
being any term of the progression, 0, 1, 2, 3, 4, 5, &€. But^ 
since the same Ci^ is also the cosing of the arc ABaS, we have 
CF= COS. (2 TT — -A) = (for reasons just alleged) cos. (4 tf — ii) = 
COS. (2»ir — A), n being any term of the progression^ 1^ 2, 3, 8tc. 
or, CFf generally, = 

COS. {(2» + 2)7r- il}, 
n being any term of the progression, 0, 1,2, 3, &c. 

Hence ClF is the cosine of all arcs comprehended within the two 
formulae 

(2iiir + A {(2n + 2)7r - 1}. 



15 

12. In a similar manner we may investigate the general 
formulae of arcs that have the same negative cosine^ 

(y=cos.(ir— il) = cos.(37r — A) = , generally, COS. {(2«+ l)ir— A}, 

n being any term of the progression, 0, 1, 2^ 3^ &c. 

and since the same Cf, is the cosine also of ABbab' or ir -{- A 

C/=cos. (7r + il) = cos. (3^ + A) = COS. {(2n+l) w+A}. 

Hence^ Cf is the cosine of all arcs comprehended within the 
two formulas^ 

{(2n+ 1) TT — A}y {(2« 4- 1) V + 1}. 

The arcs, of which yi' is the sine, are 
IT + Af 3 IT -{• A, and generally {(2 n + I) ir +'A}. 

The arcs of which FB' ^ fb' is the sine, are 

2 ^ r- A^ 4^ --^ Ay and generally (2 n + 2) tt — ^. 

Hence FB^ is the sine of all arcs comprehended within the 
two formulae, 

{(2n + 1) TT + >i} and {(2n + 2) tt - A}, 

n being in each case any term of the progressionj 0^ 1» 2, 3, &c. 

In calculations, where FB, FB\ and other quantities are 
involved^ if s be the symbol for FB, — s must be the symbol for 
FB\ For, conceive a line to be drawn a tangent to the circle, 
at the point opposite to Q in QC produced, and let the distance 
of any point in the circumference from this line be called Zy then 
FB («) = 2; - r, and FJ5' = r - z, or FB' = - (2 - r). 
Hence, if in any equation subsisting between trigonometrical 
lines we wish to pass from the consideration of the point B to 
that of the point B\ we must in such equation substitute — (z — r) 
instead of 2; — r, or — s, instead of s.* 

IS. The preceding results may be conveniently represented 
in a Table, 5 and c- representing the sine and cosine of an 
arc ii. 

* This hinges on the general doctrine of negative quantities : the 
scrupulous Student, who is not satisfied with what is here said, is 
referred to Camot's Geometric de position, and his subsequent work on 
the Theory of Transversals, &c. 
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It is easy from this Table and the expressions for tan. A, 
co-tan. Ay sec. A, &ic. namely^ 

sin. A c^s. A 1 / j 

T, 7, J (rad. = 1) 

COS. A sin. A COS. A 

to determine the values of the tangt ot^ co-tangent^ secant^ See. 

, / . >x sin. (tt + A) — s 

thus tan. (w + M) = -^- — ; 7- == 

cos. {tt -t A) — c 

= tan. A, 

A>. <^^8. {Sir — A) — c 

co-tan. (Stt— 4) = -T — ; t: = 

sm. (3 TT — JL) 5 

= — co-tan. A, 
sec. (7^ + A) = , — 7: =- ^-^^ =s -^ aw. 4. 

COS. (7 TT + il) — C 

18. In some of the preceding expressions^ a radius = I has b^en 
used, and, solely for the purpose of lesis^iiigth^ number of §yml^Qlf 
in the Trigonometrical formulae. For, 1, or any power or root of 
it^ used as a multiplier or divisor of an expresgion^ <nay be expuuii;* 

ed from such expression ; thus, instead of — '-^ — , we may more 

simply write sin.^ A. Still, however, it is, on many occasions, 
necessary to use, f(>r the radius, a general symbol such as r, or, 
an arithmetical value such as lO^OOO. For this reason, it is de- 
sirable to be possessed of Sfome easy and expeditious. rule, for con- 
verting formulae constricted with ^ radius := 1 into other formulai 
that shall have a different radius. Such a rule may be obtained 
from the following simple considerations : 

If (see fig. of next page) JBJPj bf be draM^n ^milarly inclined 
to C4) then by similar triangles, 

JBPicife/.^, or BF^hf,' (if CB = 1, Cb^r). 

' In like manner, CF » C/' . - , AF ^ af '^ . Now, sines, co- 

r  r 

sines, tangents, &£. are drawn after the inanner that these lines 
are ; if the angle BFC be a right angle, Bf" is the sine of the 
angle JBCF to radius 1, bfis the sine to radius r; and, CF^ Cf^ 

C 
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are the cosines. Hence^ in any formula involving sin. A, cos. A, 8cc. 




calcnlated for a radius s j, substitute instead of sin. A, cos. A ; 

sin. A COS. A _ , i.. ^ i ... . . 

, , and the resulting formula will belong to hues 

r r ° 

drawn in a circle, of which the radius is r : for instance, 

. sin. A -. tan. A sin. A r 

tan. A s» 7 , radms = 1 ; .'. = x . 

COS. A r r cos. A 

sin. A 

or, tan. -A = r . ~ j (radius = r). 

COS. A 

Again, sec, A = r (radius = 1), then 

COS. A 

sec. A 1 r 

= J s= , or 

r cos. A cos. A 

r 
sec. A s= — 7 , (radius = r). 

COS. ii 

A • A J ^ , , - tati. ^ co-tap. il 

Asain« tan. A .co-tan. il = 1, then, * := 1. 

' r r 

and tan. A . co-tan. il s= r^. 

And if in any formula, any power of sin. il» or of cos. A, such as 

sin.^il, sin.^ A, cos.^il, or cos.M, occurs, the radius being I, then, 

, . , sin.* A sin.** A cos.* A cos.** A 
by substituUng 3 — , ^ , ^ — , — , the resuU- 

iog formula will belong to a circle of which the radius is r. 
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* 

This is the rule; but, since it would leave a Trigonometrical 
formula with fractional terms (the denominators being powers of 
the radius) it may, with advantage^ be modified and made more 
convenient. Thus, suppose a form should occur such as 

COS. ftA:=a. cos." A + b . cos.**"* A + &c. to radius 1 ; 
then, by what had preceded, the reduced form to a radius r, is 

co<?. TtA a. cos"A , cos.'*"^^! 

= + b . ^rr— + 8tc. 

r r T 

I 

and, cleared of fractions, is 

r"""* COS. nA = a . cos.** ii + 6 • r* . cos.*"** 4 + &c. 

Here, cos. 7iA is multiplied by /'"*, cos.""^4 by r^, &c. ; 
that is, if we choose to call cos.** A a quantity of m dimensions, 
COS."'* A, a quantity of ^^ — 2 dimensions, cos. A x sin. A, a 
quantity of two dimensions, we may announce the preceding rule 
under the following simple form : 

Multiplif eai/t term of a Trigonometrical formula, in which the 
radius == 1, />y such power ofr, as shall make it of the same 
dimensions with the term of the highest dimensions; the resulting 
formula will be true when the radius is = r. 

Thus, if 
COS. 3 il = 4 . COS.* A — 3 . cos. A (rad*, = 1)^ 

s nee COS.* A^ the term of the highest, is of three dimensions, and 
COS. 3 A, COS. Ai are of one diipension, we have 

r* . COS. S A = 4 . COS.* 4 — 3 r* cos. A. 

19* The Trigonometrical symbols, such as sin. Ay tan. A, &c. 
that have been obtained, are merely general ones, and, hitherto, no 
methods have been given of assigning their values in specific 
values of the angles. The general methods for this purpose will 
be given in a subsequent part of the Treatise ; but, even at this 
stage, by peculiar artifices, we may, in certain simple cases, assign 
the arithmetical values of the sines and cosines of angles. For 
example. 



9.0 

If (tig. p. 14.) AB^ JBQ, that w, if A « = half a quartrati't, or 
expressed in degrees, if A B or Z jFJBC = 45®, riiiciB Z BCQ=:45% 
als5 COS. 45° =isiri. 45", but cos.* A + sin.* A = 1,(1= radius in this 

case); therefore, 2 (sin. 45**)^= 1, and sip. 45® = -r = .7071068, 
or (see the preceding rule) = 7071.068, to a radius. = 10,000. 

IfilCBrr igO^zz: 30^, since iiCB' = 2.1CB=:60«, and since 

Z CBB'= L CB'B=6(f, the triangle BCB' is equilateral, and 
consequently BB' (the chord of 6(f) = the radius CA = 1, and, 

BF^ sin. 30° = - BB' = - = .5, and .-. cos. 30** or sin. 60^ 

2 2 

(see Art 10.)= \/ (l "* t) ~'^ "^ .8660254, and (see p. 18.) = 

8660.254 to a radius = 10,000, 
and 8660254 to a radius = 10,000000. 

Hence may be proved, what was asserted in p. 3, that the 
Ahes of arcs do not vary as the arcs themselves^ For, the 

sin. 30^ = _ radius =• .'., -* sin. 90^: in other words, the sines 
2 '2 

are as 1 to 2, whilst the arcs are as 1 to 3. 

The values of the tangent may be founds in the above cases, 

. sin. A 

from the expression tan. A = r . Thus 

COS. A 

rad*. =s 1. rad'. = 10,000 

i ^ sin. 45° 

tail. 45** cs -R = 1 = 10,000 

COS. 45" 

• A 1 2 

tan. 30° =- X — r- = .5773503 = 5773.503 

V3 2 
ton. 60° = -—- X •: = 1.7320508 . . . . = 17320.508 
2 1 

„ sin. 90° 1 

tan. 90° = H = - = oc 

COS. 90" , 
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We may here direct the Student's attedtion to die superior 
dugmentatioD of the tangent above that of the sine ; for, we have 
corresponding to 
♦Arcs 0, SO'' 45^ 60*' 90** 

Sines 0, 5000, 7071, 8660, 10000, 

Tangents 0, 5773, lOOOO, 17320, oo . 

In the same manner as we have found, in the preceding cases^ 
the values of the tangents, we may find those of the versed sine, 
secant, &c. 



 We have adhered, in this Chapter, to the antient and common 
division of the circle. But, in moet of the French scientific treatises that 
have, of late years, been published, the circumference is divided first, 
into 400 equal parts or degrees, then, each degree into 100 equal psxts, 
or minutes, then, each minute into 100 equal parte or seconds: so that a 
French degree is less than an English in the proportion of 90 to 100 : 
a' French minute less than an English, in the proportion of 90 x 6o to 
100 X 100 : and a French second less in the proportion of 90 X 60 x 60 
to 100 X 100 X 100: hence, if n be the number of French degrees, the 



n.9 f»<10-l) 



n 



or » — 



corresponding number of English equals — ^ , or — ,«*#•— — , 

which last form points to an easy arithmetical operation for finding the 
number of degrees in the English scale from the number in the French 
scale : since from the proposed number we must subtract the same, after 
the decimal point has been moved one place to the left : 

Examples : Wha^ number of degrees, minutes, &c. in the English 
scale correspond to 73% to 71® 15', and to 26^.0735, in the French 
scale, 



73 , . 
7.3 


71.15 ' 
7.115 


26.0735 
2.60735 


65.7 
6 


64.035 
6 


23.46615 
6 

• 


65* 42' English. 


2.10 
6 


27 . 9690 
6 




6 

64^ 2' 6" 


58.140 
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In the next Chapter we will proceed to investigate certain ex- 
pressions for the sine and cosine of the sum and difference of 
two arcs^ in terms of the sines and cosines of the simple arcs. Such 
expressions are, in this science, very important, since from them, 
by an easy derivation, may be made to flow almost all other 
Trigonometrical formulae. *♦* 

I'his operation of reducing French to English degrees may be super- 
seded, and rendered less liable to mistake, by means of the opposite 
Table, in which, as it is usual, the reduction is effected simply by 
addition. 

Example to the Tabl?, 

Reduce 26*^.0755 to English degrees, &c. 

French. Englisli. 

Py the Table, 20^ 0' 0" IS'^ 0' 0" 

6 6 5 24 

.07 3 46.8 

30 9.72 

5 1.62 

26.0/35 23 27 5B.14 the same as before. 



Reduce 2^.7483 to English degrees, &c. 

French. Englisli. 

By Table, ..^ 0' 0" 1^ 48' O" 

.70 37 48 

4 ,.... 2 9.6 

80 25.92 

3 .972 



2** . 7483 2 28 24.492 

 m .  '■' '   
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We may here direct the Student's attcdtion to die superior 
augnientation of the tangent above that of the sine ; for, we have 
corresponding to 

 Arcs 0, SO'' 45^ 60*' 90** 

Sines 0, 5000, 7071, 8660, 10000, 

Tangents 0, 5773, 10000, 17320, oo . 

In the same manner as we have found, in the preceding cases^ 
the values of the tangents, we may find those of the versed sine^ 
secant^ &c. 



 We have adhered, in this Chapter, to the antient and common 
division of the circle. But, in moet of the French scientific treatises that 
have, of late years, been published, the circumference is. divided first, 
into 400 equal parts or degrees, then, each degree into 100 equal parts, 
or minutes, then, each minute into 100 equal ~part6 or seconds: so that a 
French degree is less than an English in the proportion of 90 to 100 : 
a' French minute less than an English, in the proportion of 90 x 6o to 
100 X 100 : and a French second less in the proportion of 90 x 6o x 60 
to 100 X 100 X 100: hence, if n be the number of French degrees, the 



n.9 f»<10-l) 



n 
, or n — — , 
' 10 



corresponding number of English equals -— , or 

which last form points to an easy arithmetical operation for finding the 
number of degrees in the English scale from the number in the French 
scale : since from the proposed number we must subtract the same, after 
the decimal point has been moved one place to the left : 

Examples : Wha^ number of degrees, minutes, &c. in the English 
scale correspond to 73% to 71® 15', and to 26^.0735, in the French 
scale, , . 



73 . , 
7.3 


71.15 ' 
7.115 


26.0735 
2.60735 


65.7 
6 


64.035 
6 


23.46615 
6 


es"" 42' English. 


2.10 
6 


27 . 9690 
6 




6 
64° 2' 6" 


58.140 
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Expressions, for the Sines and Cosines of the Angles of a Triangle, 
in Terms of the Sides : for the Sine and Cosine of the Sum and 
Difference of two Arcs or jingles, Sfc. 

The first step in this investigation will be made by the 
solution of the following Problem : 

Problem 1. In an oblique-angled triangle, it is required to 
express the cosines of the angles in terms of the sides. 

Let the 3 angles be A, B, C, the opposite sides^ a, h, c. 

Let the line between the vertex of the angle C and the point 

3 




where a perpendicular from the vertex of A on the line ^ cuts a 
be p; then^ p is called the cosine of C to the radius b, pind (by 
p. 17.) = b , COS. C, when th« radius = 1. 

Now, by Euclid, Book II, Prop. 12 and 13, 



c 



= a* + i* — 2ap 



^ a^ + b^ -^ 9<ab . cos. C; 
coi^equently, cos. C == —7 • 

If we investigate cos. B, apd cqs. A, the process w31 be exactly 
similar, and the result similar, that is 



cos. B = 



2ac 



J 



COS, A 
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h' + c' - a' 



9,bc 

From these expressions^ the angles of a triangle may be found 
Mrhen the sides are given. 

If C be obtuse, then p = 6 . cos. (tp — C), 
and c* = a* + fc* + 2 flp 

= a* + 6* + J2 afc . cos. (tf — C) 
= a -f i* — 2a6 . COS. C {since cos. (t — C)=r — cos. C}; 

fi J- A* f^ 

Gonsieiquently, cosi C = r , as before, or the expression 

is the same^ whether C be less or greater than a right angle. 

Problem 2. Let it be required to express the sines of the 
angles in terms of the sides. 

By Euclid, Book I^ Prop. 47. sin.^il = (rad".)* — cos.* A 

= (when rad*» = 1) ,1 .— cos.* 4 := (1 + cos. -4) (I — cos. A); 

since the .difference of the squares of two quantities is equal to 

thci product of their sum and difference.' Hence we may find the 

valu^ of sin.^.ii, by fi^diog^ from the precedi^ig Problem, 

1 + cos. A, apd 1 — COS. Af and, then, by multiplying together 

those quantities. 

b' + c' -a* 

Now, 1 — COS. ^ = I — : 

26c 

"" 26c 

__ fl> - (fc - cf 

"" 26c 

= — , (by 1. 14, &c.) 

D 



S6 

Similarly, * 1 +cos. A sc 3 » 

^' 2bc 

_ (ft + c)"-a" 
Sic 

= — (by p. 25. 1. 14, StcJ 

Hence multiplying, 1 + cos. A, and 1 -* cos. A, 

sin. .i=± «..=_ -_- >. ; 

or, sincca + i — c=:£f — ^ cY,b+c^a = 1tl—- a J, 

&c. sin.* A :i= 

&.2.2.2 f/a + 64-c\ /a + fi + t: \ /a + b+c ,\ 

-iF?- l(-T->(-T- - V (— i^ - *) 

This is the expression for the sin.* A, formed by means of 
tfiat for COS. A. Biit, the expressions for cos^^B, cosr C are pre- 
tisdy similar to thM for cos. Ay and, theo-^ibrey the sitt/ JB and 
; sin.* C formed from them, by th& same |>roces8, mu«l be ett>reaMd 
by similar fractions; in whieh fra«tions> tile tii^aierators tMtSt^ frditi 
Ae iiatlire of th^ir compesitioni b^ ^ ^ame as tbe ntimveritor 
tbt im.*ii, and the denominators itillbey respeetively^ ffi^^-^lf. 
Let N^ represent the numerator, then 

N . - N . N 

sin. A = r— , sin.£ = — , sin. C = — • 
DC ac ah 



'*^ 



* 1 + COS. A = ver. sin. (180**— A) j 



. sin. (180® — -/^ =: — I-^r — - — , or, differently expressed, 



Athc : (* + c)* — fl* :: 2 (the diameter) : ver. sin. (180® — A) 
which is Halley^ Th^rinti. PAi7. Trans. No. 349. p, 466. Halby 
calls it '' A n^w Theorem kA good use in Trigonometry/' 



N N  

Cpr; 1. Since sift. B = — , and sin. Csz — , we have 

sin. B ^ b 

sin, C c ' 
4or^ if lihts quality be tfarowp into a proportion, 

sin, B : sin. C :: b .: c. 
This relation, however^ of the sines of the angles to the sides opposite, 
may be immediately deduced from (Fig. 3.); for the perpendicular 
i^q) on a from the vertex of A, is the sine of B to the radius c, et 
^ = c sin. B (radius = 1) ; similarly, q is the sine of C to tbe radial 
bf or, a=£ sinu C (rad. 1.) ; •'• since qzzq, c sin. B == 6 sin. C. 

Cor. £• ]9ence the area of a triangle m^y be pxpre^sed in 
terras of its sides, for, (see Fig. 3.) area « * q ^^ '^^ • ■^°* -^ '^ 

g + ft + c 

or, if r ^5, 

= •{«.(« - a).(S-i).(S-c)}, 
Pboblbm 3. It is required to expjpess the sine of the sum 
of two arcs, in terms of the sines and cosines of the simple arcs* 
From the Iwo preceding, Problems, 

Sin. uf == 7- , sm. iJ = — , 
be ac 

A o a*+c'-b* . b* + c'-a* 

and, cos. i> = — , cos. j1 = ; . 

Qac 9,bc 

•A n^ A n N(fl' + c'-6'+6*-fc*-a') 
8i||.4*cos. J3^4<:os.ii.ain.p=: "•■ * • ' ' » ' fe- ^ ' ^ ' ^ 

2abc* ab* 

N 

But tin. C = — , andsin. C=s«in. {7r-(^+i?)} =a9in.(4 + JB), 

ab 

for 4 + 5 i« Bupplement to f-(^ -f jB) as 4 + B + C = ir; 
H^i^ce sin. (A+ JB) ;:? sin. A . cos. B + cos,. A . siq. JB. (1)* 

^ It has been objected, and lightly, tiiat this formula is not thus 

obtained 
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This is the fundamental form, from which aUnost all other Tri* 
gonometrical forms may be deduced. 

Cor. 1. 
COS. ( A + JB) = (p. 6.) sin. (^ - (A + B)) = 



obtained by direct investigatiou, but discovered to be true by obser- 
vation on the values of sin. A, cos. ^, sin. B, cos. jB^ afid by previous 
knowledge of those values. There is no difficulty in directly investi- 
gating it, by means of a construction (3ee Thomas Simpson's Trig, p. 54.) 
It has been suggested, however, that this, and similar formula;, may be 
naturally and simply deduced by means of a Lemma of Ptolemy in his 
fteya^ri avvra^n, and which in Simpson's edition of Euclid is th^ 
Prop. D of the Sixth Book. Thus, according to that proposition, 

AB xCD + BC xAD ^ AC x BD. 
Let the arc AD = DC a 2 JB, and the arc BAD = 2 ^; 

then, 
{AB + BC) AD^AC X BD, or, (see p. 10.) 




D^^^- ^C 

{2 . 8in.(^- 6)+ 2 sin. {A+B)\ 2 sin. B=2 sin. 2 B x 2 sin. A (a). 
Let A ss ^, then, 

i sin. (5 "" -^y + sin. ^^ + JB^ > sin. B s= sin. 2 B x sin. ^ ; 

but, (pp. 6, 13.) sin. f 5 — B,^ and 8in.^^+B^ scos.Bandsin. 5 ™ 1; 

.*• 2 . cos. B X sim B s sin. 2 B, we have (the same as in p. 12.) and 
substituting this in the form (a) 1. 18., we have 



sin. 
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<p. 13.) «n. Q+iA + B)) ; 

but, sin. (I + (J:+B)) = sin. {(^ +a) + bJ . 

<   I III     I t ' " *  I ' t 

sin. (-4— B) + gin. (-4 + B) = 2 sin. J . cos. JB (b). 
Since in this formula A and JB may be any arcs provided that A^ B, 

substitute ^ + A instead of A, and ^ + ^ instead of B, then 

sin. (^ - B) +sin. (t + ^ + B)= 2 .sin. (s +^) cos. (s + ^) 

But, by Table, p. 16, and pp. 6, 13. 
sin. (ir + -4 + jB) cs — sin. (A + B); siQ. (- -f Aj = cos. -<^, 

and C03. f^- + Bj = — sin. B ; therefore 

sin. (u^ — B) — an. (-4 •+• B) = — 2 cos. ^ . sin. B (c). 

Hence, by adding and subtracting (b) and (c), there will result 

sin. (-4 — B) ss sin. A . cos. B — cos. A . sin. B, 
and sin. (Ai{'B)sz sin. ^ . cos. B -f- cos. A . sb. B, 

and the deduction of other, forms from these fundamental ones may be 
conducted as it is in the text. 

Mr. Cresswelly in his Treatise on Spherics, has more simply de- 
monstrated the latter of these fundamental formulae : thus 

let AB=:2A, BDs:^B, 



■^:^^, 



and draw Bs perpendicularly to AD^ then 

ADzsiAs + sD; but 



99 , 

= sin. r- + A J . COS. B + <^<^. /^^ rf. Aj , 910^ jB, 
nvhich is d^ved iro«i the foriq \l), b^ jsubstitvtiqf, instead of 

But ]yy pp. 6, IS. fiin. r>^ + il 1 *=» «os. A, 

and COS./- + Aj = — sin, il. 

Hence, cos. (A + -B) = c(» i. ^ . cos, jB— sip. 4 ? «iPf B* • • •(^X 
Cob. 2. B/ pagef^ 

Bin. (A- JB) :?: C09 Q - (A- J5))^cos. f (g - a) + Jb} , 
But, by Ae fermiila <2) that bat bean just astaMbbed^ 

eoa. / ^ >fK- A J «co6. £<t^ ain. C ^ tt Aj , aift« £ 

9B nin. 4 f ws^ ^ r- COP* 4 # <JP« -B^ 
(by p. 6.) 

Hence^ therefore^ 
sin. (A •— £) = sin. A. cos. JB ■'•^ pos. A. sin. £ (3). 



< ■> 



AB 4- BD 
but (see p. 10.) AD ^ 2 sin. ^ ^ .. , « 2 sin. (A + B), 

M^AB. COS. BAi) = AB cos. -^ (Euclid, Book III. Prop. 20.) 

s=2Aa.cofli. B 
= 2 sin. A . cos. B, 
JDt s= BD »cos. BJDA = 'imfh 3j«p«» As 

.«. sin. (A + B) s sia. A .isot. B «|«flBi. A . sin, B 



COS. 
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Again, bj page 6, 
k(il-J5) = 8in:(| --(A-B)) ==8in.|(- - 4)+b| . 

But, by dM rdlttHlft (1)9 

sin. I (5 ""^ J + J^l ==sin* (5 r- A YcosJB+cos#(- — AYsin.jB 

t=: COS. A • COS. JS-f-sin. A • sin. B (by p. 6.) 

Memte, Ib^reforeii 
* COS. (A — jB) a COS. A . COS. B + sin. A . sin. J9. . • • . . (4). 

Cor. 3. Add together the forms (1) and (3), Und there 
tesults sin* (A -f £) + sin% (A — £) =i 2 . silt^ A • cos. B» • • .(a). 

fiubtlVtt <d) from (1)^ and 
m. (A + B) -* sia, (^ '^ i^ s 9 . cos. A . sin. B (ft). 

Multiply (1) and (3), 

and^ the right-4iand side ^f die equation is = 

«m.' A X cosj JB — COS.* A x sin.* B = 
sin.* A . (1 — sin.* JB) — (1 — sin.* A) . sin.* B 33: 

sin.* A — sin.* JB. 

Hence^ 

rftt.<A4.fl)^siA. (A— B)£±sm.* A - shi.*B (cX 

Add (2) jifid (4X and 

« 

COS. (A — B) + COS. (A + B) = 2 co§. A . cos. J3.* 4 . • .^. 



^ W<9 may from these fotaiulaB easily deri^ exptef»i6ns for the sbe 
and cosine of ^ + JB + C : 

tiMM mn» (1^ + S 4^ C) Sit «in. (^ H|- B).eofl. € 4- ^^« (A + Bj.sin. C 

ss sin. w^.cos. JB.C06. C-(- COS. .^;sin. JB.cos. C 
4*coe.jtf.<M.fi»sak C «- ftin%^|SiA. Bitm. C. 



as 

Subtract (2) from (4)^ and 
COS. (il — B) — COS. (A + B) =^ sin. A . sin. JB. • • . • .(e); 

I 

If we substitute in the preceding formulae (a), (b), (c), 8cc^ 
the quantity (n-|- i) B instead of il^ we shall have 

sin. (n + 2) B + sin. nB = 2 sin. (» + I) B . cos. JB, 
sifl. (« + 2) jB — sin. nJ3 = 2 cos. (« + I) B . sin. B, 
sin. (n + 2) JB x sin. nB = sin.* (n + 1) JB - sin.* B, 
6od. w JB + COS. (n + 2) B = 2 cos. (/» + l) B . cos. JB, 
COS. n JB — COS. (m .+ 2) JB = 2 sin. (» + 1) B . sin. B. 

Cor. 4. Some of the preceding forms may be differently 
expressed, for ' 



smce 



2 2 2 ■*■ 2 3 o_^ 1 B 

2 2 S 2V.J5 = ^ — JB, 



and B 
we have from (a), 

sm. 6 + sm. JLi = 2 sm. I 1 . cos. I 1 , 

and from (6), • 

sm. o — sm. XI It 2 cos. I I . sm. I 1 , 

or, since S and JD are any arcs subject to this condition alone, 
namely, that S > D, and since, in a series of formulae, it is con- 
venient to use the same characters^ instead of S and JD we may 
use A and B, and then, 

sin* A + sin. B=: 2 sin. (  j .cos. ( — - — ; V. • • • (5), 

sin. A - sin. B = 2cos. ( j * sin. ( — r-"~") •••.(6)» 

By a similar process we may transform (d) and (e) into these. 
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A + B\ /A- B- 



COS. A + COS. B as 2 COS. ( 1 . cos. ( I.... (7). 

cos. JD — COS. A =9, sin. I 1 . sin. I  j ... .(8). 



Cob. 5. Divide (5) by (6), and 

■A-{-B\ /A-B 

SIYI  

sin. A -4- sin. B 






sin. A — sin. J8 /A + JB\ ' . /A — J5\ 

COS. (-^) BUI. c-^; 

tan. I J 

. . - COS. ii + COS. J3 I . 

"^"'y»co8.B-cos.A = ~7J+1^^ ^A-B^"^^' 

tan. (^-^;. tan. ^-^; 

, sin. A + sin. JB /^ii + JBN ... 

and, T— ; ^ = tan. f — - — I (A), 

COS. A + COS. B V 2 y 

which^ in a particular case^ that is^ when jB = 0, becomes 

sin. A A js/X'^ cosJ^A 4 / 1 — cos. A ^ A 

— : 7 sstan.— ,or-2^ ijOrv — : 7- = tan.--. 

1+cos.A 9, l-hco8. ii ^ 1+cos.A 2 

From this last expression, we may express cos. A, m terms 

A 
of the tan. •-;- , 8cc.; for, since 

oA 1 — cos. A _ 

^^* 1: = r"; 7' we have 

2 1 + COS. il 



COS. A = 



1 - tan.* — 



1 + tan.* - 
2 



E 



«*• CpBtf 6. 'ihp forms for the Bi^e and (^osine of A ± jB beiQg; 
obUuned^ it isvcasy to deduce from them^ the sine or cosine of any 

9IC, such as — — - + ii, and nearly wit}i afrmuch coaiienience.as by 

reference to the Table that is.gjiv^ in, pi^a lj6| thus^ by#, •,•,•(!)> 

sjp. (wv-t;- J.) = sin« ir . cpa. A + cos. tt . sin. A, 
but sin. TT = 0, and cos. -r = — 1 ; 
.*. sin. (it + 4) = — vSm. A, 

.... /'3^ ."\ . Stt - Stt • ^ 

Agam^ sin. | A J = sm. — . cos. A — cos. — . sm. A : 

but, sm. f — 1 =sm. f ir+- l. = 8my ir.cos. - +cos.w.sm.- 

53 — 1, since cos. - = 0. andtcgs. w = — 1, 
COS. — = COS. I TT + - I =: COS. IT . COS. - — ain,9r.am. - =0. 

The sin. T A V, therefore, = — cos. Ai 

Again^ COS. I 3A • = cos. —.cos. 3il+sin.'-^-".sm.3il 

« J • ^^ ^ . 3ir 

= — sm. 3 A, since cos* -rr- =^0. and sin. — = -^ 1* 

2- 2 

. . /bit ,.\ 57r . .57r.. 

Ag^m, COS!' I -K- + 4 J = cos.^ -r- • cps, A — sm. — r . sn;. A, 

- 57r /^ , ^\ T . ^ . »- ^.-^ 

but COS. — = cos.| 27r + - J =cos.27r.cos. - — sm. 27r . sm. - =IL-J 
2 V 2/ 2 2 

sm. — sssm.l 2ir+ - J =sm. 27r.co8. - +cos. 2ir.sm. - = i -^ 
2X2/ 2 2 

.*. COS. { \r A-l-=s ^-sin. 4. 

and, in like manner, other instances may be reduced %*. 
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We will now proceed to ^edace expressions for the tangents 
of the sums and differenced oT lares : and, ttie ^st Istep will be 
the solution of the following Problem^ which, indeed, is little else 
than a ciftcHhiry trdHi }Stt plireceding resuhs : 

Pboblem 4. It is required to express the tangent of the 
Kum and difference of two krcs in terms '6f thb tangents of the 
simple arcs. 

Since (p. 8.) the tangent of ah i^c is equal to the sine divided 

by the cosine^ if the arc be ^ i -B* 

^ ^ . -nv ^),{A±B) ... sim.A^eos.Pdzcoa. A-'Sia.B 

tan. (A±B) = — ' . .' p, = z ' . . — r— ^ . 

COS. (J 4: B) COS. A . COS. xiq^sm. A . sm. B 

N0W9 since the object ill to obtain an expression involving 
tan. A, tan. B, we must divide both numerator and denominator 
of the above fractioh by cos. A • cos. ^, an operation which wiu 
not change its real value ; beginning di^n with the numerator^ 

sin. ^. COS. JBdbcos.il. sin. J3 Sin. A sin. jB . _. 

' — = 7 =t = tan.ii =fc tan. B 

COS. ii . cos. ii COS.il cos.B 

cos.ii. COS. JBT siti.il. siti.JB ^ sin.^.sin.JB _ ^ _ 
A^ p =^^ " / ^ ,, ^1+tliti.il.tan.jB 

COS. ii . COS. Jd COS.il .COS.!) 

1 . . « t -rtx tan. il i tan. B 
consequently, tan.(il ± JB) = , -r ,, . ,^^ ^^ (rad. == 1) (9). 

1 + tan. it . tan. Mi 

This, formula may be used for determining the tangents of 
such arcs as 90^ + il, 180*^ 4 il, &c. exactly, as in Cor. 6. p. 34, 
we shewed the formulsB fbi* sin. {A±B), Su:. might be used in 



dtstermining sin. f^ — ^ ± il 1 : for instarice^ 



tto.(9rf> +^)=i ^'^ +tan.A _ CO +t«..4 , _^ 



l-rtan.OO^.tan.jl 1— oo.tan.il — oo .tan.il 

1 • . /, «^ J X *«"• ^*>*^ —pai* A -^ tan. il 

; agam, tan.(180^ — ii) = 



tan.il -^ ' ^ 1+tan. 180^. tan.il 1+O.tati.il 

x= — tan. il. 

sin 45^ 
Coto. 2. Since tati. 45® = - '' • == 1 , if #e insike il = 45^ 

COS. 45" 

there will result from the preceding expression; 
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"" l+tan. JB 

Cob. 3. Let tj t', t", 8cc. be the tangents of the arcs A^ B, 
C, &c. theni by the formula (9), considering A + B bs one arc. 



tan. U + B + O == *?Blii±JMiten^ 
^ ' l-tan.(il + B).tan.C 

But, tan. (A + B) = |^, ; 
therefore the numerator of the fraction (q) equals 

1 -t^ 
and the denominator^ of the same fraction, equals 

Hence, 

* + *' + «" - tt't 



(j). 



9 Jt 



tan. (ii + jB + O = 



If A + B + C = IT, (which is the case when ii, J3, C, are 
the three angles of a triangle), since tan. tt =; 0, 

^ + *' + ^" - tH' = 0, or 
t + f' + r = f fV, 

which is the theorem given in 'PhiL Tran^. 1808, p. 122. 

But the theorem has an origin much more remote ; for, the 
above formula for tan. (il + J3 + C) and similar formulae for the 
tangents of il + \B + C + D, &c. were giv^p as far back as 
the year 1722, by John Bernoulli^ and are inserted in the Leipsie 
Acts for that year, p. 361^ and in the second volume of his Works, 
at p. 526. 

The formulae for the tangents of the sums of any arcs A^ Bj 
C, 8cc. are symmetrical in their composition, and their law is 
easily defined : suppose, the symbols ^3 (tt% S^ {tt't"\ &c. be 
made to represent, respectively^ 
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tt' + tt"-\-t'f, 

tH' + «'r + «'Y" + ifi!'r. Sec. 



tan. (4+S+C+D + E)- . i -s,(^0+g»(^/^'r > 

These formulae are easily shewn to be true on the principle, 
that, if the formula for the tangent of n arcs be true^ the formula 
for (91+ 1) arcs must be true also: the latter inference being 
made by means of the form (9)> p« 35. 

If, instead of a radius = 1^ we would introduce a radius zr r 
into die preceding formulae, we must avail ourselves of the rule 
laid down in' p. 19* Thus the formula (1), p* 27» becomes 

r • sin. (ii + £) = sin. A x cos. B + cos. A x sin. JB, 

the formula (c), p. 31, is the same, whether the radiUs be 1 
or r. 

^ A 1 — COS. A 
The formulae tan.* ■— = , . . to a radius =2 1 

2 1 + COS. A 

A «• mmm Jl* COS A. 

becomes tan.* — = ; — ^ 1 — when the radius = r. 

2 r + COS. A 

The formula (A) becomes 

sin. A + sin. B /A + B' 



r X 



= **°(-i-)' 



COS. A + COS. B 

but, the formula (f)^ p. 33, remains the same, whether the radius 
be equal 1 or r. 

•% We will now subjoin a few additional formulae for the sines 
and cosines, &c. of the sums and differences of arcs, the investi- 
gation of which the Student, by pursuing a track similar to what 
has been already proceeded on, will easily discover, 



^45* ± -4) = 



COf. il + SB. jt 



coi.(6Qr +il) + co6.(fiGP-il) = cos.^ 

1 +taD. ^ 



lao.(45^ + ^) = 



tai.(45^ — ii) = 



tan.* iA - tan.* jB = 



cot* jB — cot.* A = 



1 — tan. ^ ' 

1 —tan. A 

1 + tan. ^ ' 

gm.(iA — J8).Mn.(^ + g) 

ooa.* ^ X COS.* £ 
rin. (^ — Jg) . m.Cii + B) 

sin. jI X lin. £ 



M. Cagnoli^ m hii Trigonometry, has coDected into a TdUej 
under one view, and for the purpose of reference^ fommfaB 
nanlar to the preceding. He has also in another Table (whicli 
is subjoined) exhibited the various values for the sinoi oosbm^ 
and tangent of the angle A. 



a» 



Table. 



1. 
2. 
3. 
4. 

5. 

6. 

7. 



Values of sin. A. 
COS. ^ tan. A 

COS. ^ 

cot. A * 

y^(l - COS.* Ay 
1 

y/(l-i-COt.*^)' 

tan. ^ 
\/{l+tan.* A)' 

^ . A A 

2 sm, — . COS. — . 
2 2 

—COS. 2-4 



v/(^ 



-)• 



8. 



9. 



2tan. - 
2 

l+tan.*| 



3~ A' 
cot. - + tan. - 



1. 

2. 
3. 

4. 

5, 

6. 

7. 
8. 



10. 



sin. (30^4-^)-8in.(30^-^) 



11. 2sin.* A5®+-)-l. 

12. 1 - 2 sin.» (45«>^ -V 

A 



13. 



l-tan.»(45^-i) 
l+tan.»(45--.|) 

15. sin. (60**+^- COS. (/SoP-^A). 



14. 



10. 



Values of the cos. A. 

sin. A 
taxi. A * 

sin. ^.cot. A* 

v/(l-sin.*^). 

1 

^(1+tan.*^' 

coU A 
V^(l+cot.*^ V 

COS.* -- — sm.* — . 
2 2 

1—2 sin.*- . 
2 

2 COS.* — — 1 : 

2 



9, ^(i±£f±!). 



11. 



12. 



1 — tail.* -^ 

1+tan.*:^ 
2 

. A ^ A 
cot. -J - tan. - 

cot.- +tan.- 



..u....u.f 



13. 



taii.(45»+-)+cot.(45«+|) 

14. 2c0B.(45»+|).co8.(45°-|) 

15. co8,(60°+.4)-c<w.(60°-^. 



1. 
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Table. 

Values of tan. A. 

sin. A 

COS. A ' 

1 

2. J. 

cot. A 

sin. A 
^' ^(l-8in.*il)* 

V(l - cos-* A) 

5. . 

COS. A 

A 
2 tan. — 

6. ' 



1 - tan. - 
Scot. - 

cot.*— - 1 
2 

2 
8. — 



-cot.~ -tan.- 

9. cot. A — 2 cot. 2i4. 
1 — COS. 2-4. 



10. 



11. 



sin. 2il 
sin« 2 i< 



1 +C08. 9, A' 
, //I -COS. 2^^ 
^^' V(^ ,+eos.2^ y' 

tan.(«-+f)-tan.(45^-f) 
IS. V 



The investigatiou of some of these expressions has been already 
given ; and, by pursuing its plan, the Student will, without dif- 
ficulty, be able to accomplish that of the others. 

But the Student, whose object is utility, will feel averse from 
their investigation, should he suspect them to be mere Trigono- 
metrical curiosities. Such however is not their character j on the 
contrary, they, in many inslaDce:s, materially expedite calculation, 
and furnish to the general language of analysis convenient forma 
and modes of expression. It ia, in accomplishing this Utter puipoff, 
that Trigonometrical formulte are chiefly useful : they serve to 
conduct investigation where the object has no concern whatever 
with the properties of triangles. 

Yet, the luvestigaUon of the properties of triangles was the 
object for which Trigonometry was originally invented ; and the 
Student, if he purposes to limit his enquiries to that object alone, 
need not, in quest of the requisite formulse, advance farther 
than the present Chapter. He may immediately pass on to the 
fifth Chapter and apply what he has already learned. If, how- 
ever, his views should extend farther, and he should wish to be 
possessed of Trigonometry and its formula as instruments of 
language, he must pursue his researches, become 'conversant 
with expressions merely analytical, and, for a time, d^er their 
application. 

In order diat this latter plan may be adopted, we will, in 
the nent Chapter, continue the deduction of Trigonometrical 
formule. 




CHAP. III. 



On the Sines, Cosines, i^c. of multiple Arcs. — Powers of the Sine 
and Cosine of the simple Arc. — Series of the Cosines of Arcs 
in Arithmetical Progression. — Fieta's, Waring's, and Cotes's 
Properties of Curves. — De Moivre's Expression for the Sine 
and Cosine of a multiple Arc by means of imaginary Symbols. 

Problem 5. It is required to express the sine and cospe 
of twice an arc^ in terms of the sine and cosine of the simple 
arc. 

By form (1), p. 27, 

sin. (il + -B) = sin. A .cos. B + cos. il.sin. JB. 

Lei JB = il ; 

.'. sin. (2 A) = sin. A.coi. A -Hcos. ii.sin.il =2 sin. ii.cos. A; 

or, by the Rule of p. IQ, to rad*. r, r sin.'!^. = 2 sin, ii.cos. A.* 

Again, by the form (2) of p. 27, 

COS. (il + JB) = COS. ii.cos. JB — sin. ii.sin. B. 

Let il = 6 ; .*. COS. 2ii = cos.* ii — sin.* ii ; 
or, = COS.* ii — (1 — COS.* ii) = 2. COS.* A — 1 ; 
or, = 1 — sin.* A — sin.* -4=1—2 sin.* ii. 

If we employ a radius = r, then, by the Rule of p. 19, 
r.cos. 2 A = 2cos.* ii — r*, or = r* — 2. sin.* ii, (see p. 11.) 

* This result has been (p. 12.) already obtained, but it is here re- 
peated, as being the first of a series of formulae deduced, on the same 
principle. 
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Cor. 1. By transposition^ V 

r' — r.cos. 2il, or r(r— cos. 9,A) = 2 sin.* A (see p. !!.)• 

Now, r — COS. 9,A ^ ver. sin. 2il, consequently, 
r.(ver. sin. 2il) ^ 2sin.* A (see p. 11.) 

which equality, under the form of a propprtion, becomes 

r 
ver. sin. 2>A : sin. A :: sin. A : ^x 

2 

or, expressed in general terms, announces, that the sin^ of an angle 
is a mean proportional between the versed sine of twice the 
same angle and the semi-radius. 

Again, r* + ^.cos. 9, A = 2co^^ A^ 
or r{r + cos. 9, A) = 2 cos.* A, 
or r (ver. sin. supp^. of 2-4) = 2 cos.* A ; 

or, (if we call the ver. sin. of the supplement of an arc, the 
8U versed sine) r.suversin. (2 J.) = 2cos.*u^, which equality, like 
the preceding, may be expressed either under the form of a pro- 
portion, or in g:eneral terms. 

Cor* 2. Hence the sine of 30° = 3-, radius = 1, 

for, sin. 60*^ = sin. (2.30**) = 2 sin. 30®. cos. 30*^, (Prob. 5.), 

but, cos. 30^ = sin. (90*^ - 30**) = sin. 60^ ; 

.-. sin. 60^ = 2 sin. 30° . sin. 60° ; 

I (i ^^ 

or sin. 30° = ^, and consequently sin. 60°, or cos. 30^ ss 



2 



Cor.. 3. Since, the radius being equal to 1, 

sin.* A + COS.* ^ = 1, • 
and, (p. 12.) 2 sin. J. . cos. il =1 sin. 2il, 

we have, by the solution of a quadratic equation such as 

X* + y* = a, 
xy = 6, 
sin. J = f 4/(1 -h sin. 2^ ± f /(I — sin. 2^, 
COS. il = f v'(l + sin. 2uO T i V(l - sin. 2^), 
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in which expressions the upper or lower sign that affects the 
seeond term is to be used^ accordingly as sin. A is greater or less 
than cos. Ay that is^ in arcs not exceeding a quadrant^ according- 
ly as A is greater ot* less than half ^ quadrant. 

These two formulae are useful either to compute arithmetically 
the sines, cosines, &c. of arcs, or to examine their accuracy when 
computed by other formulae; and^ performing the latter office, 
they are called iPormultt of Verification. It is easy to perceive 
t|ieir use in computing sines^ cosines^ Sec*; siocei if we take 
sin. 2Jf'9L known quantity^ fur instance, the sin. SQP which 
equals f ^ we may, by successive substitutions^ i^egularly deduce 
the sines of 15^ 7® 30', &c. Thus, 

sin. 15^ = I ^(1 -h I) - i V(l - i) = .458819, 

sin. 7*^ 30' = i Vl;i.258819) - J l/(.741 18 1) = .1305262, 

sin, 3^ 45' = , &c. 

ProiQLem 6. It is required to ^xfMress «he Awie and cosine 
of 3 times wk afrc, 4 lilies dn arc, &c. in tetHift of «be smp and 
cosine of the simple arc* 

If we substitute, in the formula for cos. ^A + iB) <(p. 29*)> 
2 A ina^tea^ of iQ, we hai^ 

COS. (A -f 2 A) s COS. 2^. COS. A *^ siii. 2ilrsin. A; 

but, by the preceding Problem, 

"sin. "2^1 as 2fiin. A .^od. jtf, 
and COS. 2 A = 2cos.^ it — 1 ; 

.'. COS. 3il =(2,cos.*il — 1) cos. Jl — • 2 COS. J. . sin.'* ji 

= 2 . COS.* A — COS. Jl — 2 COS. Jl (1 — cos.^ A) 
^=4 COS.* A — 3 COS. il, "when the radiin == 1, 

4 COS.* A ^ , , ,. 

- — 3 .COS. il, when the radius = r. 



r* 



3'7r 
Thisform, if we substitute therein, instead of the arc 3 A, SA 



Sir 
'2 

gives lis 



45 

cos, ( SAj = 4. f COS. - — A J —3. COS. ( " — Aj ; 

but, by Cor. 6, Prob. 3, p. 34. 
COS. ( 3 A J = —sin. SAy cos, T - — il 1 = sin. J.; 

consequently, 

j$m, 3 A = 3siB. A *- 4.sin.^^, wh^n th^ radius = 1^ 

. 4. sin. A 
= 3 sin. 4 "" "2 when the radius = r. 

T 

By a similar method may the cos. (4^)=cos.(3il + -A) or = 
COS. (2irf + "^A), ajid the cos. {5 A) = cos. (4^1 + -4) or = 
COS. (3A^2iA), &c. be deduced. But^ the successive formation 
of the cosines and sines of multiple arcs may, most easily^ be 
effected after the following manner : 

By the form (d), page 31, 

COS. (il-rl-B) + COS. (A — JB) = 2 cos. il.cos. B A >B, 

orco8.(B+il) + cos. (B — A) = 2cos. jB.cos* A B>A. 

Let fi = nil, then transposing 

cos. (« + 1) -4 = 2. cos. 12^. COS. A — cos* (» — 1) Aj 

and hence from cos. {n — 1) A, and cos. nA^' may be assigned 
cos. (n + 1) J. : for instiii^ce, 

if n = 1, COS. (n — 1) il =5 COS. 0=1; 

.*M. COS. %A =9 8 cos.^ A — 1 (c )• 

If « = 2, 

co8.3itf = £.cos..2il .cos.il — cos.-4=4.cos.^il — 3 cos.il (c^^). 

If » = 3, 

co8.4itf = 2co8. 3il.cos. A — cos. 2i^ 

= 2 (4 COS.* A — 3cos. -4.) COS. il — (2cos.* il -^ 1) 
= 8 COS.* A — 8cos.* A+\ {c^\ 

uindy by a like process^ if /i == 4^ 

cos* 5^ =: 
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l6cos.^ A — l6cos.^-<rfv+ 2 COS. -4 — (4 cos.' A — 3co8.ii) 

ss l6cos.^ A — 20 cos.^ A + 5cos. A (c^), 

or, 2 COS. Oil = (2 cos. A)^ — 5 (2 cos. Af + cos. il. 

Similarly, if (n = 5), 
COS. 6il = 32cos.^ A — 40cos.^i. + lOcos.^il 
— (8 COS.* A — 8 COS.* -A + 1) 
= 32 cos.^ il - 48 COS.* ii + 18cos.*ii - 1 . . . .(c^^), 

6.3 
or, 2.cos.6J = 2^.cos.^ii— 6.2*cos.* A H — 1- 2* cos.*^ 4 — 2, 

2 

and the general form is 

2cos.mil=(2cos.iir - w(2cos.iir~* -h — ^^ ^.(2co8.^*"-'* 

2 

w.(m — 4)(w — 5) 



. 2.3 



(2cos. iir-^+8lc. 



The formula for the sines of multiple arcs may be deduced 
from those of the dosines, and, on the same principle as that which 
has been already used in deducing sin. SA ; by substituting^ in 

the form for cos. 5A, 5 A instead of 5 A, we have 



2 

'5w 



cos 

5 



• (t - ^-) = 



rcos. - --A J — 20 f COS. -J — A J +5.C0S. T- --* Aj, 



16 

'5 IT 



but by Cor. 6. Prob. 3, cos. ( — — 5Aj = sin. 5 A, 

COS. f - — il ) = sin. A ; 

consequently, sin. 5-4 = l6sin.^ A — 20sin.^il + 5 sin. A. 

Or^ the sines of multiple arcs may be successively deduced 
as the cosines have been, on the same principle, and by like 
formulae ; thus, by the form (a), p. 31. 
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I 

sill. (B + A) + sin. (B — A) = 2 sin. £. cos. A 

Let B = nA, then, transposing 

sin. (» + \) A ^2 sin. Wi4 .cos. A — sin. (» — l) A, 
hence^ if » = 2, sin. 3il = 2 .»in. Sil.cos. il — sin. A, 
(sin. 2il = 2sin. il .cos. il) = 4sin. A.cos.^il — sin. A...,(^s^^) 

= 3 sin. il — 4 sin.^ il . . . . . .(s™). 

Similarly^ if n = 3, 

sin. 4ii = 2 COS. A (3 sin. il — 4sin.^ A) — sin. 2il, 

= ^ sin. A. COS. A — 8 cos. A . sin.* il — 2 sin. il . cos. -4 
= (4sin.il — Ssin.'il) cos. A, 
or, = (8cos.* il — 4cos. il) sin. il («^0« 

Similarly, if n == 4, sin. 5A ^ 

(4 sin. il — 8sin.*-<rf) 2cos.* j1 — (3sin. il — 4sin.' il) 
=.8sin. il — l6 sin.* il — 8sin.* il + l6sin.* 4 — (3 sin. A — 

48in.*^) 

= 5sin. il — 20 sin.* A + l6 sin.^ A , •{s^), 

or, 2 sin. 5il = 5.2 sin. il — 5.(2sin. A)* + (2sin. AY. 

The general expression for isin. mA (m odd) is 

sin. mA = 

. . m.(m*-l) . 3. , w(m*-l)(m*-9) N .. . 
m.sm.il ^sin. ilH — sin.^il — &c. 



and (m even) is 

in. mA = €os. A im. sin. il ^ sm. il + 

t 2.3 

m.(m^ - 4)(m* - l6) . 



sin 



.M - &C.| . 



The sine and cosine of the multiple arc (m^ have been 



* For the general demonstration of these forms, see the. Appendix. 
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expressed in powers of the sitie and cosine of the simple arc (jf): 
but^ if we express the cosine of the arc (A) by a particular 
binomial, the cosines of the multiple arcs will, in that case admit 
of an expression rather remarkable; or, in other words, thej may 
be said to possess a curious property : thu^j, let 

2 .COS. A = j: + - ; 

X 

then, 2COS.2A = 2(2co8.^A - 1) = 2 |- ^j: + -) — l| 

— X + 2 • , 

X 

By the form of p. 45. 

2. COS. 3 A = 4 COS. 2j1 .cos. A — 2cos. A 



=(''+.^)('+j)-('+;) 



3 1 

= X^ + -. 
X 



Generally, if 2. cos. (» — \) A = j^-^ H — , 

x^ 

and, 2. COS. w A = j:^ H — -, then, since (p. 32,) 
COS. (» + 1) A = 2. COS. 7} A. COS. A — cos. (;i — l) A, 
2cos.(» + 1) ^ = (^ + i;) + ;) - (^- + ^) 

Hence, if the form were true for two successive inferior numbers, 
n— 1, and n, it would be true for n+1 ; but, it has been proved 
to be true in those cases, when w — 1 = 2, and » = 3 : conse- 



* This mode of denoting the cosines of multiple arcs, which leads 
to several curious results, occurs first in De Moivre's Miscellanea 
Analytka, pages 8 and l6. 
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quently, it is true for n + 1 =a 4^ and so on successivdjr for all 
whole superior numbers. 

n + l 
The above expression holds good also for cos. — - — A, when 

n is an even number. For^ since 

o A COS. A + I 

COS. -- = T , 

4. COS.*— = £.cos. il + 2=x+2 + -: 

A . . 1 * 

.'. £.cos. — = va: + -77-. 
2 Vx 

Now, 

n+1.^ n . A ^*— li 

COS. A = 2. COS. - A X cos. cos. A ; 

2 2 2 2 



X« 



«-H J 



* - 

. 2 



= X* + 



ft ~~ 1 

therefore, as before, if the expression be true for cos. A, 

2 

it is (since it certainly is so for cos. -- Aj n being an even 

n+l 

number) true, for c?os. . A. But, (1- 5^) it is, when n = 2, 

2 

A SA 

true for cos. — ; therefore, it is true for cos. — : therefore for 

2 2 

5A 

COS. , and, by virtue of these successive inferences, generally 

2 

true. 

The above mode of expressing the cosines of multiple arcs 
is useful on several occasions : for instance, in finding the sum 
of a series, such as 

G 
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COS. A + COS. 2 A + COS. 3 A + 8cc. + cos* ^^A, 

for, retaining the former notation^ the sum is equal the sum of 
the two following series^ 

-{x + x^ + x^ + &c. + ^)> 

,1/1.1.1 « , 1 \ 

and .-. = i r^:::^^ + if:Lii) ) 

2 V a: - 1 afXx- 1)/ 



_ Y(y-i)(T»+' + iK _ 1 • 

~ 2\ a;"(ar - 1) / "" 2 



+ 1_L1V , %^ ^T' - ^ g 



Now, 





(''+^)"-*A Ao-^y-* 




v/ 






(2. COS. ~) — 4 



sm. 



nA 



. A 
sjn. — 



: consequently the sum 



2 



nA 
sm. — 

2 /n + 1 



of the series is equal x cos. (^ \ A. 

A V 2 / 



sm. — 

2 



Since the sin.nA = ^ .^ ^ar" ;j) , we cannot, using: 
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the above notation, directly investigate the sum of a series such 
as 

sin. A + sin. 2 A + sin. SA + &c. 

except by introducing imaginary symbols. The investigation, 
however^ is not difficult, and may conveniently be effected, 
(although by something like an artifice of calculation) in the fol- 
lowing manner : 

In the form (8) of p. 33^ if we substitute^ instead of B and A, 

successively the arcs — and , •—- and ' , &c. there will 

^ 2 2 2 2 

result . 

A 3 JL . . , i3L 

COS. — — cos. = 2.sm. A.sm. — , 

2 2 2 

3A 5A ^ • ^ A ' ^ 

COS. cos — = 2 sm. 2 ii .sm. -7 , 

2 • 2 2 

cos. — — COS. = 2 sm. 3A.sin. — , 

2-2 2 

&c. &c. 

Hence, by addition, cos. — — cos. j1 = 

' ^ '2 2 

A . 

9, sin. — (sin. A + sin. 2 J[ + «n. S A -\r Sec. + sin. nJ) ; 

consequently, sin. A + sin. 2 il + sin. 3 A + &c. = 

A 2»+ 1 . ' ^ A ^ ' '*+^ A 

cos. COS. A sm. -.AX sm. — — il 

2 ^ «. g 2 

2 bm. — sm. -- 

2 2 

By a similar artifice may the sum of the series 

1 A \ ^ . 1 -A . o 

- tan. — 4. - tan. — + - tan. — + oCc* 

2 24 48 8 

be found. 

For, if in the expression for tan. (J. + J3) we make A^=^B, 
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2 tan. A 
1 - tan.* A 

1 — tan.* A _ 1 tan. A 

2tan.il "^ 2tan. A 2 



tan. 2 -4. = ^ ^ ^ g ^ , and therefore (p. 10,) 



cot. 2 il = 



- cot. il tan. A (which agrees with the Qth expression for 

2 2 

tan. A in the Table, p. 40.). 

Hence, transposing, and substituting, instead of 2 A, A, sue- 

A A A 
cessively the arcs, A and - , — and - , &c. there results (con- 
tinually dividing each successive formula by 2), 

\ A , \ A 

- cot. — — cot A = - tan. — , 
2 2 2 2 

\ A \ A \ A 

- cot. — — - cot. — = - tan. -- - 
2 4 2 2 4 4' 

1 A 1 A 1 A 

- cot. ~ — - cot. — = - tan. — , &c. 
8 8 4 4 8 8 ' 

Hence, by addition 

1 A ,1 A \ A , \ A ^ ^ 

— cot. -- — cot. A = - tan. ~ + - tan. —+ - tan,— + etc. 
2'» 2** 2 2 4 2 8 8 

By a similar process, 

A 

co-sec. A+co-sec. 2 A + co-sec. 4 A + &c. = cot. cot. 2**"* A. 

2 

See Cagnoli's Trigonometry^ second edit. p. 122. 

We will now return to the expression 2 cos. w A = ar" -f- -;; , and 

shew its use in demonstrating a property of curves given by 
Waring, in his Proprietates Curvarum, p. 110. The property is 
this : 

If in a circle ABCD, &c. the radius of which is 1, equal arcs 
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ABy BCf CDy &c, be taken, and if PB be taken zz p, p being 




the coefficient of the second term of the quadratic equation 
jZ* — pZ + 1=0, of which the roots are, a, /3 ; 



1 



then, PB = a+/3, or = a + -, since afl = 1, 

a 

PC = a* + j8% or = a' + -^, 

a 

PD = a' + fi\ or = «' + i , 



a 



&c. = &c. or := &c. 



Now, PB = chord (tt - A JB) = 2 sin . (- — 

(IT 




AB\ 

1 r= 2. cos. 

2 / 



AC\ 
2 / 



= 2. COS. 



AB 

2 

AC 



PD = =2cos. 



2 ' 

AD 

2 ' 



PE = iuc. 



AB 



AH 

and it has been already proved, that if, (putting for A), 

2 



2 . cos. = X + - ; 

2 X 

t. ^ /^^\ /^C\ g . 1 

then 2. COS. 2 f 1 , or 2cos. f — 1 = x + -^ ; 



^/AB\ 

2. COS. 3 I I , or 2. COS. — 

V 2 /' 2 



= x^ + -, , &c. 
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hence, PB being x -i — , or a H — , or, a + /3, 

X a 





X 


PC 


= «*+)3*, 


PD 


= «' + j3\ 


&c. 


= &C. 



Vieta, p. 295, Opera Mathematica, Leyden, l646, expresses 
the values of these chords, not by the sums of the powers of the 
roots, but by expressions equivalent tf> such sums : , thus, he 
puts for PB, 1 N, or N; (Nf he represents by 1 Qi<N)* by iC, 
(AT)* by 1 QC, &c. then 



\N'-3N=PD 

'iN^-5N' + 5N = PF, 



1Q-2 = PC ^ ^N*-2 = PC 

1C-3N=PD I 

1QQ-4Q + 2 = P£ V^acS'iJ.ation, 
lQC-5C+5N=PF\ 

*8cc. -* ^ &c. 

but, N" — 2, N' — 3 N, &c. express the sums, of the squares, 
of the cubes, &c. of the roots of an equation x' — Nx ■{■ 1 ; for, 
the formula for the sum of the m' powers is 

2 2 3 

Vieta, therefore, is not to be entirely excluded from the 
honour due to the invention of the preceding theorem. 

Vieta calculated by means of the chords of arcs ; aud^ his 
formulse, which we have just given, are, in fact, the same as the 
expressions for cos. 2 A^ cos. 3 A, &c. given in pages 42 and 44. 

Vieta also has, p. 297, given another form, exhibiting the 
relations between the chords of AB, AC, JD, &c. He puts 
the chord of jIB = 1 and the relation of the chord of AC to the 

, ^ A -w^ -KT , XT chord AC 

chord of AB, JV, consequently, JM = —. — - . ^ = 

chord AB 



* See Simpson's Essays, p. io6. 
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AC \ . AB AB 

S.sm. . .„ 2sin.— - .COS. —- .„ 

2 sm. AB 2 2^ AB 
— = — = 2 COS. 

. AB , AB . AB 2 

2.sin. sm. sm- 

2 2 2 

He then forms this Table : 



lQ—l = chord AD 
1 C-2N= chord AE 
iQQ- SQ + 1 =chordlJF 
&c. 



^ rN'-l=chord^D 

f or in JN'-.2N=chordA£ < 
T nXtio™ J iST* - SN* + 1 = chord AF 
) C &c. 



Now since the chord AD = 2 sin, 3/ 1 , and the chord AE = 

2 8]n. 4 I 1, &c. and smce 2 sm. — - is put = 1, the 

preceding formulas become, if we put = A, 

2 

(2 cos.^ Af —1=2 sin. 3 A, 

(2 COS. ^' — 2 X 2. cos. A = 2, sin. 4 A, 
&c. 

which are the same, in fact, as (s^^) (s ^) given in page 47. 

We may also employ the above mode of expressing the 
cosines of multiple arcs, in deducing De Moivre's formula, 
which is 

 (cos. A + s/ — 1 .sin. A)"* = cos. mA + v — 1 . sin. m A, 
for since 

COS. il = - (x + -) , sin. -A = ^ V (- ^* + 2- J«) 



* Lagrange, p. 11 6. Cakul des Fonctions, says, that this form is as 
remarkable for its simplicity and elegance, as it is. for its generality and 
utility : and M. Laplace, in the Legons des Ecoles Normales, considers 
the inventioD of this formula to be of equal importance with that of the 
Binomial Theorem. 
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= ^(^-^),or2V~sin.y/=(x-i), 
and similarly, 2 V^— l.sin. mA ^ x^ -^ '—\ 
hence, cos. A + \/ — 1 sin. A = x, cos. il — ^/ — 1. sin. J. = - » 

and, cos. mA + v — 1 • sin. mA = j:*", cos.mil — V' — 1 sin. mA = -^ 
consequently, 

(cos. -4 + V — 1 sin. -4)'" = cos. mA + \/ — 1 . sin. mA, 
and (cos. A — hJ ^\ . sin. A)^ = cos. mil — v — 1 . sin. m-^. 

If we expand these expressions, and then add them, we shall 
have 

cos. mil =r 

^. m.(m'-\) ^_2 ^ . fi^ m(m— l)(m — 2)(m-- 3) 

cos.^^il ^ cos.'^^^x sm.^A + —^^ • x 

2 2.3.4 

COS.*""* A X sin.'* -4 — &c. 

If we subtract them 

sin. mil = 

m-i ^ • A m.(m-l)(m— 2) ^_, . . •. , 

m. COS."* ^^x sm.il cos.*" "^Axsm. il+&c. 

2.3 

From the above mode of representing the cosines of multiple 
, arcs we may also deduce^ and concisely, the formulae of Cotes, 
page 113, &c.* Theor. Log, Praf. in Hamtonia Mensurarvm, 
and of De Moivre, Misc. Analyt. p. 16, &c. thus. 



^ The Theorem of Cotes was not announced to the public by its 
Author, but by the Editor of his Works, Dr. Robert Smith, who informs 
us, page li3, Preface, that after various conjectures and trials, he ex- 
tracted it and its m(eaning from the deceased Author's loose papers *^ Re^ 
vocavi tandem ah interitu Theorema Fulcherrimum^ M. Lagrange con- 
jectures, and with probability, that Cotes arrived at his Theorem by the 
way of Vieta's Theorems. See page 54. 
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lo the expr^asion, 
2. COS. mA = x"* H — ^ , make mA = 0; 

then x^ + — = 2co8. 0, or, x^"* — 2.cos. d.x*^ + \ =zO, 

1 ^ « ^ 

and x + - = 2 . cos. — , or, x — 2 . cos. — x + 1 = 0. 



1 9 1 

Now, from a: + •" =2. cos. — , j:^ + — = 2cos. wasdeduCed; 



X . m x^ 



therefore, if ot were deduced froili the first expression m terms 

Q 

of cos. — f or^ in other words, if a were the rpot of the equa* 
m 

tion, X* — 2 COS. — X + 1 = 0, that same value of x, or root a^ 

m 

substituted in the second expression, x^ + "^i ^ ^^cos. 0, would 

make it a true ^equation^ pr a would be a root of ;lhe ^uation 

x^"^ - 2 COS. 0.0^+1=10. ' ' ' ' ^ 
Hence, by the doctrine of eqaatiofis, r -^ a, is a divisor, both of 

X* — 2. cos. — x+\, and of x^*^ ~ 2 cos. 0. x'^+ 1 ; and, similarly, 
m 

1 

since - is the other root of x* — 2 cos. — x+1% provided a be 
a m 

1 fl 

one root,\r — - is a divisor both of Jt* — 2 cos. - jr + 1, and of 

a m 

j?^ — 2cos. ^.af*+l ; and consequently, (x — a) (x J/^^^f 


x^ — 2 . COS. — X + 1 is a divisor of 

m 

x'"* — 2 COS. d.x*" + 1. 

Now, by Table, p. 16, and by the preceding reaffoning, it 
appears that the arcs 

H 



Of 
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2ir-0, 4ir — 0, &c. (2w + 2)^-fl'» 

have the same cosine as the arc 9 has : but if, instead of the 
equation 

X + - r= 2 cos. —, we assume 
X m 

^ rs /S-TT+ex /47r+0\ /2w7r+e\ 

.r 4- - = 2.cos. I |or=:2.cos. I )or = 2cos.l I 

. X \ m '^ \ m / \ m / 

/27r-0>v /4w-9\ ' /(2w+2)7r-d\ 

sS.cos.f |or=32.cos.| |or=:2co8.| I 

\ m / \ m ^ Vm/ 

the resulting expressions will be respectively 

**•+ -- =2.cos.(27r+0)or = 2.cos.(47r+0)or = 2cos.(2iMr+fl); 

or = 2 . COS. (Stt — 9\ or = 2 cos, (47r — 9), or 
:±: 2. COS. (in + 2) tp — 0, 

which expressions, by what has just appeared, (see II. 1, 2, Scc.) 
are all of equal value. 

Hencej of the same expression 

a:***— 2. COS. 9.x^ + I, 

t ^ ^ . jt 2w + 9 , 

jf — 2 COS. -j:+l,ar — 2 cos. x + 1, 

tn Tfi 

ar — 2. cos. x+ l^ x — 2.cos. J? + 1> &c. 

are divisors ; in other words, x*"* — 2 cos. ©.x"* + 1 may be re- 
presented by a product, of which these latter quantities are the 
factors ; accordingly, 

x^"^ - 2cos. e.jr'" + 1 = 

(t ^ \ / « 9,ir + 9 \ 

af - 2.C0S. — X + 1 1 X fx — 2.C08. x + ll X 

X — f .cos. r + 1 ) X &c. 
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Ifwe make 0=0^ wehavecos.d=l,andcos. =cos. ^ 

m m 



and x"^ - 2 x" + 1, or (j*" — if = 
(x^ — 2x+l).( jT* — 2co8.— x + l ) {x*-2.cos.— X+ 1 J X 

and accordingly^ 

a^ - 1 = 

V / « ^TT \ / 2 47r . \ 

(x— 1). (x- — 2,cos. — - x + 1 I . I X -2. COS. — - x+ 1 1 .&c. 
\ m y \ m / 

which is the analytical expression of Cotes's Theorem* See 
Harmonia Mensurarum, p. 1 14^ &c. and De Moivre's Miscellanea 
Analytica, p . 1 7 , &c^ 

We will now proceed to investigate expressions for the powers 
of the cosine and sine of an arc^ in terms of the cosines and 
sines of multiple arcs, which expressions are highly usefuLin 
all Mathematical Investigations connected with Physical Astro- 
nomy. 

Problem 7* It is reijuired to express the powers of the 
cosine and sine of an arc, in terms involving the cosines an4 
sines of the multiple arc. 

1 
2. COS. il = X + - ; 

X 

/. £" cos/ A = ^x + i) == 

•x» + «x"-* + n. C^^") x»-^ + i^c.~+ i = 

(collecting into pairs the terms equidistant from each extremity 
of the series) 



• For the. expansion of the Binomial, see Wood's Algebra^ page 109, 
first edition ; or Vince's Fluxions^ p. 45 ; or Woodhouse's Principles of 
Analytical Calculation^ page 24, &c. 
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/. by page 48, 2"""* cos." J. 

/I - 1 
= COS. w A + w • COS. (n r^2)A + n. cos. (;i - 4) A + &c. 

The number of terms is «4- 1, therefore, if « be even, the 
last term is 

n.{n - 1)(« - 2) tn — ^ + l) 

' ^ X - cos. (n — w) A. 

11 2 

2 
Now, 

n.(/i- l)(n-2)...rw- - +l) 2w(2» — 2)...r»- - +l) 

2 
li 8n.(2w — 2).&c. 1 .3. 5.. ....(»— 1) 

W 5^ s X = 

2.4 ti 1.3.5 (« — 1) 

n.(n~l)(/i-2)..f^ + A 

(w \ \2 -/ 
to -terms I X r-r-r ; : — X 1.3.5 
,2 / 1.2.3,&c (n--l)n 

» 1.3.5 (w— I) 

(«-l) = 2^x 



n 
2 






consequently, since cos. (n-^n) ^ = 1, the last term = 

* 1 
2-«-"^ X 



»^_j 1.3.5 (ri— 1) 



1.2.3 - 

2 

Hence, as instances of the general form, 

» = 2, 2 . cos.*it^ = cos. 2A + 1 • (^0 

M = 3,2*.cos.^il = co8. 3AH-3.co8.il (e^") 

^ = 4,2'.cos.'*A=cos.4il+4.cos.2jH-3 ..(^^O 

w = 5, 2* . cos.^ A = cos. 5 A -^5. cos. 3 ii + 1 cos. A (e^) 

« = 6, 2*. COS.* il ±5 cos. 6^ + 6 cos. 4ii + 15.cos. 2 A + 10 (e''^) 
Sec, &c. 
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In order fx> obtain a general form for sin.'* A, in the expression 
for COS.** A substitute instead of A, - — A, then 

«*•"**. COS." (^- — A J a=cos.iiY- - a) +/«.cos.(w-2)(- -l) 

H ^^ .COS. («-4)f - - A J + &c. 

Now, let n be even, tind of the form 2***.^, p being an odd 
number, or let n be, as it is called^ pariter par ; 

then Y = 2^~V-'^ = ^^T"'^P-^^' *^"^ 2^"^p is a whole 
number^ and therefore cos. (2"*"*/).2 7r) is = 1. 

Again, (n - 2) ^..=: (2^-p - «) 3 = (2'"~V " D tt, 

butCS^"*""*/?- l)isanoddnumber,and/.cos.(2^~^jp- l)7r= - 1; 

hence, since cos. f - — il ^ =1 sin. A, and cos. ( nA \ = 

. »il = cos. fiA, ( smce sm. — = ) , &c. 



WTT 

COS. — cos 
2 



2'-^sin.'*A = 



cos. nA — It. cos. (» — 2) A H . cos. (« — 4) A — &c. 

2 

If ft be even, but of the form 2jp, or impariter par 

nir TT 

— zzzQp 2 == jpTT and COS. ^tt = — 1, and consequently, 

since cos. (jjtt — nA) = cos.jp7r.cos. nA = — cos. nJl, 
2""^. sin." A = — COS. «A + «. cos. (» — 2) A — &c. 

and^ in both these cases, the last term is, as before, 

1.3.5......(n- 1).2" 



12 3 ? 

2 



- 1, 



when n is odd, cos. — =0, and cos. ( — — w A ) = sin.— ^sin.nA 

2 V 2 ' 2 
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ez: + sin. nA^ where the upper sign is to be taken^ if n be 
1, 5, 9, &c. Hence, 

± 2''""^sin.'*l.= 

fiin. Wii — w.sin. (?i — 2) il H sio. (w — 4) il — &c. 

1 • ^ 

Hence, as instances of the general form, 

11 = 2,2. sin.M= -cos.2il+l (f^^) 

n = 3, 2^.sin.^il= — sin. SA + S.sin.A (f^^^) 

w = 4, 2^.sin.'*il = cos.4il -4. cos. 2^1 + 3 (/^O 

« = 5, 2*.sin.^il = sin. 5 A —5. sin. 3 -4.+ 10 sin. A •(f^) 

» = 6,2^.sin.^^= -cos.6A + 6cos.4l-15cos.2il + 10(/''^) 

Problem 8. It is required to express the tangent of twice, 
tkrice^ &c. an arc in terms of the tangent of the simple arc. 

By Prob. 4, page 35, 

^ / ^v tan. A + tan. B 

tan. (il + JB) = — 2 ; 

1 — tan. il.tan. i> 

consequently, 

tan. A + tan. A ^^ 2 tan. A 

tan.(il + A), or, tan. ^A = -; 7-; 7 — -; — ' — tT • 

^ ^ 1 — tan. A .tan. A 1 - tan. A 

tan. 2-4 + tan. -df 
Again, tan. (2^ + ^) = y— ^^;;j-^j-^^ , 

and the numerator, 

2 tan. A . 3 tan. il - tan.' A 

tan. 2il + tan. ^ = — 5-7 + tan.il = — „ — , 

1 — tan. A 1 -^ tan.^ A 

the denominator, which is 

2 . tan.* J 1 -3.tan.^ A 

1 — tan. il.tan. 2il = I — -; — ri = -; « a • 

1 — tan. A 1 — tan. il 

Hence 

3. tan. A — tan. A 
tan.3A{=tan.(a^ + ^}= ^,3^^.^^ -' *"«*' 

by a similar method, since iAmSA + A, axxd5A = 4,A + A, 



tan. 4 ^ = 



tan. 5 A =2 
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4tan. A — 4.tan.^ j1 
1 — e.tan.^il +tan/il^ 
5 tan. A - lO.tan.^ A + tan.^ A 
1 - 10 tan.* A + 5 tan/ A 



These expressions for the tangents of multiple arcs may also 
be derived from those given in p. 37* For instance^ since A, B, 
C, D are equal, t^ t\ i\ f are, and ^4 (0 = 4^ 

*^ 1x2x3 

* ^ 1X2 

S^itt'fr):^ t\ 

consequently. 

At — At^ 
tmAA-^A + A + A) = tan. A A =s ^ o . . 

as before, in 1. 1. 

In like manner, we may deduce tan. 5 A from the expression 
for tan. (4 + JS+ C + 1> + ^ (see p. 37.). 

For, 

St it) = 5t, 

S,(tiff')= lillillf»=iOf' 
^^ 1X2X3 

S^(tt\...t^'") = fi 

*^ ^ 1X2 

*^ 1X2X3X4 

5^-10^' + ^* 

-^"'^^ = 1., 10,^ + 5^ 
as before. 

It is not, perhaps, necessary to multiply farther trigonometrical 
formulae ; such as are chiefly useful, and usually occur in inves- 



64 

tigation, have been given; and the Student, vho thoroughly 
apprehends the principle and mode of their deduction, will be 
able, by his own dexterity, to deduce others. 

A sufficient number of formulae having been given, it may 
now be thought proper to proceed to their application; and, the 
first object of their application seems naturally to be that for 
which the science of Trigonometry was originally invented; 
namely, the Solution of Rectilinear Triangles. Now, this solution 
consists of two parts ; first, it is necessary to express the relations 
of the sides and angles of triangles by Trigonometrical symbols ; 
and, secondly, to afford th£ means of arithmetically computing, in 
specific instances, the values of such symbols. For instance, if 
two sides, a, 6, and an angle ^ of a rectilinear triangle should 
be given, the value of the angle B (see p. 26.) would be truly 
expressed by 

sin. B = sin. A X ^ , 

a 

But this is an algebraical value ; in order to obtain a practical 
result, we must be able, when b and a are expounded by numbers, 
and A by degrees, minutes, &c. to express B in degrees, mmutes, 
&c. we must, therefore, possess the means of assigning jiiii. A 
from a given value of A, ai^d also •of assigning B 'from a re- 
sulting value of sin. B. These means, in practice, are afforded 
by Trigonometrical Tables, and their formation, or, what tech- 
nically is called the construction of the Trigonometrical Canotiy is 
an easy consequence from the preceding results. 

We will, in the next Chapter, prqco^d^ to the construction of 
this Canon, which may be viewed either as a distinct application 
of the preceding formulae, or as a preparatory step to^heir appli- 
cation in the solution of rectilinear triangles. 



CHAP. IV. 



On the Construction of the Trigonometrical Canon. — Methods of 
computing the Sine of l'. — The Sines and Cosines of successive 
Arcs,- — Formula of Verification, or Methods of examining the 
Accuracy of Computed Tables, 

Problem Q. It is required to find a numerical value of 
the sine of 1 miuute ; the circle being divided into 360 X 60 or 
2 1 600 minutes, and its radius being 1 . 

By Prob. 5, cos. A =• V{^{\ + cos. 9.A)\ (a), and by 
Cor. 2, Prob. 5, i( 2A ^ 60^ cos. 2A = ^ = .5, 

consequently, cos. 30^ = V{|(1 + J)} = .8660254; 

substitute this value into the form (a), and we shall have cos. 15^: 
and, by a repetition of the operation, successively, the cosines 

^60^ 60*^ 60^ 60<> . .. i ij ^r u 

of — T , — r » T* ~r« » so that, if c, c , c , &c. stand for the 
2 2* 2^ 2 

successive cosines, the operation may be thus exhibited : 

• -Ij > or, COS. SO** = V |- {l + '^)i =c^ - .8660254, &Ct 

• -^ ' ^""i COS. 15^= y {- (1 +cM =c^^= .9659258, &c. 

60^ I /\ \ 

. -3-, or, cos.r30'= y {- (1 +c^^)^ :=c^^^= .9914449, 8cc. 

60® /•! X 

• -^> or, cos.3^4y = V (i^^ + ^ V =c^^= -9978589, &c. 



cos 



COS 

Ac. &c. 



J 



66 

•cos. ^, , or, COS. 32" 44'" . 3^^ 45^^ = \/ Q- (1 + O) = 

99999996732. 
From this value of the cosine^ the sine = .000255663462. 

Ill order to find the sin. 1^ we must compute on this prin- 
ciple^ namely, that the sines of very small arcs are to one another 
as the arcs themselves t; andthen, since the arcs 52". 44'". S^'^. 45 , 

^ 60 60 

and 1 are to one another as — , 



2'' * 60 X 60 ' 



6o° 
* The values of — - may be shortly obtained by the foDowing 

mode of decomposing numbers : 

e(f 6o.6o.6o , . ., , . , , (64-4)(64-4K64-4) 
-_. = J- (the units bemg seconds) = — ; 

but 2« + I = ^4" . 45% 

3.2*+ L= 12''.0.56'M5^ 

subtracting, ^, = 52" . 44"' . S'^ . 45r 

t If from the two extremities of an arc there be drawn two lines 
touching the arc and meeting each other, such lines will be equal. By 
the principle assumed by Archimedes, the arc is < sum of tangents > 

chord joining the two ends of the arc ; consequently - arc < tangent > 

At 

r- chord or > sine of 4 arc : and therefore tan. — —sin. rr >- — — sin. -r : 
2 ^ ^ 2 2 2 2 

hence, if, in the instance given in the text, we find the difference be- 
tween the tangent and sine of 1' [computing tan. 1' from — —/J , it 

will be found to be .000290888216— .000290888204=. 000000000012 ; 
consequently, the arc of 1' differs from its sine by a quantity less than 
000000000012 : so that, it is plain, the principle of very small arcs 
varying as their sines, is .very little remote from the truth ; or, rather, 
if assumed will entail on the computation a very small numerical error. 



^=3** 45' 



6? 

or^ at 5000 : 4096, 

4006 
we have^ ski. l' = .000256663462 x -— = .00Q290889«04. 

3600 

This method of computing the sine of I'j, althovigh very operose^ 
ia of no great difficulty ; for, it requires only the knowledge of thc^ 
simplest arithmetical operations. But, even if we avail ourselves 
of the formulae and inventions of the Analytic art, the computa- 
tion of sin. l' cannot, in any case, be very expeditiously effected; 
more expeditiously^ however^ than by the preceding method. 

If we employ the expression for sin. A which was given, in 
page 44, w^ may successively deduce the sines of 30**, 15*| 
7 30 , &c. by operations analogous to those already given ; thus, 
since sin. 4 = § >/( 1 + sin. 2 ii) - J V^( 1 - sin. 2 il), and sin. 30^ = I . 

sin. .30° = ^ ,/.,..,. =.5 

sin. 15° = i v^(l +^) - i v/(l-^)= «' =.258819 
sin. 7° SO' =r iv^(l+«')- 1^/(1-/)= 5" = .1305262 
sin. 3° 45' = is/(l+s")- ^y/{\-s")= «'"=.065403l 

.30^ 
and so we may compute on till we obtain the sm. -^ . 

The preceding computation was made to begin from A = 30^^ 

because the sin; 30^ is known ; but we might have begun from 

any other arc, the sine of which is known : thus, if we take 2 A 

= 18% the sine of 18"= J chord 36", but the chord SG" = the^ 

side of a regular decagon inscribed in a circle, ^BD (the base of 

the isosceles triangle described in the 10th Proposition 4th Book 

\/5 — 1 V^5 — 1 
of Euclid,)* = : hence, sin. 18° = , and sub- 

2 4 

stituting this value for sin 2 A in the above form, we have 
sin. gP == i v/(3 f v/5) - i y/(5 - ^5) = 5 = . 1 56434 
sin. 4° 30' = i y^(l +^) - i \/(l - «) = «' = .0784591 
sin. 2* 15' = j v/(l +0 "i y/(l - «') = s" = .0392598 

• BAD •\'aABD=zlSO'', but ABD=z2 BAD; .-.5 5^1) =180°; .-. 
10B^D=360° and BAD=z3(P : again, by the Frop. AB .BC=AC^ 

ssSJD*, consequently, if BD=a?, AB=zi, l .(i — j?)=:i»% and j? = ^L-- — . 
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Having thus computed the sine, of a small arc that is nearly 
l', the method of determining the sin. l' is, in principle^ pre- 
cisely the same as in Prob. 9- There is, however, a third method, 
considerably different in its principle, which finds the sine of l' 
by the quinqu^section and trisection of an arc. It may be thus 
explained. 

By the form (s^), page 47, 

sin. 5A=:5 sin. il — 20 sin.^ ^4 + l6sin.^ A. 
Let 5 A = 30°, then sin. 5A = i and A = 6° ; let 2 sin. A = x, 

then 1 = 5t — 5x^ + x^. 

By approximation, find the value of x : thus, suppose a to be 
A near value, and a + v to he the true, then 

1 = 5 (a + v) - 5 (a^ + 3 a^v) + a^ + 5 a^v, 

neglecting the terms that involve v^, v^, &c. consequently, 

1 — 5a + 5flf'-a^ 



V == 



5(1 -3 a' + a") 



Now, since sin. 5 A = *-* , assume, as a first approximate value 

2 
of ar, a = — = .2 : substitute in the expression for v this value, 

and find the resulting value of t; ; it will appear to be = .009, 
the corrected value of a then, or a +v> is .209; with this, find a 
new value of v, and another corrected value of a, and repeat the 
operation till x is found exact to a certain number of decimals, 
seven for instance ; in which case 

x = . 2090569, and consequently sin. A = .1045285. 

Having thus obtained the sine of 6P, in the form (/') of page 47, 
that is, in sin. 3 A =s 3 sin. A — 4 sin.^ A, put 3 A = tfy and 
2 sin. A = x, then the equation becomes .2090569 = 3x — x^. Find, 
as before, by the method and formula of approximation, a value of 
X, which, to seven places of figures, will be .0697989* conse- 
quently j: pr 2 sm. 2° = .0697989, and sin. 2^ = .0346995. 

In order to find sin. 1^ take the form (p. 42,) 

sin. 2 A = 2 sin. A . cos. A, 



69 

then sin.* 2 -4. = 4. sin.* A — 4. sin.* A: substitute for sin.* 2 ii, 
or sin.* 2^, its value, and by the solution of a quadratic equation 
find sin.* ji, and thence^ sin. A, or sin. 1^, the value of which to 
seven places of figures is .0174624. Repeat the operation, and 

vfe have sin. — ^ or sin. 30'^ the value of which is .0087265. 

By this method then we have descended from the sin. 30^ to 
the sin. V and sin.SO'; and^ consequently, by like operation^, we 
can descend from sin. 30' to sin. 1^ and sin. 30'^: and by this 
method, which is however extremely operose, we are able to 
find the sin. l' without a proportion, and, accordingly, to avoid 
the use of a principle, which some may think doubtful ; which 
principle is, that the sines of small arcs are to one another as the 
arcs themselves. 

« • 

The above method is, in fact, thd same as that which is given 
with all its detail, at page 451, &.c. in the sixth Volume of the 
Scripiores Logarithmici, edited by Baron Maseres. It is plain, 
however, that there is no necessity for beginning the computation 
from an arc of 30^ ; we may make it begin from any arc, the sine 
of which is known : for instance, by the form, page 67> 

sin. ff" = i V^(3 + V5) - i; i/(5 — Vd) z= \156434 ; 

since, therefore, sin. 9^ = sin. (3,3^) = 3 sin. 3^ — 4 sin.' 3^ 
s6lve, as before, by approximation, the equation 

.156434 = 3x - 4x^ 

and the result gives x the sin. 3^. Again, solve a similar equation 
by the same mode and formula, and the result gives sin 1^. And 
many like methods will suggest themselves to the mind of the 
intelligent Student. 

We shall now proceed to the second part of the construction 
of Trigonometrical Tables, the object of which will be under- 
stood from the succeeding Problem. 

Problem 10. It is required from the sin. 30'' and sin. l', to 
compute the sines of 2, 3, 4, &.c. minutes, and also the sines of 
1^ 2, 3, 8ic. degrees. 
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By the form (a), page 31, 

. sin. (J + B)=:2 sin. A . cod. B — sin. (A — i^ 



= 2 sin. A ( \ ^ 9, sin.^ "~ ) "" s*^- (^ "^ 



B) 



5= sin. A + {sin. ii — sin. {A — J5)} — 4 sin. il sin." — . 

If J5 = 1^ then 
rin. (il + O =r sin. il + sin. A - sin. {A - 1"*)— 4 sb. J sin.* 3(/ 
which is Delambre's formula. ' 

Let jB = l' and let A successively equal l', Q\ S', 8cc. then 

sin. 2' = sin. 1' + (sin. 1' — sin. 0) - 4 sin. l'.(sin. 30*')* 
sin. 3' = sin. 2' — (sin. 2' — sin. 1') — 4 sin. 2'. (sin. 30")* 
sin. 4' = sin. 3' + (sin. S' - sin. 2') - 4 sin. 3'. (sin. 30^ 
sin. 5* =;= sin. 4' -f (sin. 4' — sin. 3') — 4 sin. 4'.($in. 30")* 
&c. = &c. 

and thus may the sines of all succeeding arcs be computed, by 
a process not very tedious, since the only part of it at all long is 
the multiplication of sin. 2'^ sin. 3\ &c. by the constant factor 
(2 sin. 30")^ which is the square of the chord of l'. 

In the above form substitute^ instead of jB, 1"^ and^ instead of 
Af successively 1, 2, 3, &c. degrees ; then 

sin. 2^ = sin. 1° + (sin. 1:^ - sin. 0) - 4 sin. 1^ (sin. 30^* 
sin. 3° = sin. 2° + (sin. 2'' - sin. r ) - 4 sin. 2"" (sin. 3O'0% 
&c. 

and so on for the sines of all succeeding arcs. 

In order to compute the sines of arcs composed of degrees and 
minutes ; arcs^ for instance, such as 3^ 2\ 3^ 3\ substitute for 
J3, l', and for A successively 3^ l', 3° 2', 3* 3', &c. then 

sin. 3° 2' = sin. 3° 1' + (sin. 3° 1' - sin. 3°) - 4 sin. 3*» 1' (sin. 30")* 
sio. 3^ 3'= sin. 3^ 2' + (sin. 3** 2' -sin. 3° 1') - 4 sin. 3° 2' (sin. 30")* 
, &c. 

or, if we wish to compute for every ten minutes^ put B sz 10 1 
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and for A write successively A + lO', A + £0', A + 30', 8tc, 
thus, if JL = 7**, 

sin. 7'20'=8in. 7olO'+(sin. 7oiO'-sin. 7')-4sin. 7MO'.(8in. 5')* 
sin. 7'30'=8in. 7«20'+(sin. 7"20'-sin. V 10')-.4sin. 7** SCZ-Csin. 5')% 
&c. 

By the preceding methods we are enabled regularly to com- 
pute the sines of all arcs from l' or l" up to 90^; but^ when the 
arcs exceed 60^, . the application of the Trigonometrical formula^ 
page 31, renders the arithmetical computation more simple and 
concise : thus^ since 

sin. (JB + ^ = sin. (B — il) + 2. cos. JS.sin. A. 

ijtt B = 6(P, then cos. B = cos, 60® ;= ^, consequently, 
sin. (60P 4- A) :*= sin. A + sin. (60^ - A). 
(see form 15 :of Table, p. 39.) 

Hence, instead of the. preceding, we may use this latter 
method, and compute the sines of all arcs exceeding 60^^ by the 
simple addition of the sines of arcs previously computed : for 

instance, 

sin. 630 5' = sin. 3° 5' + 56"" 55' 

and, since sin. 30 5' a: .0537883, wid sin. 66^ 55' a .8378775 
the sin. 63* 5' = .891665. 

The sine of jail arcs from to 90^ being computed, the 
cosines of all the arcs of the quadrant are known from the equation 
COS. A = sin. (90® — A) ; for instance, 

COS. 63^ 15' 7"^ sin. se"* 44' 53", cos. 13^ 47' = sin. 76^ 13'^ 8ic. 
The sines and cosines being computed, the tangents may be 

computed from this expression, tan. A = — —j , and the co- 
cos, jx 

cos. A 
tangents from co-tan. A = — -^ . 

sm. A 

When the tangents of arcs lip to 45® have been computed, the 
Trigonometrical formulae, previously given, may be conveniently 
used in computing the tangents of arcs that lie between 45® and 
90® : thus, by Prob. 4^ page 35, 
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/ / J . T»x tan. il+tan. £ ^.^ ^ o I + ta». u< 

tan.(il + JB) = — — =(ifjB = 45")- ; j; 

1 — tan. A . tan. B 1 — tan. A 

hence^ as instances^ putting A = 1^^ 2^, S®, &c. 

tan. (45^ + O, or, tan. 46^ = ^ "^ ^^°' ^ , 

1 —tan. 1" 

/. t» . ^ns n 1 + tan* 2® 

tan. (45^ + ^% or, tan. 4?^ = 7-— -5 , 

1 — tan. 2 

&c. &c. 

or, we may thus avoid the fractional form, 

; o. A. 1+tan. A " ^ ^. 1— tanjl 

tan. (45^ + 1) = — and tan. (45** - A) = — 7 

1 -tai^. A > 1+ taii.il 

, ix , .X (l+tan.A/-(l-tan.i) 

/. tan. (45^ + A)- tan. (45° - A) = ^^— ^- \ . 

1 — tan. A 

4. tan. A 



i 



1 — tan."" A ' 



• , .2 tan. J 

but, by the form of page 62, tan. 2 A = ^—^ • 

1 "~ tan. il 

Hence, tan. (45** + A) = 2 tan. 2^1 + tan. (45** — A), con- 
sequently, 

tan. (450 + 1% or, tan. 46o = 2 tan. 2*" + tan. 44^ 
tan. (450 4- 2°), or, tan. 4?^ = 2 tan. 4*^ + tan. 43**, 
&c. 

By these formula? and methods may the sines, tangents, &c. 
of arcs be computed. If we attend, however, to the history of 
the construction of Trigonometrical Tables, we shall find that all 
Tables have not been computed exactly by the same formulae 
and methods : modern Tables, from the improved state of analytic 
science, having been computed by the most certain and expeditious 
methods. In the immense Tables dn Cadastre^ formed at the 
expense of the French Government,' the sines of arcs are com- 
puted regularly by successive addition, according to the formulae 
given in page 70; but, in such a construction, an error committed 
in the sine of an inferior arc would, it is plain, entail errors on 
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t)ie smes of all succeeding arcs. Hence is created the necessity 
of some check on the coroputist, and of some independent mode 
of examining the accuracy of the computation. For this purpose, 
formube, such as those given in pages 43, 67> derived immediately 
from established properties^ are employed; if the numerical results 
from these formulae agree virith die results obtained by the regular 
process of computation, then, it is almost a certain conclusion 
that the latter process has been rightly conducted. 

V 

As there is^ in these formulae, called Formula of Verijka- 
Hon, besides their practical utility, something curious, several are 
subjoined and proved. 

[1] sin. 30** = 4 ;v sin. 45© = — r- ; sin. 6o* = i^ . 

£2] sin. 18® = ^l-_ — , by the Note to p. 67^ or, it may be 

4 

independently proved thus : 

sin. 36* = cos. 54<>, or, sin. (2. 18«) = cos. (3 . 18«). Let x = cos. 18**; 
then by form \ff"\ page 45, cos. (3. 18«)=4x'--3j:, and by form, p. 42, 
sin.(2.18«) = 2j?v^(l-a:») = .-. 4a:»-.3a?, or, 2 v/(l-«*) = 4x»- 3. 

This equation, cleared of radicals and reduced, is 

l6jf*-20»*+ 5=0; 

whence «*= ^ and .-. l -a?*= "^ and ^l-**, or, 

sin. 18® =: ^ ' I  Ivhich is also cos. 72®. 

4 

« 

[3] «n.9®, or, COS. 81* = ^ v^(54-3)-i ^'(5-^5), by the form, 

of p. 43, on substituting for sin. 18® its value, 
€0s. 9», or, nn. 81®=si \/(34- is/5) + i y/{S — y/S)y by the same form. 

{4] sin. 27*', or, cos. 63» = i \/{^^\/S) - } \/(3 -^5) 

COS. 27**, or, sin. 63° = J vA5+^5) + \ y/{?-\/S) 
for, in the preceding proof of the arithmetical value of sin. I80, 

(cos- 18<»)*ss iijfe^ and (sin. 18*)*= ^ ''^^ ; .'. cos.2.18*, dr, 

8 o 

K 
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COS. 36* = (cos. 18«)» - (sin. 18»)» = ^+W^ - >/^l±l = sin. S4«, 

since cos. 36« = sin. 54®, 

substitute tbis value of tbe sin. 54^ in tbe forms of page 43, for sin. 2^, 
and there will result tbe above values for the sine and cosine of 27** 

Since, COS. 36»= ^^1±1 . sin. 36» = i^^^l^Lzi^a . 

4 4 

The subjoined Table contains the sines of arcs from 0^ to 90^ 
that differ by 9^, or, in the French division of the circle, that 
differ by 10 degrees. 

French Scale. English Scale, 

sin. 100, or, cos. 90° sin. 9°, or, cos. 8lo= \ N/(3+^5)-i^(5-^5) 
sin. 20, or, cos. 30 sin. 18, or, cos. 72 = i(\/5— 1) 
sin. 30, or, cos. 70 sin. 27, or, cos. 63 = iv^(5+\/5)— J^(3— ^5) 
sin. 40, or, cos. 60 sin. 36, or, cos. 54 =i J^(iO— 2y/5) 

sin. 50, or, cos. 50 sin. 45, or, cos. 45 = — r- 

V^2 

sin. 60, or, cos. 40 sin. 54, or, cos. 36 = i(\/5 + 1) 
sin. 70, or, cos. 30 sin. 63, or, cos. 27 = i\/(^+ \/^)+i\/(3""V^^) 
sin. 80, or, cos. 20 sin. 72, or, cos. 18 = i\/(10-f 2 V^ 
♦sin. 90, or, cos. 10 sin. 81, or, cos. 9 sac }v/(3+ ^Z^+Jv'CS— ^/5). 

But the most general formula of verification is this, which is 
to be found in Euler's Analysis Infinitorum^ page 201, vol. I. 
(Lausanne, 1748). 



* There is a large Table of this kind 4n Cagnoh's Trigonometry, 
p. 58, &c. edit. 2. And, it is easy to see how additional formulas may 
be obtained r for instance, 

. sin. 15®= sin. (45* — 30®) = sin. 45» (cos. 30» — sin. 30*) 

Similarly, «in. 75* =: r "J  . 

And these and like expressions, besides that utility which is pointed out 
in the text, may have a farther one, in the theory of Polygonals. 
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[5] sin. A + sin. (36o -- J) + sin. (72» -h ^) = 

sin. (36« + ^) + sin, (72*^ - :4). 

In order to prove this formula, we will use the numerical 

values of the cosines of 36® and 72*^. 

i^3 4- 1 
8in.(S6*^ + :^)— sin.(36" — il) = 2.cos.36**.sin.^= -— — .sin.ii 

Vo- 1 
and8in.(72**+-^-sin.(72'*-il) = 2.co8.72^sih.il = — - — .sin.^; 

subtract the latter equation from the former, and 

then we have, sin. {SS" + A) + sin. (72^ -A)- sin. (72** + A) - 
«in. (36** — 4) = sin, A^ which transposed is the equation (3). 

If, in the above equation, we substitute 90" — A instead of A, 
there will result 

sin. (90°-^) + sin. (^- S4fi) + sin. (18° + ^) = 
sin. (54«+^) - sin. (IS®- -4), or 

sin. (90«— -4) = 
sin. (54*^+^) + sin. (54° - A) - sin. (w^-A) - sin. (18»- A), 

which is Legendre's mode of expressing the equation. But, it is 
plain from the mode by which the latter has been deduced^ there 
is no real difference between the two formulae, and, with regard 
to their application, it is quite indifferent, whether we adopt 
£)uler's or Legendre's. 

In using these formula, different values must be substituted 
for A, thus : in Euler's, 

if J = 90, then, sin. 9®+ sin. 27° + sin. 81° = sin. 45* + sin. 63^ 
or, sin. 9«+ sin. (3 .9°) + sin. {g.g"") = sin. (5 .9») + sin. (7.9*). 

If in Legendre's formula we make A = ST ; then 

sin. 9«= sin. 45» — sin. 27* — sin. 81* +sin. 63* ; 
or sin. y + sin. 27" + sin. 81* — sin. 45" + sin. 63", 

the same aB before ; which proves what we have just asserted, 
(1. 11, &c.) 

Again, if W = ] 8°, then, by the formula [5] 
Mn. 18«+8in. (Sfio-lS'J + sin. 90®=8in. (36»+l8°J + sin. (72o-.18'»); 
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or, 2 sin. 18** + 1 == 3 sin. 54^. 

If -4=:10^ then sin. 10*^ + sin. 3ff* +sin. Sa'^srin. 46*^ + sin. 62^ 

Examples. 

Take Sherwin's Tables, in which the natural sines of arcs are inserted: 

from these it appears, that 

sin. 9**= 1564345 

sin. 27 = 4539905 sin. 45''= 7071068 

sin. 81 =r 9876883 sin. 63 = 8910065 



15981133 15981133 



sin. 10"*= 1736482 

sin. 26 = 438371 1 sin. 46*^= 7193398 

sin. 82 = 9902681 sin. 62 = 8829476 



16022874 16022874 



Here the numerical results of the two sums exactly agreeing, as they 
ought to do according to the formula, we may conclude, almost with 
certainty, that in Sherwin's Tables the smes of 9, 27, 81, 45, 63* 10, 26, 
46, 62 degrees are rightly computed. 

These formulse are most convenient for practice ; but if, from 
the solution of an equation of three dimensions, as (s^^^) p. 47> or^ 
from that of ao equation of five dimensions^ as {s^), the value of 

A A 

sin. — , or of sin. -- be computed^ such value would become a 
3 o 

means of ascertaining the accuracy of Trigonometrical Tables. 

In 16 10, Pitiscus published great Trigonometrical Tables, 
inserted in his Maihematicus Thesaurus, and, from the account of 
this Work, given in the Berlin Memoirs of 1786, page 24, it 
appears, that formulas^ which, in fact, are formulae of verification, 
were employed by that mathematician : thus^ in order to ascertain 
whether the chord of 30^ had been rightly computed, he sub- 
stitutes in the equation, 
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* 4x^ - X* = c' {x = chord of 30", c = chord 60°) 
instead of x the computed value, and he finds the resulting value 
ofctobe 1000; as it ought to be, since the chord 60° = radius: 
and accordingly he concludes x to have been rightly computed. 
Again, in order to ascertain whether the chord of 10° be rightly 
computed, he subatitules its computed value in an equation, such 
as chord 30° = 3 chord 10" - (chord lO)'' [see form (s'") page 47] 
and the chord 30° thence computed ought to agree with its value 
(x) previously ascertained to be right ; and be pursues a similar 
course, in order to veiify the computation of the chord of the 
liflh part of an arc. 

Previously to quitting this part of our subject, we wish to 
employ the arithmetical values of the sines of 18" and of 36°, 
which have been just deduced, in proving that which may be 
announced as a geometrical propeily. 

v'5 + 1 5 — v's 
By the form p. 74, cos. 36°= , and .'. sin.' 36°= ~: 

consequently, 4 sin.'' 36° — 1 = ^4 sin.^ 18°, see page 73, 

or (chord 7S°)° - 1 = (chord 36°)% but the chords of 72° and 
36° are respectively the sides of an equilateral pentagon and 
decagon, inscribed in a circle. Hence, the square of the side 
of an equilateral pentagon inscribed in a circle, is equal to the 
square of the radius plus the square of the side of an equilateral 
decagon inscribed in the same circle. 

Having now obtained methods of arithmetically computing the 
sines, cosines, £i.c. of angles, when the angles are expounded by 
a speciAc number of degrees, minutes, &c., we may proceed to 
apply our formula to express the various relations that subsist 
between the sides and angles of rectilinear triangles.. 

* Pitiscus's notation is Uke Vieta's, given in page 54 ; the form of his 
equation is iq—l fr^ =3quare of chord of twice the arc. Another account 
of this 'Work of Piliseus, and of similar Works, published about the 
same time, and now veiy rare, is given in the Jth Volume of the 
Memoirs of the Institute. 



CHAP. V. 



On the Resolution of the Cases of Rectilinear Triangles — 1st, 
When the Triangles are Right-angled^-^^d, When Oblique. — 
Reasons for introducing diffet'ent Solutions of the same Case, 
Examples, i^c, . 

In a triangle there are 3 sides add 3 angles : any three of 
these being given^ the remaining may be obtained. There is one ex- 
ception to this, iivhich takes place iivhen the three qu;antities given 
are the 3 angles. The reason of the exception is this: take any tri- 
angle^ tben^ externally or internally^ other triangles may be formed 
with sides parallel to the sides of the proposed triangle^ which 
triangles shall Ii^ave the same angles^ but greater sides or less 
sides : the magnitudes of the sides therefore are independent of the 
angles, and consequently cannot be determined from them. 

We will begin with the solutions of the cases of right-angled 
triangles. 

1st Case of right-angled triangles, in which two sides are given. 

Here, besides the right angle C, a, b, are given, and c, A^ B are 

required. 

Example. " 

a= 43; .-. a*= 1849 
b= 55; .'. b^=z 3025 
.-. c*=:4874 
and c = 69,81, &c. 

Computation, 
r the tabular liadius = 10" 
log. r = .... 10 
log. 43= 1.6334685 



Solution, 

c determined. 

1st. c=»y{a* + b^) Euclid 47. Book. 1. 

A and B determined; 

^ , sin. A a 4 ^ ^ / 

2d. -. — g = r oy Cor. 1 . to Prob. 2. 
sm. B b '' 



but :/4 + B = - or 90° .-. sin. J3=cos. A 

sin. A ^ ^ « / J 

— -^, or tan. -« = r (rad. = l), or 



cos 



a 



ms 



tan. ^^r. 7 and expressed in log 

log. tan. A = log. r -f- log. a— log, b 

B:=9QP--A 
A being determined,* c may : for 
6. sec. A br 






r cos. A 

.-. log. csslog. r-flog. 6— log. cos. A, 



11.63346*85 
log. 55 =i.. . . 1 .7403627 

.-. log. tan. A = 9.8931058 
.-.^ = 38® 1' 8" 
and B:=z5l 58 52 
Again, log. r = 10 

log. 55 = 1.7403627 

1 1 .7403627 
log. COS. 38^^ 1^ 8^=9.8964202 

log. c =1.8439425 

.-. c = 6% 81, &c. as before. 
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2d. Case, in which the hypothenuse and one of the acute angles are 
given. 

Here c, B, and C = 90®, are given, 
and a, b, A required. , 

Solution, 

b determined. 

sin. B b sin. B b 



— — = - or . = 

sin. C c 1 

, n sin. B . . . 

.•. 6=c .sm. Bssc . (rad. = r) 

r 

In logarithms, 

log. 6 a log. c + log. sin. B — log. r. 

^=90**^ B=48°48'; .-. 



Example, 

c=36l.4, B = 41^ 12' 

Computation, 
log. 361.4=2.5579881 
log. sin. 41^ 12' = 9.8I868O7 

log. b = 2.3766688 
.•* 6 = 238.05 



sin. 48^ 48^ _ a 
sin. 90*" "" c 



sin. 48° 48' , ^, u a ^ 

or a = c . and, consequently, a may be deter- 



mined exactly as 6 has been ; or thus, from 5, 



1 



In Logn*. log. a = - {log. (c+6) + log. (c-6)}. 

3d Case, in which a side and the acute angle (which is not opposite to it) 
are given. 



Here, 6, A and C=90° are given, 
and <7, c, B, are required. 

Solution, • 

B determined. 

J5 = 90° - ^ 

a determined. 

sin. A a -^ , t^ u v, t 
- — 5 = r [Cor. 1. Prob. 2.] 
sm. B b^ -• 

, sin. A , sin. A 

.\as:b,^. — 5 = ft. % 

sm. B cos. A 

b tan. A 

r * 
.-. in logarithms, 
log. tf^aelog. ft+log. tan. A-^ 10 
c determined, 
sin. C c , sin. C 

_ «— _«• • p^sh — — — — 

«B. B b sm. jB 

since CssQO^ and sin. Bsscos. A 

cs= -jzzz -(rad.=r) 

COS. A COS. A^ 

In logarithms, 

log. csslO-f-log. 6— log. COS. A, 



Example* 
6=31.76^ = 17° 12' 51" 
.-. J3=72^47' 9". 

. Computation for a. 

log. 6 or log. 31.76 = 1.5018805 
log. tan. 17° 12' 51"= 9.4911132 

log. a + 10 = 10.9929937 
.-. a = 9.8399 

Computation for c. 

log. lO'** = 10 
log. 31.76=1.5018805 

10+log. 6. = 11.5018805 
log. COS. 17° 12' 51"= 9.98OO967 

log. c= 1.5217838 
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We now proceed to the Cases of Oblique-angled Triangles. 

First Case, in which two angles and a side opposite to one of the angles 

are given. 

Here, A, B, a, are given, and b, c, C are required. 



Solution, 
C detem^ined. 

b determined, 
by Cor. 1, Prob. 2. 

sin. B b , sill. B 
-: — ^ = -; .•. b^a.-. — ^ 
sin. A a sin. A 

In logarithms, 

leg. 6= log. a-\-log, sin. B-^ log. sin. A 

The side c is similarly determined. 



Example. 

Az=z 

41° 13' 22", B=: 71"" l& 5^ a = 55 

.-. C = 
180°-. (11 2° 32' 27") = 67° 27' 33" 

log. a or log. 55=1 .7403627 
log. sin. B 
or log. sin. 71° l^ 5" =-9.9764927 

log. c + log. sin. B = 11.7168554 
log. sin. A = 9.8188779 



.-, log. 6= 1.^97977 S 
.\b=: 79.063. 

Second Case of oblique-angled triangles, in which^ two sides and an 
angle opposite to one of the sides are given. 




Here, a, 6, B are given, and A^ C, c are required. 
Solution. Example 1. (ambiguous). 

a=178.3, 6=145, JB=41°10' 

Computation for A. 
log. sin. B 

or log. sin. 41° 10'=9.8183919 
log. a or log. 178 . 3 =2.2511513 



4 determined. 

sin, A a . ^ - -n a 

'•.' ' ' = T •'• sm. A = sin. B y . 
sin. B b b 



In logarithms, 
log. sin. ^=log. sin. £+ log. a— log. b 

This case may be ambiguous, or 

will admit of two solutions, when 

a > 6, and B is acute : for, let MN 

=fl, MP=6, z MNP^B, take Mn 

:=MN^thenMP{ <ilf«) falls between 

N,n, 



12.0695432 
log. b or log. 145=2.1613680 

log. sinw ^=9.9081752 



SI 



N, H^ and anodierline JfQ, also between 
N^ It, Cfttt be taken equal to it; .-. the 
triangle may be MNP, or MNQ, and 
the angle A may be either MPQ or 
its supplement MQN; but, if b or 
MP be > fl or MSf,, MP would fall 
beyond N and ;?, as MP' does, and no 
other line e^ual to.it. Cdn be drawn 
between P' and JV: in this case, A has 
one value only. If B be obtuse, J 
cannot ; therefore here also the case is 
not ambigttous. 

A and B being known, C = 1 80^ 
— (A + B) is known. 



sio. C 
sin. 



c determined. 
6 sm. B 



or c i»ay Erectly, that is without the 
iBisrvemtiov of the process for finding 
A, he diBtcnnined from this expres- 
sion. 



.-. A = 54** 2' 22" 
and C = 84 47 38 

orJ=:125 57 38 
and C sr 12 52 22 

Example 2. (not ambiguous) 
a=:l45, b=, 178.3, B=41° lO* 
log. sin. 41® 10'=9.8183919 
log. 145=2.1613680 

11.9797599 
log. 178.3= 2.2511513 

log. sin. -4= 9.7286086 
.-.^=32° 21' 54". 

In this instance the supplement 
of A cannot belong to the case 
I proposed. 

Computation of c in 1st Example, 
log. 145 = 2.1613680 
log. sin. 84° 47' 38" 9.99*2047 

12,1595727 
log. sin. 41° 10' =9.8183919 

log. c =2.3411808 
.-. c = 219.37 



COS. B = —^ , whence, 

2ac 

c=a COS. B ± V(6*-a* sin.» B). 

Third Case, in which two sides and the included angle are given. 
Here, a, fe, C are given, and Ay B, c are required. 



^ ^ ^ ^ ^ ^ sin. A 

B, Cor. I, Prob. 2. - y = ^-jj-g 

'O' ^ sip. A ^ 

__. sitt. .^— -sin. B 
«Hrl _ sitt. Ay\fmu. B 



or 
similarly 



Example, 
fl=562, 6=320, e=«i*' 4'. 

Computation. 
a-fc=242 

a+6 = 882 -' 

ii+B=180°-C128*4')=51^56' 



2 



= ^5? 58'. 



l^g. 



L 



82 



tan. 



A^B 



a— ft ^ sin. i^i^sin. B ^ 

a-i-b "" sinf.^+sin. B "" " J^B 

' tan. — -— 

2 

t>y If I page 33, 

compute /. tan. — ^^— ^ from this ex- 
pression, and is known from 

the Trigonometrical Tables, and 
since 

^ + jy = idO** — C we shall have A 
and B^ for if 

A+B .A'-B , 

— : — = s, and — — - = a 
2 2 

then, Azzzs -^^d, and B:=s -^ d. 
c determined. 



sin. C 



sin. C 



sin.yi a sm. ^ 

In logarithms, log. c = 

log. a + log. sin. C— log. sin. A^ 
or c may directly be found, thus : 

COS. C = rr — T 

2aft 
.-. ezs^(a*-^b*--2abcoB. O 
which form however is not suited to 
logarithmic computation. 



log. tan. 25* 58' a 9.687540f 
log. 242 = 2.3838154 

12.0713556 
log. 882 = 2.9454686 

log. tan. — ^ = 9.1258870 



A-B 

2 
A+B 



2 

= 7^ 36' 40^ 

= 25^ 58' 



.-. A = 33^ 34' 40" 
B= 18*21' 20" 



Computation of e, 
log. 562 = 2.749736s 

log.sin. 128° 4'}^ ^ o^r-v-r/* 
rlog.sm. 51 50 J 

12.645873? 
log. sin. 33° 34' 40"= 9-7427789 

log. c = 2.9030943 
.-. c=: 800.01 



The above is a complete soluQon of the case, in whicli 
two sides and the included angle are the quantities, given. 
Buf, the analydc art is required to fumbh^ besides merely ade- 
quate solutions^ commodious and concise ones. And, of this latter 
character are the solutions which have been given of the third 
case by Dr. Maskelyne, in the Introduction to Taylor's Xo- 
garithms, and by Legendre, in his Trtgwiometryy p. S69j 4tfa edit. 
These solutions we now proceed to explain. 
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Let a>h\ find in the Tables an angle Q, such that tan. d = r -- 

and from this logarithmic expression : 

log. tan. © = 10 + log. a — log. h (a) 

in this case, since a>b, is>45^^ for when = 46^^ tan. dsr. 

VT /\ ^ /I — /^ — • \ a + i 

Now, smce tan. 0=sr. *r, tan. v-\-r=:r ( -r + 1 J =r ; 



tan. d — r a — ft 






"tan. d + f a + 6 /A + jB\ ' 

but by Prob. 4, pp. 35, 36, &c. tan. (0 - 45°) = r C^^' ''^ \ 

• Vtan. tf + r/ 

(A — JB\ /'il + Bx 
— - — J = tan. f J.tan. (0 — 45*).. ..(j3) 

consequently^ since Q is known from the expression (a), 

A- B 
tan. : — may be computed ; and thence, by means of the 

Trigonometrical Tables, is known, and A and B may be 

determined as in the former case. 

Solution of the preceding Example by this method. 

Computation of ^ by the formula [a]. 

10 + log. 562 = 12.7497363 
log. 320 = 2.5051500 

••. log. tan. a = 10.2445863 /. «b 6O0 SO' 35* 
0-45*= 15° 20' 35" 

Computation of — ^ by the formula [/3] 

log. tan. 15° 20* 35" = 9.4383476 

A 4-B 
log. tan. -~— , or log, tan. 25"* 58' = 9.6875402 



.-. 10+log. tan. ^-—^ = 19.1258878 



 > 
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.-. ^^^ = 7- 36' 40" 

and since ~- = 25^ 58' 

Az=5$o 34' 40" and B = 18° 21' 20" 

the same result as was obtained by the preceding method, and 
obtained in {)ractice, almost with equal facility, even wken it 
IS necessary to take from the Tables the logarithms of a and b. 

The demonstration of this method is not more concise than 
that of the preceding; butj the rule -and the connected com- 
putation are^ and, especially^ in those cases in which the loga- 
rithms of a and b shoidd happen to be given ; for then 9 would 

A ^ B 

immediately bje determined from the form {a), and — -— from 

Ml 

the form ()3)^ so that the whole of the rule would be expressed by 
th-e two forms (a), (/3)» 

The above method of determining the angles A, B, is the 
same as that which is contained in the fourth Proposition of 
Robert Sin)pson's Trigonometry, p. 486, of his Elements of 
Euclid, 6th edition : and^ in substance, is the same as the method 
given by Dr. Maskelyne, p. 36. Introduction to Taylor's Loga- 
rithms: the sole difference of the two methods is in the ex- 
pression : instead of the formula, 

/A-'B\ /A + B\ ,^ ox 

r.tan. I ) = tan. I 1 tan. (0 — 43^ 

Dr. Maskelyne directs tis to employ 

r . tan. ( — - — j = co-tan. — . tan. (6 — 45®) 

but, since A + B + C=:iSO,- = ('90^- ^-^) 

, C /^ + B\ 
consequently, co-tan. — = tan. I I . 

At X sS «^ 

Two methods of computing the side c, have been already 
given, one^ from A and B previously determined ; the other, 
independent of such determination : the latter method, however, 
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IS not adapted to loganthmiG computation; but^ it may be by the 
introdttctioD of an angle, called a subsidiary angle, such as is 
in the preceding demonstration, thus : from page S9,, 

c = l/(a^ + b^ - 2a6.cos. C) 
= l/(a* — £aJ + 6* + 2a6 — 2ai.cos. C) 
St \/{(a — 6f + 2 a6 (1 - cos. €)} 

= (tf - b) V (^1 + ^-^3^. ver. sm. C^ 



4ab ver. sin. C o 

:^__ = tan '^ 

<a — 6/ 2 



Assume ; -^5 7— — = tan. if, m which case 



4ab ver. sin. C , on 2/1 

1 + / r:5 • :; = l + tan.'e= sec'd; 

(a— 6) f 

consequently, 

a — h 

c = (a — 6). sec. 0, or = (rad. = 1) 

cos. a 

or c = (a — 6) -, or =5 77- (rad. = r) 

r COS. a 

and in logarithms, 
log.c = log.(tf — 6)+log.sec.©— IO,or=:log.(a — A)+10 — log.cos.d. 

This agrees with Dr. Maskelyne's determinatiop of c^ given 
in p. SQ. of his Introduction to Taylor's Logarithms: and the 
sole difference in the process is th^t, instead of 

ver. sin. C , ^ 2 ^ 

— — — , he uses, sm. — : 

which two values^ as it appears ^om p. 43^ are equal- 
Example of the computation oi c: a and b being 56^ and 320, and 

C =1 128® A'. 
2 log. tan. 0^ lOslog. 2+log. fl + Iog, 64-log. ver. gin. ^-->S log. (a^b) 

Now, log. 2= 0.3010300 

log. 562= 2.7497363 

log. 320 = 2.5051500 

log. ver. sin. 128° 4' = 10.208596*6 

15.7645129 
2 log. 242 = 4.76763O8 

10.9968821 
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.-. log. tan. e = 10.4984410; .-. log. sec. Q = 10.519^823 
.-. log. c = 10.5192823 + 2.3838154 - 10 = 2-9030977 

.-. c = 800.01. 

If we make the value of c equal to 

V{a^ + 2a6 + 6^ - 2 aft - 2a6 cos. O 

we shall have c = {a+b) W (l ^—- (I + cos. O ) 

V (a + 0) ^ 

. r - ^^^ /l+cos. C\ . ,^ 
and, it we assume --:, . I J = sm. 0. 

there will result^ c = (a + 6) . cos. 9, 

1 + cos. C is the versed sine ^of the supplement of C, which 
Mr. Mendoza^ in his valuable Tables on Nautical Astronomy, 
calls the *suversed sine; hence the rule for the solution alge- 
braically expressed is^ log. sin. d 

= I { 10 + log. 2 + log. suver. sin. C + log. a -)- log. 6 — 2 log. (a+6)} 

log. c = log. (a + b) + log. cos. 6—10. 

Of the preceding solutions of the third Case^ one alone, as 
it has been remarked^ is, in strictness^ sufficient : the others 
have been added^ for the sake of rendering, in certain cases^ the 
computation more expeditions. ,Aixd, when a specific instance is 
presented^ it will not be difficult to determine which method of 
solution it is, that, ought to be adopted. If^ for example, the side 
opposite the included angle be alone required, we ought to cpni- 
pute it by the method of p. 8^^ 1. 14> avoiding, as unnecessary ^» 
the calculation of the angles (A, B,) at the base. 

Fourth Case, in which the three sides are given. 
Here, a, 6, c, are given, and 4j B, C, are required* 



 In these Tables the log. suversed sine = log. — —^ — ' 



lAc 
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First Solution. 
By Prob. 2, page 26, sin. A = 

+b+c\/a+b+c \/a+b+c ,\/a+ft+c' 



•)C-^-)C-^-0C-^)-4 



and, in logarithms^ putting — ^ = S^ and instead of sin. A, 

2 

sin, ii 
r 

log, sin. A — 10 = log. 2 + 
i{log.S+log.(S-a)+log.(S-A) + log.(S-c)}-log.6-log.c 

and similarly, log. sin. C is expressed by the same form^ sub- 
stituting in the negative part^ instead of — * log« c, ~ log. a, so is 
also 

log. sin. By substituting instead of ~ log. b, — log. a. 

Second Solution. 
By Prob: 2, page 26. 

1 — COS. A =5 ; - 

26c 
4 (/a + b + c \ /a + b + c 



2 be 



{C-^ - ') C-^' - 0} 



But 1 - C08< i.s2.sin.^ -, (page 42.) hence, introducing the 

2 

radius r^ 

'"'' 2 _ (S-6)(S-c) 

In logarithms, 

2 log. sin. — = 20 + log. (S — 6) + log. (5 - c) — log. b — log. c, 
2 



and similarly. 



8S 
C 

2 log. sin. - = 20 + log. (S — a) + log. (S — 6) — log. a - log. 6. 

. Third Solution. 
By Prob, 2, page 26, 

1 + COS. A = ^^ -, -^. = 2 ; — — . 

26c DC 

Uut 1 +cos.A= I— cos.Ctt— A) = 2sin. =2sin. 1-^^) 

2 . V2 2/ 

A 

=^ 2*008.* — . Hence. 
2 

2 A J S.(5— a) 

V COS. .— =s r X ; . 

2 be 

In logarithms^ 

2 log. COS. — = 20 + log. S + log. (S -- a) — log. 6 — log. c 
2 

and similarly, 

2 log. COS. — = 20 + log. S + log. (S — c) — log. a — log. i. 

Fourth Solution. 

A A 

Divide die expression for the sin.^ — by that for cos.' —, and 

2 X 

since the tangent is equal to the radius n^ultiplkd int(^ a iraclioii 
of which the numerator is the sine and the denominator the 



2 A ^^AS-b){S-c) 



cosine, we have, tan. --=rx 

2 o .(o -!• a) 

In logarithms, 

2log.tan. - =20 + log.(S-ft) + log.(S-c)-l<|g*5r^l^,(S-a) 
2 

and similarly, 

Q 

2log. tan. - = 20 + log. (S - ft) + log.(S - a) - log. S - l<|g^<5 - c). 
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£xample l^ the fi^rst method of soluddii. 

a=33 log.ss 1.5185139) .-. log. a + log. 6=3.54.79235 fC]» 
b =42.6 log. =: 1 .6294096 > log. b +log. c= 3.3585744 [A] 
c =53.6 l og. = 1.7291.648 ) log. a+log- c= 3.2476787 [B] 

 ^^ '■ =64.6 bg.= 1.810325 
^^"^ -a=31.6 log.= 1.4996871 

^^ - 6=22 log.= 1.3424227 

fl+6+c 
^ - c= 1 1 log.= 1 .0413927 
4 



3 I 5.6937350 

2.8468675 J =:log. area : Cor. 2. Prob. 2. 
(ID + log. 2).*...,10.3010300 t .-. are» = 702.WS 

13.1478975. 

Hence, (see the formula of solution) if we subtract from this loga- 
rithm (13.1478975)/ the vahies [C], [A], [£], we. shall have, re- 
spectiyely^ the log. sines of the angles C, A and B : 

13.14^8975 13.1478975 Il3il4f8975 

[q 3.14(r9335 \A'\ 3.3585744 \B\ 3.2476737 

^^mmamm^mmmmmm^^ mi^mmmi^mm^ammm^t^^ Mtmmmmmmmmtmmmm^mmmmm 

9.99997^= log. sin. C9.789323I = log. sin. ^9:^0021 88 =lbg. sin. JB 

.\ C=8g*'22' 21" ^=37^ b^ 53^^ 5^=52^ 37' 46",| 

or 89 22 22^ J3=52 37 46^ 

to 89 22 25~ .-. C=89 22 20$ 

180 

-— 



In this case, if we had not determined A and J3^ the value of C 
(determined from its logarithm of seven places of figures) would have 
been dmibtfbl' to the exteht of 4*: ccttnequentty; fbir' tfk^ fimHng' the 
exaet vake of <^ itt-tink hn^iimce; the^ fi¥st method is nHt'pro^. 



* [C] \A\ [B] are merely marks of reference. 

M 
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By the second method ; the same Example. 



Angle C computed* 

log. (5-fl)= 1.499^871 

log. (5-6)= 1.3424227 

(20 added) 22.8421098 

[C] or log. a +log. h = 3.1479235 

c 

slog. sin. -= 19.6941863 



1 ^ 

log. sm. - = 



9.8470931 



.•.C=2(44°41'10"5) 
=r 89 22 20| 



Angle A conipated. 

log. (5- 6) =1.3424227 
log,(S-c)= 1.0413927 

(20 added) 22.3838154 
[A] 3.3585744 



2 log. sin. — =19.0252410 

At 

log. sin. - = 9.5126205 
2 

.'. ^ = 2(18^59'56''5) 

= 37 S9 52^. 



By this method the angle C is determined at once with great accaracj^. 



By the third method. 



Angle C (Dompated. 

log. 5= 1.8102325 

log. {S - c) = 1.0413927 

(20 added) 22*8516252 
[C] 3.1479235 

19.7037017 

log. COS. ' = 9.8518508,5 

-•.C= 2(44^ 41' 10"^) 
« . 89 22 20iJ 



Angle A computed* 

log. S = 1.8102325 

log. («'-«)= 1.4996871 

(20 added) 23.3099196 
[A\ 3.3585744 

19.9513452 
log. COS. - = 937^67^6 

2 

.^^= 2(18° 59'56\5) 
= 37 59 53. 



As C, in these two last methods, is determined to a great degree of 
exactness, the value of B is not computed from the formula, but it may 
be had by subtracting A-Vc from 180^ 
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By the fourth method. 

Angle C computed. 

log. (5- 6)=r 1.3424227 
log. (5 - fl) = 1.4996871 



Angle A computed, 
log. (5-6)= 1.3424227 
log. (5-0= 1.0413927 



(20 added) 22.8421098 (c) 

Again, 

log. 5 s 1.8102325 
log. (5 - c) = 1.0413927 

2.8516252 (d) 
••.(c)-(rf) =19.9904846 

C 
.-. log. tan. - ss 9.9952423 

.-, Cs=2(44°41'lO''5) 
= 89 22 202 



(20 added) 22.3838154 (a) 

Again, 

log. 5=? 13102325 
log. (5-^ a) = 1,4996871 

3.3099196 (6) 
.•.(a)^(6) = 19-0738958 

.-. log. tan. 4 = 9.5369479 
2 

^ = 2 (18* 59' 5ff\ 5) 
sa 27 S9 53, 



As far as instances prove, any one of these three latter methods may 
be used for determining the angle C, and angles nearly of the same 
magnitude; and, it is of no material consequence ^hich it is that is 
used. The first method is plainly, from a mere comparison of results, 
insufficient to give exactly the value of such an angle as C is : and we 
need not go through the labour of the arithmetical computation in 
order to ascertain its insufficiency: for, if we perceive that the square 
of the side, such as c, is nearly equal to the sum of the squares of the 
other two siddb, we shall know that the value of C does not differ much 
from 90*. • 

It may now be worth the while to enquire^ more minutely^ 
why, since compendium of calculation is a desirable object, several 
methods of solution have been given. 



^^ 



* This 4th case of oblique triangles is commonly (see Robert 
Simpson's EucUd^ page 488 ; Ludlam, page 220,) solved by means of 
this proposition. The sum of the two sides of a triangle is to the ba^e c^ 
the difference of the segments of the base is to the difference of the 
Mdes ; but the demonstration of this proportion, sipce the case is other- 
wise more conveniently solved, is purposely omitted. 
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' Now^ each of the preceding methods is adapted to logarithmic 
computation^ and each, in an analytical point of view^. affords a 
complete solution* One solution^ therefore, would have been 
sufficient, and one alone given, if the same applied, with equal 
convenience and equal numerical accuracy, to all instances ; hut 
/Uie fact is otherwise. If an example were proposed in ^»4iidi the 
angle A should be nearly 90^, as C is in the former examjple: the 
log. sin. A might be deduced from the first solution ; but, to 
such logarithmic value^ there would not, in the Tables, correspond 
a precise vahie of the angle A : for instance) \i the numerical value 
of log. sin. A should be 9-9999998, A might equal (by the 
Tables) either 89^ 56' 19", or 89° 57' S", or any angle inter- 
medi^e of these two angles. The reason of this is, tjhe very 
small variation of the sine of an angle nearly equal to 90^. And, 
this small Vi^ation is jipplu-ent from the mere inspection -of the 
Geometrical diaigrafii, in which two contiguous sines should be 
drawn to two arcs each nearly equal to a quadrant ; or, ana- 
lytically/ it may be thus shewn. Let 4 -be aa jarc nearly =« ^; 
let it b^ yicreased by a sip^l quakidly (l'^ for instance)^ then by 
t^e |6rQ9ula 0)j p* 97) m^Jking JB 9p \'\ 

sin. (ii + l'') = sin. ^.cos. l'' + cos. A .sin. l". 
Subtract sin. A from each side of the equatioh, then 
siQ. (A + 1") — sin, A =:sin. A (cos. l"— I) + cos* A sip. ^!\ 

(by p, 42,) =^ — sin. ii .2 sin.* — + cos. A sin. l". 

2 

Now, sin. A X £ sin.^ — may, from the smallneds of the 

l" 
factor 2 sin.* — , be neglected ; and, accordingly, 

8in^(il + l") 1^ sin. ilrscos. iL.sin. l", nearly; 

therefore, the difference of two coptiguous sines, or what ha^ 
been called, the variation of the sine^ varies nearly as cos. A\ 
anc| the cos. A is wheii 4 = 90®^ nei^rly^ a veiy sm^ll qu^Qtity 
relatively to its other v^liies, hi which 4 is of a mean vjalue. 



93 

It muflt not, however, be unnoticed, that the want of precision 
in the determination of the angle is pardy owing to the con-, 
struction of the Logarithmic and Trigonometrical Tables. The 
Tables referred to^ and in comon use *, are computed to seven 
places of figures ; but, if we had Tables^f computed to a greater 
number of places^ to double the number, for instance, then the 
logarithmic sines of all angles between 89^ 06' 18^^ and 89^ bf 9"# 
would not be expressed, as they are in Tables now in use, by the 
same figures. In such circumstanced, we should obtain conclu- 
sions very little remote from the truth ; but, then, such Tables 
would be extremely incommodious for use, and would, in all 
common cases, give results to a degree of accuracy quite superfluous 
and useless. Moreover, such Tables, even in the extreme cases 
which we have mentioned, are not essentially necessary : since their 
use can be superseded, by abandoning the first method of solution, 
and recurring either to the 2d^ 3d, or 4th method. 

When the angle {A) sought then is nearly = 90^, the first 
method mast not be used^ but one of the latter methods, in 
which either the sine, cosine or tangent of half the angle is deter- 
mined ; and, in such an extreme case, it is a matter of indiffer- 
ence whether, instead of the first method, we substitute the 2d, 
or dd, or 4th. But^ in other cases^ it is not a matter of 
indifference : for since, as it has been shewn, the variation or 
the increment of the sine is as the cosine, and of the cosine as 
the sine, these two variations are equal at 45^, but beyond 45^, 
up to 90^> that of the sine is less, and that of the cosine greater; 



• Sherwin's 8vo. Hutton's 8vd. Taylor's 4to. 
t In Vlacq's Tables, published at Gouda, l66d, we have 
Arcs. Log. Sines. 

89** S& 10" 9^9999997^00 

20 976ao 

40 97958 

50 98154 

89 57 98346 

10 98525 
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and^ the contrary happens between 45* and ; consequently we 
have this Rule : 

If the angle sought be < 90^, use the second method ; 
if • • • r 1 1 9 • • • • • > 90^^ use the third method. 

The 4th niethod may be used, and commodiously, for all 

values of the angles sought from up to angles nearly := 180^ : 

A . , 
when, however, the angle {A) is nearly =: 18Q^, tan. — ^ which is 

nearly tan. 90^, is very large^ and its variations^ (which are as 
the square of the secant *) are also very large and irregular. If^ 
therefore, we use Sherwin's Tables, which are computed for 
every ininute only of the quadrant, the logarithms corresponding 
to the seconds^ taken out by proportional parts^ will not be 
exact : for, in working by proportional parts, it is supposed, if the 
difference between the logarithmic tangents of two arcs differing 
by 60 seconds be dy that the difference between the logarithmic 
tangents of the first arc, and of another arc, that differs from it 

only by n seconds is — £? : now, this is not true for arcs nearly 

equal to 90^; and an example will most simply shew it: by 
Sherwin's Tables, 



• For by the formula, p. 35, 

tan. (^ + 1 ) « j__^_-p . 

Subtract tan. A from each die, and 

. /^i,«v » M tan. I" + tan* ^ tan. 1" 
tan.(^+l')-tan.^= 1-1. A tan. I" 

mg terms involving tan. j ) 

= tan. 1" (1 + tan * A) nearly ; 
.*. since tan. 1" is an assigned quantity, 
tan. (-4+1") — tan. A oc 1+tan.* A oc sec* A. 
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log, tan. 89"* SO' = 12.0591416 

log. tan. 89 29 = 12.0449004 ......{i) 

— ■—  II III — — I  I I ..I »i    I .^i— — . 

log. diff. corresponding to 60^'== 142412 

diff. corresponding to 30''= 71206 (4) 

.•• by Rule, log. tan. 89^ 29' 30'' ([2] + [4]) = 12.0520210 
whereas true log. tan. 89® 29' 30', by Taylor's Log, = 12.0519626 

Again, 

log. tan. 89® 50^ = 12.5362727 
log. tan. 89 49 = 12.4948797 

log. diff. con*, to 6o"= 413930 

.•. diff. corr«f. to 6"= 41393 

.-. by the Rule log. tan. 89'' 49' 6'' = 12.4990190 
whereas the true log. tan. 89° 49' 6", by Taylor's Log"". = 12.498845 

In these instances, the log. tangent^ determined by the pro- 
portional parts, is too large, which it plainly must be ; for, the 
logarithmic increment of the tangent increasing as the arc does, 
that is, the increment during the last 30^' being greater than the 
increment during the first 30'', if we take half the whole 
increment for the increment due to the first 30'', or one- 
tenth of the whole increment, for the increment due to the first 
6", we plainly take quantities too large. The same reason would, 
it is true, hold against calculating logarithmic tangents of any 
arcs by proportional parts, if the values of logarithmic tangents 
were exactly put down in Ts^bles ; but (we speak of the Tables 
in ordinary use) the values are expressed by seven places only of 
figures ; and^ as far as seven places, the irregularities in the sue* 
cessive differences of the logarithmic tangents of arcs that are 
of some mean value^ between O.and 90°, do not appear; thus, 
by Sherwin s Tables, 

log. tan. 44^ SOf =; 9-9924197 
log, tan. 44 29 = 9.9921670 

log. diff. corresponding to 60" = 2527 
.*. diff. corresponding to 30 = 12635 
.-. by the Rule log. tan. 44° 29' 30'' = 9-99229335 
and the true log. tan. by Taylor's Tables = 1.9922934, 
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It appears then, froih the a»aigned reason, and by the instances 
given, that an angle nearly 90^ cannot exactly be found from its 
Togarithmic tangent. The determination of the angle by means of 
proportional parts will be wrong in seconds bySherwin's Tables; 
and will be wrong in the parts of seconds by Taylor's Tables. 
From the whole of what has been said then^ it appears that in 
computing the values of angles, two inconveniences may occur, 
either when the successive logarithmic numbers are too nearly 
alike, as in the case of sines > of angles nearly 90% or too widely 
different, as in the case of the tangents of ap^e^ nea|*ly equal to 90^ 
It is the business of the Analyst to provide-fbrmnh^ by which these 
inconveniences may be remedied or avoided; and hence have 
arisen the different methods for attaining, apparently, the same 
end. 

Before we entirely relinquish this digression, we wish to 
obsare^ tiiat) allhoagfc the log. sioe or log. tangedt of the angle 
A may be determined exactly either by the firsl^ or the fonith 
method^ yet> if it should be vei^ small^ its* value e^HSfot) with 
sufficient exactness, be determined by the Tables in coBMHoti' use. 
For> very small angles cannot be exactly founds fromr theii^ loga^ 
ritbmic sines and tangents ; not exactly* iti seconds, by Sii€^rMrUi^» 
Tables, nor exactly^ in parts of second^^ by Tayhnr's Tabl^; an^ 
thel«fore, as great exactness may be required, and is ec^monljr 
required^ in those cases, in which a very small smgle is tO'be de^ 
tBHuined, the Tables are not to be used. They'vae t0>l^ wfm^ 
seded by a peculiar computation, of wUcb^ without ^eificaMtratidaf^ 
Dh Maskelyne has given the rale in biar Itit^diieta0iiito>Ti;!3riors 
Logarithms, p. 17 and d2^« Tbir ruW and- s^hr rules wflt<be 
stated and demonstrated in a^ subseiq^iien^ part of tiii» VRe^k, wiieNP 
the andytical series for the sine and ttoig^nt of an^rc ai^dedtieedk 

To the several cases of the solution of oblique triangler, 
examples have beea ^veBj but, merely arithmetical examples; 
it may be proper therefore, to subjoin a f^gned case of practice 
and observation, in order to shew, more plainly, the use and ap- 
plication of the formulae of solution* 

An observer at A wishes to determine his distance from two 
inaccessible objects J5, C, and also the distance BCy of the same 
objects. 
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The observer takes a new station D, and measures the distance 




AI); Mippose it to equal 1763 yards : at A aii4 D, by means 
<dftafef instruoients, he makes the following observations: 

>BAC = 45« 1' 3"\ j^BDC = 36° 15' 5"\ 

ttA, {^^ j^ ^ g^o 0' 2"/' ^ ^' VbD.1 == 33° 7' 40V 

* •  ■* 

conaequently^ 

CJJil«a9*2a'45",^CDr=18tf»-(ilDC+CilD) = 8Cf37'l3" 
BAD^75'' 1' 5",ilBD=180^-(BilD+BD^ = 71^5l'l5" 

^B determined. 



By IstCaseof oblique triangles^ p. 80. 
AB _ sin, ADB 
AI>'^ sin. ^B2> ' 

•*• log, u<B s log. AI> + log. 8in« 
ADB -* log. sin. ^BD. 



log. 1768 = 3.2462523 
log. sin. 33° f 40" = %l%lb^^ 



■» "*■ 



12.9838489 
log. sin. 71'' 51' 15" « 9.9778456 

log. ^B= 3.0060033 
.-. i^B=1014. 



AQ determined. 



By l8t Case of oblique triangles, 

AQ _ sin. ABC 

AD " sin. AQD ' 
.'•log. AC sr log. AJ> -{- log* sin. 
iiDC - k)g. sin. ^CZ>. 



log. 1765=3.2462523 
log. sin. ^^"^ 22' 45'* = 9.9712441 



■«» 



13.2174964 
log. sin, 80° 37' 13" = 9*9941543 

log. AQ = 3.2233421 
.',AC=i 1672.4. 

N 
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CB determined. 



By the formula of computation 
given iu page 85^ 



and, log. tan. 



ver. sin. C 



_ C 10+log. 2+log. a+log. b ^ 
""* (+log.ver8in.C— 2log.(a— *)) 



COS. 



X («-^) 



and CB or c = 

and 

log. c= 104- log. («— *)— log. COS. 

htTe,a=:AC=:l672A,b=iJB=lOl4 

€=5-40=45** V 3", a^b=65SA 



10 4- log. 2 = 10.3010300 

log. 1672.4= 3.2233421 

log. 1014 = 3.0060033 

log. versin. 45^ 1' 3" = 9-4670294 

25.9974048 
5.636979^ 



2 log. 658.4 



20.3604252 
10.1801466 

9.7412271 w 



•*. log. tan. = 
and log. COS. = 
.*. since 

10+log. 658.4= 12.8184898 [b] 
log. c = 3.0772627. P] - M 
and c= 1194.7. 

The last part of this Example (the determination of CB) 
belongs to the third case of. oblique-angled triangles, in which two 
sides^ and the included angle are given ; but, since the angles at 
the base^ (the angles ABCy ACB^) are not required, the mediod 
of solution given (see p. SQ,) was not adopted : BC, indeed, 
may be computed, and, according to the common practice of 
calculators, ^ould be computed, by first determining the angles 
ABC, JCB from the form 

/JBC''ACB\ AC-AB /ABC+ACB\ 

^"- ( i ) = ac+jb'^' ( 5 ) 



2 

sin. BAC 



but it 



and then BC from this expression, BC= AB . -^ T7m • 

*, 6m. ALB 

is plain, that the computation, without being at all more exacts 

would be longer than that by which BC has been already 

determined. 

The last part of the Example will also serve to illustrate lihe 
use of that solution of the third case, which was given in page 83: 
for, the logarithms of ilC and A J3 being determined in the 
previous part, we have immediately 

tog. Un. d = 10 + (3.2233421 - 3.0060033) = 10.2173388; 

whence = 58^ 46' 23", and - 45^ = 13® 46^ 28"; 

consequently, smce log. tan. 13® 46' 23". 8 = 9.3893876, 
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log. tan. { '• - ^ J or co-tan. 22" 30 3 1 . 5 = 10.383588 1 ; 

ABC-ACB 
.♦. log. tan. =r 9.7729757 

8 

ABC-ACB „ , ,, 

and = 30° 39^ 48' 



^ ABC+ACB ^„ , « 
but = 67' 29 28 .5 



consequently, JBC = 98" 9' 16".5 

JCB = 36° 49' 40".5 

Tbe process had been somewhat more tedious if we had 
fouud these angles by the formula given in page 8% in the 
solution of the third case; for then we must have computed 
AC'^ABj AC-^-.ABy and have taken out their logarithms. 
This instance^ and the remark on it> have been introduced to 
shewy not that the common and general solution is insufficient^ 
but that other solutions may conveniently, that is^ with some 
gain of expedition, be introduced. The Student, however^ who 
shall peruse this Treatise 'in order to be initiated into Trigo- 
nometryy is advised, in the first perusal, to attend solely to the 
general solutions, and to postpone to a time of leisure and of ac- 
qilired imowledge, the consideration of the methods that are 
either more expeditious, or are adapted to particular exigencies*. 

* With the view of rendering every thing as easy as possible to the 
Stodenti separate inyes(tigations of the., cases of right-angled triangles, 
have been made to precede those of oblique-angled triangles ; but, con- 
sidered generally, the former cases are really included in the latter, and 
theur solutions comprehended within the general solutions ; we will shew 
this in two instances : suppose in the third case of oblique triangles, 
that the included angle is a right angle, then, by the solution, 

tan. (j^) =tan. i^—-) • £?5 ^"* ^-J-B+CslSO* and C=90^ 

• • 2 "" *^ ' 

consequently, 
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We will terminate this Chapter with oHe or twb Problems, 
the solutions of which may be deduced, almost imtnediately^ 
from the preceding formulae. 

1. In a triangle of which the sides are a, 5, c, and the angles 
opposite^ A, Bj C, it is reqiured to determine C, when a, 6, and 
A -- B are given. 

By the formula of p. %% 

C a— A ^ 1 a-b 

= (see p.9,) cot. - x — ^ = (see p. 11,) ^ X — p^; 

tan. ':*' 
2 



oonsequenuy, tan. — - — sr tan. 45^ . — ^;-r = —*-; , ^incc tan. 4£r s±r 1 
^ •' 2 a-j-6 a+o 

but^=90*--S; 

^ "" 450 - B ; .-, tan. (— II- Yat: tan. (45»- B) dt (by Prob. 4, 

1 - tan. JS 



*. . 



Cor. a, p. 35.) ^^^j^ ; 



hence T . = — , ' > /, and tan. £ s - the same solutioD. in fact, as 
a-^b 1-f-tan. B a ^^ 

wats given, page 78, in the* solution of the ^t case of right^aogttll 
ttiangles. 

Suppose next, in the same instance,^ we employ tibe fGtm used* ili~ tile 
fbonSi (^e of obKcpte^iigled triabgf^s, thttH: 

1 4,co8.^=. (^ J— X -^V~) .b"t ^g X —J— 

=  ' = — I — ; smce c* = a* 4" ^ • 

hence, 1 + cos. A = —7 = - + 1 and cos. -^ = - , 

60 c ' c. 

6 



— -^ the same result as that which was obtain^, page 78 : 



and .*. c = 

cos. 

so that it is plain the vaiiety of cases might have been diminish^, but 

not without, a considerable loss of simplicity and facility. 
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C m^b A'-B 

.". tan. --: =» 7 x cot. "J ' . 

2. Givetij^^j £^i C, and a + &; i^^quired a and b. 

C it — B 
If the uppicT sfgB be used, then a — 6 s(a + 6) x tan. - x tan. 

C A^ B 
If the loiw«r sign be Bied, then, A + & :&(« - 4) . t&t. ^ cot. 

and in each case, by adding and subtractings we obtain 2 a^ and 
2 6, and then(:e a and ^. 

3. 6ke& ii^ d ittid ft^H* c ; reqiniNed b^ c, Sui. 
By the tAird fonkiulii of soliitibri^ p. ^8^ 

V.cbs/i ^^^^'J.f c)(ft^c.-^a) 

• • • . • * . • 

Hence' 6 (; is knowdi let \Jk'Jr^\psi m^ let 6:4* c.ssr$r 

then' fr* rt^c «ai« 
•*• (by the ^Idtioii of ai ^ua'di^^c' eqbatfbn) 

'=ih-n/(-:-^) 

4. Given a + 6 + c, the sum of the sides, the area of the 
triangle, and the angle il ; it b required to find the side a (see 
Newton^ ArUk. Unit. Prob. 8.) 

By Prob. «, p. 26, 1. «, 

l+COS. A = -r = —r; . 

2bc 9ibc 

be 
Again, the area (£) = sin. Ax — ; 

. . 1 -+ co8« A = ■= X sin, A ; 

4 K 

» .... V ^ ^ 1 + cos. A 

a + b + c sin. A 



1(M 

= f (« + 4 + c) , . , X coU - ; 

mce (Cor. 5. p. 33.) Y+l^^Tl = *^°' i = "^^ ' 

cot, — 

The formuke of TrjgonomeUry have now been applied to 
the resolution of rectilinear triangles ; the original object, for 
which the science was invented. And^ it is to be observed^ such 
application is the most easy, and is of very extensive practical 
utOity. In the next Chapter we will continue to apply, still 
farther, the preceding formulae. The first instances will shew 
their utility in expediting Arithmetical computation : the latter, 
selected from Works and Writings on Physical Astronomy, will 
shew their utility in subjects of great importance and of arduous 
investigation. In this last application, the original oljject of the 
science, the Properties of Triangles,, seems entirely to be lost sight 
of and the Trigonometrical analysis is peculiarly and almost solely 
useful, because it confers precision and power on mathematical 
language. 







CHAP. VI. 



Instances rfthe Utility of Trigonometrical Formula. 

_ » 

1. It is reqiured to compute the logarithm of a^ b, 

b^ 



fl ± ft = fl A ± - V 



Assume^ for the upper sign, - = tan,^ 9, for the lower, - = sin. 9 

a a 

then log. (a + b) :=i 

log. a + log. (1 + tan.^ 9) = log. a + 2 log. sec. d — 20, 
and log. (a — 6) =s 

log. a + log. (1 — sin.* 9) = log. a + 2 log. cos. d — 20. 

In the application of this method^ a and b are not supposed 
to be numbers : for^ then, the simple way would be to add thepi 
and to take the logarithm of the sum ; but a and b are com- 
pounded quantities, formed of the sines and cosines of angles : 
thus, in finding tUe Moon's distance from a star, 

versin. dist* = versin. (et — d) + cos. J.cos. ^.versm. A 

{d.JC being the declinations, and A the difference of the right 
ascensions) a is = versin. (d! -- d) and b s= cos. d • cos. tt 
versin. A, and tan.* 9 is assumed = 

A ^ 
- ^ . . COS. d. COS. (f. sin. -- 

COS. a .COS. a versm« A _^ 2 

versin. {dl^d) * * , ^ d'— d' 

sm. — - — 
2 

and then, by the process above stated, the form is adapted to loga- 
rithmic computation. 
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M. Sejour solves this instance somewhat differently (see his 
Traiti Analyt, torn. I. p. 103.) 

Thus,, let a + 6 — y, 

then, a sb. 45® + b cos. 4$® «= y.sin, 45*^ (1). 

- b sin. z b ^ 

Assume tan. « == - ; /. -^--— =: - , and 

a cos. z a 

a sin. z ^ b cos. z = (4). 

Elimtnate a fropa thi^ eiffiali^s (1) apd (9)^ apd 
b (sin. z cos. 45^ + cos. z. sin. 45?) = y sin. 45® sin. z, 
or fi.sin^ (45® + z) =r y sin. 45® sin. z, 

-I . . j; ft. sin. ( 45^ + z) 

and /. VfOra + bs: ^^, — 7— ^^ — r^ . 
"^ sm. 45"". sm. z 

Again^ in order to compute the logarithm of a+ b + c^ 
since a + 5 + c = v + c, make tan. z' = - 

y 

1: sin. 45®. sin. z , . ^ 

= I • '^' — .,eo , X ' tnen, as before, 
b sm. (45 + z) 

, . , sin. (45^ +.z) 

sm* 45 .sm. z 

and so on for fl + 6 + c + rf, &c. 

S. It is refjuired to compute the sine of w uigk ^ for 
instance^ the sine of d^* 

Sip, y = sin. (2** + 1^ q» sin. «^ cos. ^ + <:o>. 1?" fliiif l^ 

= sm. Sr COS. 1 I 1 H ;r-: — r^ ^ 

\ COS. 1 sm. 2 ^ 

(tan. 1®\ 



tan.l® 



Assume .*. tan.* 9 = — ^ , and we shall have, in a logarithmic 

tan. « 



form. 
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log, sin, 3® as log. sin. 2^ + log^ cos. 1^ + a log. sec. — 36. 

3. Let it be required to compute a quantity P, such, that 
P = (1 + c') (1 + 6") (1 + c'O X &c. ; the law of the formation 
of e', e", e'", &c. being 

The computation is conveniently effected, thus^ put e ^ sin* j 

/y, 2\ yi 1 / ^ "" COS. 9 ^ V c ^ 

/. v(l — o « cos. 0^ and ^ = — p — -7: s= (Mge 33) tan. - 

and, 1 -t- e » I + tat». - = sec. -^ . 
Again, put e s= sin. 6"; 

.'• e" = —J = tan.^ — and 1 +e" = sec.^ — . 

1+cos.i^ 2 2 

Again^ put e" = sin. 6" ; 

^, 1 — COS. 6 n . „i a^' ^ 

•*• ^ = ": S? = tan. — J and 1 +« =^ sec. — , &c. 

1 +COS. 9 2 2. 

TT Tk 2" «*' 2*'a 

Hence f = sec. - . sec* — . seCt — . &c. 

2 ? 2 

and log. P = (supplying the tabular radius) 

/' ff &' \ 

2 ( log. sec. - + log. sec. — + log. sec. — + &c. 1 

V z5 2 S ^ 

- 2 (10 + 10 + 10 + &c.) 

4. * Required the integrals of the differential expressions, 
dd.sin. d.cos. d ; d6.cos.*0; rZ0.sin.*0; rfflcos,*©^ 



d0,cos» 0.co9.n0 ; 



cos." 



* This, in other words and symbols, is to require tke fluents of the 
fluxionary expressions ^*.sin. 0.cos. B ; $* cos,^^, &c. 

O 
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lo order to integrate these expressions^ it is necessary to 
premisei (see Simpson's Fluxionsy Vol. I, p. 165,) being any 
arc» that 

_^ rf(sin.e) rf(cos.0) rf(tan.0) 

d9 = — — , or = 7—r- , or = n . 

COS. V jsm. u sec. u 

1st. f dO, COS. 0. sin. 0, ' 
By Hhe formula of p. 42, 

cos. d.sin. = •-'.sin. 20 ; 

o 

.\/rf0.cos.e.9in.e=-/£f0.sin.2e = -/Srfd.sin. 20 

= — - cos. 2 + c (f = correction). 
4 

2d.' /de.cos.'e. 
By the formula of p. 42^ 

cos.^0= -(1 + COS. 2d); 
2 

.\fd0.co$.^e ^J'—+ ifd0.cos. 20 



=y*£f + ifQd0. cos. 20 



1 . . , 
= - + - sm, 2 a + c. 
2 4 ^ 



3d. fd0.sin.''0. 
By the formula of p. 42, 

sin.^0= -(1 - cos. 20); 
.\fde.$m.*0=J~ T- I fd9. COS. Q9 
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= * — - sm. 2 + c. 
2 4 

4th. J*de. cos.^0. 

By the foroiula^of p. 60« 

IS 
cos.^ ^ - COS. 3 0+- COS. fl ; 
4 4 ' 

.-./rffl co».'d = ^fd0. COS. 30+ -fdO. COS. 

4r \ 4 

1 3 

= fSd0.cos. 30 + - siii.0 . 

3.4'' 4 

1 -3 

= .sin. 30 + - sill. + c* 

3.4 4 

5th, J*d0. COB* 0. COS. n0. 
By the formula of p* 45, 1. 16^ 

COS. d.cos. nd = ;- {cos.(n-»l) + cos. («+ 1)0} ; 

2 

,\fd0.co8.O.c68.n0:s2fd0.cos.{w 1)0+ '-fd0.coB.{n + \)0 



= ~- Tn/^**- \)d0.cos.{fi^\)0 



+ -— ^— r /(it-f l)d0.COS. («4-l)0 = 

sin. (» — 1) H ; — ; — - sin. (m +\)0+c. 



2.(it--l) . 2(m+1) 



/• d0 

^ cos.*0 



By p. 8, — ^ = sec* = (sec' 0)' = (1 + tan.' 0)' ;, 



cos 



.*0 
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... /*-^ =/de(l +tan.'^* ^fde (1+tan.' B) x (1 +taD.'« 

*^ COS. a 

=:/{rf(tan.6!)(l +tan,*«)} = tan. +, i tan.'0 + c 

t 

^ ^^1 1— €COS. S . . • J ^ 1 1 o 

6. If - = rs — > It IS required to express -2,-3, &c. 

y i-« y y 

in terms involving the cosines of multiples of tke arc % ; see 
Mayer's Tlieory of the Moon, p. 14. 

m 

1 1 — e.cosj. y , , 2 

- = - — ^ — = 1 + € — e.cos. s> 

y \^€ 

rejecting* the terms involving e , e*, Ac. 

/. -• = (i ^ ey — B.(l + €^) c.cos. s + e^cos.* y, 

' « . 2 (1 . COS. 2s) 

=5 1 + 2c* -- 2 6.COS. t + c'' <- + — - — > 

-.2 .2 

5^ € 

ss 1 + - — - 9.^. COS. 9 + - COS. 2y. 
Again^ 

i =(l+e*)*-. 3€,(1 +€VC08.5 + 34»'(1+6')C06>9 

2 ,. « (1 COS. 2f) 

as: 1 +8e*-r- 36.C08.9 + 3€M^ + j 

5S: i -4- -^ -*• d€«C0S.9 i ^ COS. 29. 

2 2 

And generally 

i = (1 + 6^ -M(l +^Vc.COS. 9 + n.^i^ (1 +€')'»-V.C08.S 

* The rejection of the terms involving e^, 6^, &c. is not^ as it is 
plain^ essential to the illustratioii of tbe use of Tiigonometrical formulse, 
hut, vre have given the instance as Mayer has, and as all similar 
instances in Physical Astronomy will be circumstanced^ in which c de- 
notes the eccentricity of an orbit* 
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t . « ^ • ^""^ e fl , COS. art 
=s 1 +716 — ne.cos. s + w. 6 -S- h } 

, ii.n + S 2 , w.n — 1 „ 
s= 1 ^ g — we.cos. 9 H €" COS. 2?. 

4 4 

I 

In this instaqce^ it is p]ain> if all terms involving higher powers 
of € than thfit 9f the square be r^ected, that no higher multiple 
of s than 2 9 can be introduced. The quantity 9 is the mean 
anomaly^ and y is the radius vector. ' 

6. If « = \/(/* — 2/r . cos. t + r\ it is required to express 

^7 by a series of terms involving the cosines of the inultiples of 
s 

die arc t. (Sp^ Mem- Acad.des Science$, 1754^ p. 558. Clmrani 
sur rorbite apparent du Soleil). 

Let syV.cos. f -• r* = tf , then 
s =3 V^(/* — a)j and by the binomial theorem, 

^3 - y.« + 2^5 ''" 8/7 "^ l6/» ■•" 128 '7^* "^  ' 

But, a^ = r* - 4/r^ . cos. ^ + 4/^ r . cos.^ ^, 
(by Prob. 6,) =s r* - 4/r^ , cos. f + 2/^ r^ (1 + cos. 2 

= r* + 2/* r^ - 4/r .cos. * + 9,)^ r^cos. 2f. 

Again, 

a» = - r* + 6/r*.cos. * - 12/* r^.cos.'' * + 8/ r' .cqs.'< 
= _ r« - 6y*r* + (6/r« + 6/* r') cos. t - 
6/* r* . COS. « f + 2/* r' . cos. 3 1. (Prob. 7, [c'"]) 

Substituting these values in the series for — , there results 

5 

i _ i. 1 9*'* , 225r* 

. /ISr* . 105 r^x . 35r' 
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In this instance^ r is the radius of the Earth's orbit^ andy*that 
of Jupiter^ and since - is a small fraction ( = .19^45) the terms 

involving "T^y 'T^^ &c. are rejected, (see Astton. vol. II. p. 283.) 

The quantity -^ is a factor in a term dependent, in the theory 

s 

of a planet disturbed in its orbit, on the disturbing force ; and, 

the object of the above resolution is to resolve the term into a 

series such as 

A^^> + A^^.cos.t + A^\coB.9,t + &c. 

' T 

which is easily effected when ~ is a small fraction, and may be, 

T 

but not without artifice, when - is nearly equal 1, that is^ when 

%/ 
the radii of the disturbing and disturbed body are nearly equal. 
(See VUL Trans. 1804. pp. 265, &c. Mem. Acad. 1764, p. 545, 
and Astron. vol. II. Chap. XVIII.) 

7* If the terms of the series 

il^'^ + il^^Uos. t + il^^.cos. 2* + &c. 

be multiplied by cos. mt^ it is required so to transform the terms 
that the series shall preserve its original form. 

By the formula {d) of p. 31, 

COS. nt. COB. mt =z -^ .{cosi (m— w) ^-l-cos. (m+n)t} 

2 

Hence, 

cos. f .COS. w/ = - {cos. (tn — 1) t + cos. (jn+})t} 

cos. 2^.cos. m^= - {cos. (w--2) t + cos. (m + 2)t} 

2 

&c. 
which values being substituted in 
^l^^.cos. mt-^-A^^^ COS. ^cos. w/+ il^^\cos. 2f .cos. mi-^-SiC. 
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and die terms properly arranged^ what is required will be done.. 
(See Laplace^ Mem. Acad. 1785, pp. 54, &c. and Mecamque 
Celeste, p. 263.) 

8. Required the sin. t, cos. t, sin. 2 1, &c: 

when ^ = nr — — (1 — w) sin. mv ; 

m 

\ 2e 
the coefficient — (1 — ») being a very small quantity » 

m • , 

(See Acad, aes Sciences, 1754^ p. 539: also for similar instances, 
Acad, des Sciences, 1754, p. 348, and Clairaut's Theory of the 
Moon, p. 90, and Astron. vol. If. p. 140, &c. 

By the formula (1), page 9,7, 

sm. t = sin.nv. cos. < — U —w) sm. mv> 

— COS. nv.sm. |^- (I — w) sm. mvr . 

9e . . '. 

Now the quantity* — (1 — «) sin.»iv, by the hypothesis, is very 

> m 

small; therefore its cosine is nearly = 1, and its sine is nearly the 

arc which it is supposed to represent : consequently, 

9e 

sin. f ssin. nv (1 — n) sin. mv.cos. nv, 

m 

e . » 

[by (i) p. 31 J =s sin. wr— — (l — w){sin. (it + iw)r— sin. (n - wi) v} 

m 

Again, 

9 e 

COS. t = COS. nv -{ (1 — «) sin. mt9. sin. nv 

m 

[by (e) p. 32,] =s cos. nv + — (1 — w) {cos.(/i — w) v — cos.(n + wi) r} 

m 



* As in the former instance, (see Note, p. 108,) so in this, the 

smallness of the quantity — (1 — ^) is, in no wise, essential to the illus- 

tn .■■ 

tration of the use of the Trigonometncal formulse. 



and, by a like process^ may sin. 2 1, cos. 2 1, Sic. be deduced. 

9. Required the value of 

* sin. vfQ coi?. v.dv — cos. vfQ sin. v,dv, 

when Q is represented by a series of terms 

a. COS. nv -f 6. cos. mv + &c. 

(See Clairaut, Acad, des Sciences, 1745, p. S41, also his Theoriede 
la Lune, edit 2. p. 9* Lalande, Acad, des Sciences, 1760, p. 313. 
Laplace, Mec. Celeste, p. 241. Thomas Simpson's IVacts, pp. 9% 
cic. Cousin's Physical Astronomt/, pp.23j&c. Yince's. Astronomy, 
Vol. II. pp. l6S, Sic. and Woodhouse's Astron* vol. II. pp. 99> &c. 

If we substitute the first term a • cos. nv of the series in the 
expression^ then. 

sin. vfQ COS. v.dv =: a. sin. ^cos.«;,cos. nv.dv 



[form (d) p. 3 1,] = a . sin. v -/* { cos. (?a — 1 ) i; + cos. (n+l)v} dv 

/ trx/:\ ^ • fsin. (w— l)t? sin.(n+l)v \ 

, (p. 106,) == - .sm.i; < ; 1- , , " + C\ 

yfhere Cj the correction, will = 0, if the integral =: when 
V =: 0. . 

Again, 

COS. vfQ sin. v.dv ^=> a .cos. vfsm.v.cos.nv.dvy 
(form [6] p. Sl,) = a.cos.v|y*{sin.(«+ l)i? — sin. (»— !)«;} Ji? 

fc os.(n- l)t? COS. (n+l)t? ^ ^) 

(p. 116,) =a.COS. V < ; ;;^ — — — -T -— "T — + ^r 

^*^ ' I 2(«--l) 2(»+l) J 

in which, according to the preceding hypothesis of the correction, 

= + C, 

2.(/i-l) 2.(w+l) 



and C ^^ ^ 



w^-1 



 dv is the differential of v an«werinff to v the fluxion of v. 



113 

Hence, combining the two parts of the expression, 

sin. vJ*Q. cos, nv,dv -- cos. vfQ sin. nv,dv^=^ 
a 



2(/i~l) 
a 



^'{n-i- 1) 



{sin. (»— l)t7.sin. tr— cos. (n — 1) t^.cos. v} 



{cos. (n+ l)t).cos. t? + sin. («+l) V sin. v] 



€L . cos. V V T 

+ -« = [by the forms (2) and (4) pp. 30, 3 1 •] 

a.cos.nv a.cos.nv a.cos.v 
^ 2(«-l) "^ 2.(/i+l) "^ w*-l "^ 
a.cos. t; a.cos. TizJ 

If^ instead of a. cos. nv for Q, we had substituted b,co3,mVf 
the resulting value of the integral would have been 

fc.cos. z; b.cos.mv 
m^- 1 /»* - 1 

HencC; the whole integral^ when Q is represented by the series 
a. cos. nv + 6. cos. mv + &c. is equal 

{a b ^ 

-s + — o h 8lc. > COS. V 

(a.COS. /iV i. COS. 9721? X 



It 
K). Expand (see Ex. 5.) --r s into a series of cosines of arcs. 



when 

M s= -> (1 + e COS. c iwr) 

M = - (1 + e COS. ct;) 
a 

s = 7. sin. (gt? — 0) 

e By y being very small quantities, (see Astron, vol. II. p. 247.) 

P ' 
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1st, nearly, m'^= -75 (1 + Se cos. cmv) 



a 



u or 



u 



a 



— = a* ( I — 4 € COS. cv) ; 
u 

/3 4 

u a , , . 

.*. -r = -Ta (1 — 4e.cos. cv + Se cos. cwiv) 
w* a 

but s = 7 sin. (g« — 6); 

sin. (gv — 0) I 

— 2e.sin. (gv + cv — ^) 

— 2e.sin. (gf — cv — 6) 
3e' 



I 



H . sin. (gv + cmv — 6) 

H . sin. (gv — cmv — 9) 



11. Required the value (J) of J'dz. cos. mz x cos. nz x 
cos. p^f. (See Simpson's Tracts, p. 89.) 

cos.mz X cos.rir Xcos.p2r= - Jcos.(m — n)2:+co8.(iw+w);2}co8.pz 

= - {cos. (m — n — |i) z + cos. (w — w + p) 2} 
4 

1 

+ - {cos. (/w + n— p)z + cos. (m + 'i+p) ^} 

4 

consequently the integral (/) equals 

sm,(m — n—p)z sin.(»i— /i+p)2 

T" 



4.(»i — /I — p) 



4.(»i — n+p) 



sin.(m + w— p)z sin. (m + w+p) 2; 
4(/w + ?i--p) 4(wi + w+p) 

12. Let it be required to compound (F). 

sin. (2v -20) + sin. (2 v' — 2 0) -- sin. (2 1> — 2t?^ 

into one term, the product of three sines or cosines (see Astron. 
vol. II. pp. 441,442.) 
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By forms (5), (6), p. 32. 

fsflsin. {(«-0) + (v -0)} {co8.(t;-v)} - sin. (2c- 2 v) 
ssisiD. j {(v-B) + (t;'-0)} - 8in.(t?-t?')| x co8.(t?-r) 
= 4 COS. {v — ft) sin. (t;' — 0) cos, (v — v). 

This process is^ in its nature, the reverse of that in the pre- 
ceding example. 

13. It is required to resolve (r* — 2 rr cos. w + r *)""** • {F) 
into a series such as 

A + J3.C08. w + C.cos. 2o) + D.cos. 3w + &c. 

(see Astron. vol. II. p. 260 : also Lacreix, torn. II. p. 132. 
Laplace, tom. L pp. 27 1, &c.) 

Make 2 cos. tt» =: x + *- > then 



f^ — 2 rr cos. o) + r" = r* — rV Yj: + -) + r ^ 

= (r — rx) (r — •" y 



—m ^ -.1^ — «» 



Now, 

+ ^il2i±iH2!±5> (iV i, + 8CC. 

1.2.3 VrV x' ^ 

- — ^— — ^1.—  I I ' •  ..... I 

* See Examples 6 and 7* 
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£ 



+ r'"r.:!r^" )'G)'+^- 



« ^_J_0 v<^^« 



-Ti") • -1- (7) + ^^'^j 

^""7^'V i.g •/'"*" f 2 •~i~-/^'^^v 

D = &c. 

14. In the Lunar Theory^ one of the equations (that of the 
evection) is represented by — 2 r . sin. (2 JSC - 5^), r being supposed 
to be of a mean constant value : if r should vary and proportionally 
to 1 — 3c. COS. Y, what is the new equation that would thence 
jarise ? (See Vjnce's Astronomy, vol. II. p. 53.) 

Let m be the mean value of r^ then 

the evection = — 2 wi (1 — 3 c.cos. Y) sin. (2 ^— Z) 

= -2wi8in.(2Z- 2^ + 6 mc cos. r sin. (2Z-Z.) 

Therefore^ since the first term denotes the mean value^ the 
second^ or, 6 mc cos. F sin. (2 JSC— 2^), denotes the variation 
from th^t mean value^ or the new equation. 

Now, 6m c.cos. y.sin. (2 X — Z) = (by form [a] p. 26.) 
3 mc {sin. (2 X- 2+ F) + sin. (2 Z- 2: - Y)} 

which is the form of the new equation, in which, the angles 
aZ— 2^4-F, 2Z — Z-F, are technically denominated the 
argumetUs, and 3 mc (= 2' 1^') is the (coefficient. 

The Student, perhaps^ may now be inclined to believe that 
the formulas demonstrated in the preceding pages, are not entirely 
without their use, nor invented and shewn as mere specimens of 
analytical dexterity. The instances, indeed, have been^ almost 
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all^ taken from Tracts on Physical Astronomy ; and it is, there- 
fore, on the assumption of the utility of that science, that the 
Trigonometrical analysis has been affirmed to be useful. 

We will proceed to apply the formulae of Trigonometry to 
the resolution of certain numerical equations : an application 
less extensive than the preceding, and of more doubtful utility. 



v>' 



CHAP. VII. 



On the Solution of certain Numerical Equations by means of 

Trigonometrical Formula and Tables, 

In this application of the Trigonometrical Analysis^ the utility^ 
whatever it be^ relates to the expedition and convenience of the 
resolution of the equations, and not to any thing novel or curious in 
its principle and method ; moreover, the expedition and conciseness 
of the resolution depends not on any essential and real abridg- 
ment, but on that sort and kind of abridgment which registered 
computations or tables afford : for instance, we shewed (page 68.) 
that a cubic equation, such as 

sin. 3^ = 3 sin. A — 4 sin.* A 

when solved by approximation, might be used for the computation 
of sines, or the construction of Tables. Reversely, the Tables 
constructed may be used for the resolution of ^milar cubic equa- 
tions ; again, we shewed (page 68.) that an equation of 5 dimen- 
sions, such as 

2 sin. 5A^ or s = 5 J7 — 5 0?^ + j:^ 

solved by approximation, might be made subservient to the con- 
struction of Tables, Reversely, Tables constructed either by the 
approximate solution of equations, or by other methods of ap- 
proximation, may be employed in the numerical resolution of 
similar equations. De Moivre solved equations of the third and 
fifth degree by the cosines of the third part and fifth of an arc ; 
and Vieta divided an arc into three and five equal parts, by equa- 
tions of the third and fifth degree. This is sufficient, perhaps, to 
explain the real principle of the solution of equations by Trigo- 
nometrical Tables. The convenience or expedition of the method, 
as we have already said, is of the same nature as the expedition of 
computation by logarithms. If we do not avail ourselves of com- 
puted Tables, the whole process of the solution of a cubic equa- 
tion, for instance, will be tedious ; we must employ some method 
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of approximation ; now, if Trigonometrical Tables are employed, 
the process is short and easy^ but only so^ because the most labo- 
rious part of it is already done for us. In these cases^ we avail 
ourselves of the registered computations of preceding mathe- 
maticians. 

Solution of a Cubic Equation. 

It may be proper, however, to shew more in detail the method 
of solving equations by the aid of Trigonometrical Tables. 

If we take the equations (c^ and (O pp. 45, 47, supply a 
radius r, and put c and s for cos. 3 jiy and sin. 3 A, respectively, 
and X for cos* A and sin. A, then 

3 r^ cr" 
cr* = 4a' — 3r*ar, or x^ x - — = (1) 

' 4 4 



3 r* sr' 



and «r = 3 ^x — 4 x\ or, x — r + — :s: 0. (fi) 

^ 4 4 

Hence, c being given, find in the Tables the arc 3 A cor- 
responding to it, and, from the same Tables, take out the cosine 
of A ; this latter value is the root of the equation (1). If 5 be 
given, find 3 A corresponding to the sine 5, and then take from 
the Tables the sine of A^ which is the root of the equation (2). 

But, cubic equations have 3 roots ; now, ' by the Table of 

p. 16, or by Cor. 6. page 34, if c = cos. 3^, then ^so c s= 

COS. (^Tc — ^J)^ cos. (2 7r+ 3 il) = cos. (4 tt — 3 A)y &c. hence, 

Sir 2 TT 

substituting instead of the arc Ay the arcs, — — il, j- A^ 

3 3 

4ir 

Ai &c. any and all, of the following equations, are true. 

cr*=5 4. (cos. — ^) ~ 3.r^.cos. i — - Ay {a) 

cr' = 4. (^cos. -^ -^ A\ — 3.r*.cos. (^— + -A) (6) 

cr* 3=4. (cos, — ^ ^) — 3.r*.cos. ( A\ (d) 

&c. 
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But, COS. ( A J = COS. JStt — { 1- Aj\ = 



-- — h A J =cos. I h A J (since sin. 2ir=0, 

and cos. 2 7r= l). Hence, the equation (d) is precisely the same 
as the equation (b). 

Again, if we take the equation that would follow the equation (d), 

(^'TT ^ ^4*H" \ 

~ +Aj; now^ COS. ( — + ^ ) 

= COS. <2^ — (-— ^M = COS. Stt.cos. ( — — A) = 

COS. { — ^ 1 : hence, this equation is precisely the same as 

the equation (a) ; and^ in like manner, succeeding equations would 
recur^ so that^ essentially, there are only 3 different equations 
(1), (a), (i), and hence, in the equation 

' 4 4 

X may, either, = cos. A, or, = cos. ( — ^ Aj , or, = 

cos. ( — -i' Aj , c being the cosine of 3 A. 

The same reasoning applies to the equation (2), and similar 
conclusions will follow. 

Example. 
Let j;'— 147 a?— 285 .5=0; compare this with 









^5- 


3r' 
4 




4 


= 0; 


3r* 

. ^^ 

• 4 "■ 


147, 


and 


r = 


14: 


and 


C := 


285.5 

49 


10000 X 


285. 


5 










%^ 



and the tabular cosine =: 



49x14 

= 416.808, &c. Now the arc corresponding to this cosine, or 
3 Ay is GS"" 24' ; 
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.•. ^ = 21^48' nat cos.=9284858 .-. to rad. 14=12.9988012, Jst root. 

Again, 

120*'-21^.48'=: 98°.12', nat. co8. = - .1426289; 
.'. to rad. 14 = — 1.9968046, 2d root. 

Again, 

120**+21° 48'= 141**. 48', nat. cos. =- .7S5S569 ; 
.-. to rad. 14 =— 11.0019966, 3d root, 

and the sum of these two last roots, that is, of the 2d and 3d roots, 
exactly equals the first root, which ought to he the case, since the 
coefficient of the second term in the proposed equation is = 0. 

But, cubic equations of any form may be solved by substi- 
tuting Trigonometrical lines, sines, or tangents, for the quan- 
tities under the radical sine in Cardan's form : as Dr. Maskelyne 
has done in page 57 of his Introduction to Taylor's Logarithms. 

Not only cubic, but quadratic equations may be solved by the 
aid of Trigonondetrical Tables ; and conveniently, yfhea the co- 
efficients are expressed by many figures. 

Solution of a Quadratic Eqtmtion. 
Let»*+j)x-y=:0, 



^ a o 

Assume — ;- = tan.*d, then, x = — - (1 + sec. 0). 
p 2 

Now by Prob. 3. Cor. 5, pp. 33, 34. 

9 



1 - tan.* - 



cos. = 



l4-tan.*- 
2 



. 2^ 
1 + tan. - 

.*. sec u SSI  



1 - tan.* - 



122 



2^ 

2 tan. - 



9, 
1 — sec. =s , I -f sec. Q = 



^ , . . ^ 

1-tan.*- 1-tam*- 

2 2 

Biit by Prob. 8, p. 62, 

2 tan. - 

tan. = -: ; 

I - tan.* - 
2 

.'. I — sec. 0= — tan. ^.tan. -; , 

2 

_ tan. fl ' ^ ^ 

atid 1 +sec. B = r» = ^an« ".cot. r . 

2 

tan. - 
2 

Henc«^ one root (a) = ^ tan. 6. tan. - , 

p ,, d 

the other (i3) = — ^ tan, d.cot. "- . 
^ 2 2 

And the whole formula of solution, in logarithms^ is 

log! tan. = § (20 + log. 4 + log. g - 2 log. p\ 

and log. a = log. ^ + log. tan. d + log. tan. - — 20, 



and for 2d root, log. /3 = log. - + log. tan. d + log. cot. ^ "" 20. 

2 2 

The solution may be exhibited under a different form, thus : 

^ a/ / ^^^'^-^^ \ _ / /COS. 0+l\ 

"" "" * Man. 0.cos.(^>' "" "" ' V sin. 6 / 
= (with the lower sign) — ^ Vq x cot. - , and 

Bs (with the upper sign) Vq . tan. r . 
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Example. Let x^ + 13.56x - 72.31 =s 0. 

Computation of 6. 

10. =10 

log. 2 = .3010300 

i log. 72.31 .= .929599^ 

11.2306*292 
log. 13.56 = 1.1322597 

log. Un. a =10.0983695 

.-. e = 51^26^2", 

and ^ = 25 . 43 . 1 



Comimtation of positive root 

log. 6.78= .8312297 
log. tan. 51** 26' 2" = 10.0983695 
log. Un. 25 43 1 a 96827151 

20.6123143 

.-. log. « = .6l23143 

and dr^ or a = 4.09557 



Computation of negative root. 

log. 6.78= .8312C>97 
log. tan. 5 1^26'. 2"= 10.0983695 
log^ cot. 25 . 43 . 1 = 1 0.3 1 72849 

21.2468841 

.-. log.C-a:)= 1.2468841 

and -or, or •/? = 17.6556 



Hence the two roots are 4.09557 and — 17.6556, and the sum 
of these two. roots is — 13.56^ the coefficient of the second term of 
the equation^ as it ought to be. 

The equation that has been solved Is x^ -^px — q/=s ; if it 
had been x — j)x — y=sO, the two roots would have been 

i{>-\/('+7°)}-H'-v/(--;)} 

that is, the 2 roots of the former equation taken negatively. 
If the equation to be solved be x^ — px + y 2= 0, then 

Jp = ^ (l ± V (1 - ^)} ; assume -^ = ««•' ^ 

. P >v 2 ^ • 2 ^ 

and X = - (1 + COS. ^ = p . cos. - , or s=: » sm. - . 
2 3 2 
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Hence the rule of computation, logarithmically expressed^ 

is log. sin. 0=1 (20 + 2 log. 2 + log. y — 2 log. p) and 



log. j: = log.|) + 2log.cos. 20, or = log.p + 2log. sin. - —20. 

2 2 

If the equation be x^+px + q^O^ its roots are the roots 
of the preceding equation taken negatively. 

The preceding solutions are, in fact, the same as those given 
by Dr. Maskelyne, at page 56 in the Introduction to Taylor's 
Logarithms. 

If, in mathematical researches, equations, like those that have 
been given of the second and third degree, presented themselves 
to be solved, their solution would be conveniently effected by 
the preceding methods, and by the aid of the Trigonometrical 
Tables ; but, the truth is, in the application of Mathematics to 
Physics, the solution of equations is an operation that very rarely 
is requisite, and consequently the preceding application of Trigo- 
nometrical formulae is to be considered as a matter rather of 
curiosity than of utility. 



SPHERICAL TRIGONOMETRY. 



CHAP. VIII. 



Definitions. 

1* A SPHERE is a solid terminated by a curve surface, of 
which all the points are equally distant from an interior pointy 
called the centre of the sphere. 

The surface of a sphere may be conceived to be generated by 
the revolution of a semi-circle round its diameter. 

2. Every section of a sphere^ made by a plane^ (so it will be 
demonstrated) is a circle. A great circle is that, the plane of which 
passes through the centre ; a small circle, that, the plane of which 
does not pass through the centre. 

3. The pole of a circle of a sphere^ is a point in the surface^ 
equally distant from every point of the circumference of the 
circle. 

4. A plane is said to be a tangent of a sphere, when it has 
one point only common with the sphere. 

5. A spherical triangle is a portion of the surface of a sphere 
included within three arcs* of three great circles, which arcs are 
called sides of the triangle. 

* Each arc is supposed to be less than a semi-circle, for the pro- 
perties of a triangle that has its sides a^ b, and c = ^ -|- a: are always 
known from those of a triangle that has its sides a, bj and a third side 
=: ir — J. 
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6. The angles of a spherical triangle, are the angles contained 
between the planes in which the arcs or sides lie. (See Euclid, 
Book XI. Def. 6.) 

A spherical triangle is called rectangular, isosceles, equi- 
lateral^ in the same cases that a plane triangle is. 



Proposition I. 

Every section of a sphere made by a plane is a circle. 

Let AnBn be the plane, draw CO* perpendicular to it, 
which consequently, (by Euclid, Book XI. Def. 3.) is perpen- 




dicular to every straight line meeting it in that plane ; hence^ 
since 

Cn = Cm, and, Z Con = Z Com = 90^ 

On^'^Cn^ -C0\ Om^ ^ Cm^-^CO^ ; .\ On^Om, 

and similarly, OwssOp; .". Om, On, Op are equal; .'. ApBm 
is a circle^ and O is its centre. 

Cor. 1. Wheh C0=0, or when the plane passes through the 



* CO is not drawn in t^e diagram. 
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centre C of the sphere^ On^Om^Cm^=^ CB, the radius of 
the sphere. 

Cor. 2. Hence two great circles always bisect each other ; 
for, their common intersection passing through the centre is a 
diameter. 

CoR. 3. Through two points on the surface of a sphere^ 
such as A, p, a great circle^ (part of which is represented in the 
Figure by the dotted curve from A to p) may be made to pass ; 
for, the two points A, p, with C the centre as a third point, de- 
tiermine the position of a plane, the intersection of which with 
the surface of a sphere is a great circle passing through the points 
jIt p. In like manner a great circle may pass through the points 

If the two points, instead of being A, p, be A, a, the two ends of 
a diameter, then the three points A^ C^a lying in the same line^ 
do not determine the position of a plane; but, through these three 
points, innumerable planes may pass. 

Pro». II. In every spherical triangle as Apq^ (Fig. p. 126.) 
any one side is less than the sum of the two others. 

For the arcs Ap^ Aq^ pq, measure the angles ACp, ACq, 
pCq ; but by Euclid, Book XI. Prob. 20, any angle, as ACp*, 
is less than the two others ACq, pCq; .*. Ap is less than 
Aq -^ pq. 

Prop. III. The sum of the three sides of a spherical triangle 
is less than the circumference of a great circle (27r). 

Let ACB be the spherical triangle; then, CB< CD + BD 




by the former Proposition, and AC + AB = AC + AB\ /. 



Conceive, in Fig. 1 26', a straight line to be drawn from A to the 
centre C. 
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AC + CB-{'AB<UC + CD) + (BD+AB); /. <iiCD+^ 

ABD ; .-. <(7r + 7r); .*. <2 7r. 

Cor. Hence, the sum of the sides of a polygon ACEFGA 
(the sides being arcs of great circles) is less than 2 tt. 

For, by the Proposition, AD + DH+jiH is < 2 tt ; 
or, AC + (CD + DE) + EF + (FH+HG) + AG < 27r, 
but CD + DE > CE, and, FH + HG> FG; 

/. a fortiori, AC + CE-^ EF+ FG + AG <27r. 

Prop. IV. If CD be drawn from the centre C, perpendicularly 
to the plane of the circle ANMB, then, D is the pole of the 




circle ANMB and of all small circles, such as anmb^ that are 
parallel to it* 

For, since DC is perpendicular to the plane of ANMB, it is 
perpendicular to all lines in it, as CN, CMy &c. (See Euclid j 
Book XL Def. 3.). Hence, DC A, DCN, DCM, each = 90^ 
consequently, since jDC is common, and CAj CN, CM, are 
equal, the hypothenuses, which are the chords of the arcs DA, 
DNj DM, are equal ; .'. the arcs DA, DN, DM are equal to 
one another and to 90°, and /. Z), (by Def. 3.) is the pole of 
ANMB. 

Again, in the small circle anmb, ca,cn, cm, are equal, as are 
the angles Dca, Den, Dcm; /., as before, the chords of Da 
Dn, Dm, are equal, and the arcs Da, Dn, Dm; /. D is 
equally distant from every point of the circumference oi anm b, 
and therefore is its pole. 
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Cor. 1. Bj Definition 6, ihe spherical angle AMD is equal 
to the inclination of the planes AMBC, DCM, and therefore is 
a right angle. 

Cor. 2, Hence, to find the pole of a great circle, draw, from 
the point M, a great circle perpendicular to AM, and take 
MD = 9(f ; then D is the pole: and, reversely, if D be the polcj 
DMN, DNM are right angles, and DN, DM are quadrants. 

CoH. 3. Hence, to describe a great circle, of which D is the 
pole, take DN, DM, each = 90°; then let a plane pass through 
N, M, and C, and its intersection with the surface of tlie sphere 
in the circle required. 

Cor. 4. Since N DM may be of anj magnitude from to 
180", and since the angles DNM, DMN, are, each = 90«, the 
sum of the three angles of a triangle, as DNM, may be any angle 
between 190" and SGO", which are the two limits. 

CoR. 5. The radius of a small circle anmb is Cn, which 
is the sin. Dn, or, cos. Nn ; and, if the great circle ANMB be 
divided into any number of equal parts, each equal to NM, the 
small circle anmb will be divided into the same number of equal 
parts, each part being equal to nm; but, the magnitude of iim 
will be to the magnitude of NM, as the circumference of anmb 
to that of ANMB, consequently, as the radius cit to the radius 
CN; or, as sin, Dn to sin. DN ; as sin. Dn to radius; or, as 
COS. Nn to radius, 

Prop. V. If a plane TDI is perpendicular to CD, it is a 
tangent to the sphere. 

For, lake any point T, join DJ\ then CDT is a right angle ; 
.". CT is greater than CD; .'. T is without the surface, and since 
this is true of every point in the plane, except the point D, the 
plane TDI (by Def. 4.) is a tangent to the sphere. 

Prop. VI. If DT, Dt be drawn, in the planes DCA. DCN 
respectively, tangents to the arcs Da, Dn, at the point D, 
the angle TDt is equal to the angle ADN, both of which angles 
ue measured by the arc AN. 

R 
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For, DT, Dt are perpendicular to DC, which is the inter- 
section of the planes DC J, DCN; .'• by Euclid, Book XI. 
Def.6. TDt measures the inclination of the pjanes^ and there- 
fore is equal to the angle ADN; but TDt, the inclination of the 
planes, = ACN, of which AN is the measure-; .•. AN is the 

measure of TD t and of ADN. 

I. , 

CoR. If two arcs of great circles intersect each other, their 
vertical angles are equal. 

Prop. VII. If from the points A, B, C, of the triangle ABC, 
as pples^ the arcs EF, FD, DE, be described, forming a triangle 




DEF; then, reciprocally, the points D, E, F are the poles of 
the arcs BC, AC, AB. 

Since A is the pole of EF, the arc of a grjcat circle drawn 
from A, to any point in EF, and therefore to a point as Ej is a quad- 
rant; similarly, since C is the pole of DE, the arc of a great 
circle from C, to any point in DEy such as E, is a quadrant. 
Hence, . E is distant from two* points Ay C, in an arc AC, by 
the quantity of a quadrant; .*. by Cor.rS, Prop. 4, E is the pole 
of 4C ; and similarly, P is the pole of AB, and D of BC. 

Prop. VIII. The former construction remaining, the measures 
of the. angles at A, J5, C, are the supplements of the sides 
opposite, that is, of EF, DF, DE ; and, reciprocally, the mea- 
sui;es of the angles at D^ E, F, are the ^supplements of the 
sides BC, AC, AB. 
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For, the measure of the angle at A (aee Prop. 6.) is GH. 
Now, GH=EH~-EG = EH~iFE~FG)= EH+FG- 
FE = gO^+gO"- FE= ISO" - FE = (p. 12.) the suppIemcDt 
of FE. 

Again, 
the measure of the angle atB, or KI = FK-FI-FK- (,DF- DI) 
= rX+D/-I>f=90"+9O''-Df=180°-X)F=8upp'. Dii"; 
aud similarly, EM, the measure of the angle at C, is the supple^ 
menl of I>E. 

Secondly, the measure of the aagle at D, or MI=MC-\-CI= 
JlfC + /B-BC=go" + 90<*-CB=180''-CB = snpp'. CB; 
and similarly, LH, KG, the measures of the angles at £ and F, 
are the supplements of AC and AB. 

From its properties, the triangle DEF has been called, by 
English Geometers, the Supplemetital Triangle; and from the 
mode of its description, by the French, the Polar Triangle. 

Cor. 1. If anyangleas B, = 90'', thenDf=l80°-9O°=9O'', 
or is a quadrant r and if B and C each=90°, DF, DE, each is 
equal to a quadrant. 

CoK. 2. If (Cor. 4. Prop. 4.), the angles at B and Ceach = 
90°, and the angle at A is nearly 180°= 180** — x, x being a 
very small angle, then the side of the supplemental triangle 
opposite to A is equal to x ; and the sum of the three sides of 
the supplemental triangle = semicircle + x, = 180° +j:. 

Prop. IX. The sum of the three angles of a spherical triangle 
is > 2 right angles -^ 6 right angles. 

For, the angles of the triangle 4- sides of the supplemental triangle 
= 180"+ 180** + 180^ = 6x90"; .-. since the sides of the sup- 
plemental triangle must have some magnitude, the angles of the 
triangle must be less than 6 x 90° '■ again, by Prop. 3, p. 127, the 
sides of any tiiangle, and .*. the sides of the supplemental triangle, 
are less than 4 X QCf, = (let us suppose,) 4 X 90 — t ; consequently, 
the angles of the triangle = 6 xgo"— (4.90"— jr)=:2 x 90" + j. 



1 

5Jf.  
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Cor, 1. Hence a spherical triangle may have two or three 
right angles^ two or three obtuse angles. 

Cor. 2. If the angles at B and C are right angles^ AB, AC 
are quadrants^ and A is the pole of BC: if also the angle at A is 
a right angle^ the triangle ABC coincides with the supplemental 
or polar triangle, and the triangle ABC is contained eight times 
in the surface of the sphere. 

Prop.* X. The angles at the base of an isoscdes spherical 
triangle are equal. 

In the triangle ACB, let AC = BC, draw the tangents AS, BS, 
which are equal and which cut their secant OS in the common 




point S. Draw also from A and B two tangents AT, BT, which^ 
by Euclid, Book III. Prop. 37* are equal. 

Hence, in the triangles SAT, SBT; SA, AT, ST, are re- 
spectively equal to SB, BT, ST; .'. by Euclid, Book I. Prop. 8, the 
angle Sjir= the angle SBT, and .'. by Prop. 6, page 129, the 
spherical angle at A = the spherical angle at B. 

To prove the reverse proposition, that is, to prove if the angles are 
equal, the sides are equal ; take the supplemental triangle ; then, 
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since its sides opposite to the angles at A and B are supplemental 
of equal angles, the two sides are equal^ and the supplemental 
triangle is ososceles; .'.by this proposition, the angles at the base 
are equal; /• their supplements which are the sides AC, BC, are 
also equal. 

Prop. XL In a spherical triangle the greater side is opposite 
to t)ie greater angle. 

In the triangle ACB, let l ACB be greater than ABC\ 




make BCa—CBa; .'. Ca=aB(Prop. 10.); but Aa+aC is 
greater than AC; ,\ Aa + aB, or AB is greater than AC, 
by Prop. 2, page 127. 

Prop. XII. The surface of the sphere included between the 
arcs DN, DM, is proportional to the angle NDM or the arc 
NM. See Fig. 9. 

For, if the circumference ANMB be divided into equal parts 
as NM, and great circles be drawn from D through the points 
of division as N, M, the portions of the surface^ such as NDM, 
will be all similar and equal; hence, if AM contains NM, 
p times^ or, if AM^p x NM, the surface ADM will =p x 
NDM. 

Cor. When DM coincides with DB, the angle ADB and 
its measure AMB^\&f i hence, if iSs='the whole surface of 
a sphere, and if a = the angle NDM, or the arc NM, the surface 
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S a 

NDM = — X : or, since 5=: area of 4 great circles of a 

4 180 ® 

sphere, (see Simpson's Fluxions, page 189> voL I. or Vince's, 

a 
page 89,)=47r(7r=3.14159, &c.) the surface N2)3fs=ir-— . 

The surface may be di£ferently expressed, thus : ir is the cir- 
cumference of a circle the radius of which is;^; ','. Qv represents 
the circumference of a circle, such as jiNMB, the radius of which 
is supposed = I, and as we represent arcs of great circles bj the 

S ^ 

number of degrees which they contain, 9,ir=^36(fj and - =7r = 

180^: hence, the surface NDM=l8(f. — = a9. 
' 180 

Prop. XIII. The measure of the surface of a spherical tri- 
angle is the difference between the sum of its three angles and 
two right angles. 

Let the triangle be ABC, a, b, c, representing the magnitudes 
of the angles at A, B,C; let P = surface BCmB, Q^=^mCnm, 
12 = ilCnil; produce the arcs Cm^ Cn till they meet ate 

i2 3. 




(which will be on the hemisphere opposite to that represented 
by ABmnA) then, each of the angles at C and e, equals the 
angle of the planes in which the arcs Cme, Cne^ lie ; .'.die 
angles at C and e are equal. 
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Again, the semicircles ACm, Cme\ BCn, Cne are equals 
or, AC+CmssCm+me, and ••. AC^^me, and BC = ne: 
and the triangle men = the triangle ABC; let a? = its area» then, 
by Cor. to Prop. 12., 

r + P = -. 



2 180 
x + Q= |.:^, and, x + P + Q+U= I 

2 180' 
consequently, by addition, 

2X+ (x+P + Q + R) or 2x + I = f . (^^^) ; 

2 2 V 180 ^ • «. 

A. 1 ./<^^ 



'^ ' ^ 



•'. X =s — -- — - (a + 6 + c) =a + 6 + c- 180^ 

4.(180) \ ^ ' 4 

by the Cor^. to the last Proposition. 

This result is the same as that given by Caswell, in Wallis's 
Works^ vol. 11. page 875, who attributes the Theorem to Albert 
Girard*. 

CoR. 1. Since by Prob. 9, page 121, the limits of a+b+c 
are 180^ and 540^, the area of the triangle ABC may be equal 
to any number of degrees between and 360^. 

CoR. 2. If each of the angles a, b, c, = 90^, the area of the 
triangle A 80 = 270^-180® = 90^, which is ^th of the whole 
surface, since 49r = 8(90^: this agrees with Cor. 2. Prop. 9* 



* This expression for the value of the area was a merely speculative 
tnith, and continued . barren for more than 150 years, till 1787, when 
General Roy employed it, in correcting the spherical angles of obser- 
vation made in the great Trigonometrical Survey, PhiL Trans, vol. VlII, 
year 1790, page l6S. See also Mem. Acad. Paris, 1787, page 358, and 
Mem. Inst. vol. VI, p. 511. 
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S e 
Cor. 3. The area of DMN (see Fig. 9), = - x — . (if e be 

4? loO 

its angle), = € ; if we conceive DN, DM^ to be continued till 
they meet in the opposite pole^ and name the space included be- 
tween the great circles a LunCj then the lune = 2.DNJl!f=2e: 
but the area of ABC = a + b+c— 180®: equate this with the 
area of the lune^ and 

. = e±4±f - ^., 

which is the value of the angle NDM, vrtien the area of the 
lune equals the area of the triangle. 

Prop. XIV. If n be the number of the sides of a spherical 
polygon, its surface equals the sum. of its angles, minus the product 
of two right angles multiplied by n — 2. 

Let the polygon be AGFECA : divide it by the means of the 
arcs of great circles into triangles^ then 

area JGF = / AGF + z GFA + z GAF - 180^ 
area AFC = Z FAC + z JFC + LACF - 180^ 
area CFE = z CEF + z CFE + z FCE - 180^ 

.-. area of polygon = Z AGF + ( Z FAC + Z GAF) + 
( z GFA + z AFC + z CFE) + z CEF + ( z FCE + 
z ilCJF) - 3 X 180® 

= z AGF + z GAC + z GZE + z C£P + z jECi 

- (5 - 2) 180°. 

This demonstration proves the Proposition to be true for a 
polygon of five sides^ and a similar demonstration will prove 
it true for a polygon of n sides : for^ it is plain, if, instead of AC, 
we introduce Ca, A a, that is« if we introduce an additional 
side^ we introduce an additional triangle^ and consequently we must 
introduce an additional 180® to be subtracted, that is, the negative 
part will become — {(5-2) 180® + 180°} or- (6-2) 180°. 

The preceding Propositions belong, more properly, to Sphe- 
rical Geometry than to Spherical Trigonometry; they have, how- 
ever, been here inserted, because they exhibit certain properties 
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of spherical triangles rather curious, and Tery easy of demon- 
stration ; so that, if not of essential use in assigning the relations 
between the angles and sides of spherical triangles, (which it is the 
special object of Trigonometry to assign,) they will not materially 
divert or impair the Student's attention. 

In the next Chapter, we will proceed to deduce those formulas, 
by which the relations between the sides and the angles of sphe- 
rical triangles are expressed. 



Ar«- j\.4<- ^r^X . \ 




CHAP. IX. 



Oti the Expressions for the Cosine and Sine of the Angle of a Sphe- 
rical Triangle in terms of the Sines and Cosines of the Sides. 

We will begin this Chapter with establishing in the fol- 
lowing Problem^ the fundamental formula^ from which all the 
methods and forms of solution will be deduced : it corresponds to 
the fundamental one of Plane Trigonometry, inserted in page 24; 
and the Student who understands^ in principle, the use made of 
the latter formula^ possesses, in fact, the clue to the subsequent 
demonstrations of Spherical Trigonometry. 

Prop. XV, Problem. 

It is required to express the cosine of the angle of a spherical 
triangle in terms of the sines and cosines of the sides. 

Let the triangle be mtn^ let the sides be a, b, c, and the 




opposite angles AjB,C'y conceive O to be the centre of the sphere, 
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and draw the. two tangents tQ^ tP, at the point t, to the arcs 
tm, tn; then Z Q^P = A A: by Prop. 6; and the angle at 
O 18 measured hy mn, or a; and, by the definition of the secant, 

OQ is sec. b 

OP is sec, c. 

The jmnciple of the demonstration that follows, is^ to obtains 
two values of QP, one from the triangle POQ, the other from 
PtQ, and then to. compare them: now by Euclid, Prop. 13, 
Book 11, or Prob. 1 of this Treatise: 

in A POQ, PQ* =; s^c.^ 6 + sec.* c— 2sec. &.sec.ccos.a(rad. 1.) 
in A PtQ, PQ* = tan.*6 + tan.*c — 2*tan. ^i.tan.c.cos. A. 

Subtract the lower expression from the upper, 

then, since sec.* 6 — tan.* 6 = (rad.)* = 1, we have 

0= 1 + 1 +2 tan. 6.tan. c.cos. A — 2 sec. ft.sec. c.cos. a 

and thence, ^ 

. COS. a. sec. 6. sec. c— 1 cos. a— cos. J. cos. c 

cos. A = — 



tan. 6 .tan. c cos. b cos. c . tan. b, tan. c 

- , . ,. COS. a — cos. 6. COS. c 

= (smce COS. o . tan. b = sm. b) : — ; — : (a) 

sm. b,sm. c 

and similarly, since the process for finding cos. B, cos. C, will 
be exactly, the same, changing a for 6, 6 for a, &c. the result 
must be similfir for cos. B inc., that is, 

_ cos. 6--- COS. a. cos* c ... 

COS. B = 7^ : — (b) 

sm. a . sm. c 

^ COS. c — COS. a. COS. 6 

COS. C = : : r (c). 

sm. a.sm. b 

Cor. 1. Hence, since 

COS. c B= sin. a.sin. b. cos. C + cos. a . cos. b 

by substituting this value of cos. c in the expression (a), w^ 
have 

. COS. a — COS. b . sin. b . sin. a . cos. C — cos. a ; co'si* 6 

cos. A = : — z — : . 

sm. o.sm. c 

But, cos. a— cos.a.cos.*6 = cos. fl(l — COS. 6) = cos. a. sin. 6; 



.'. coa. A =: 
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COS. a sin; 6— .cos. A.siu. i.cos. C.sin. a 

sin. b . sin. c 

COS. a • sin. b — cos. b . sin. a . cos. C 



Si»ihrly» cos. B =s 



sm. c 
cos. 6 .sin. a — cos. a. sin. 6. cos. C 



I . (cos.a.sin.6 + cos. &.sin. a)(l — cos 

.'. COS. A + COS. B = : — 



sm. c 

O 

sin.c 



> 



C 

sin. (a + 6) 2sin.^ — 

sin. c 

Prop. XVI. Problem. 

It is required to express the sine of the angle of a spherical 
triangle in terms dependent on its sides. 

.. COS. a — COS. 6. COS. c 

By the last Propositidn, cos. A = : — -. — : 

sm. o.sm. c 

.', 1 +COS. A = 

COS. a — (cos. b . COS. c — sin. ft . sin. c) cos. a — cos. (ft + c) 
sin. ft. sin.c / sin. ft. sin. c 

by the form (2), p. 130 ; but by the form (8), page 33, 

'a + b+c\ . /ft + c — fl^ 

Hence, 

a + b + c\ . /ft + c — a 



/r . N ^ • /« + *+c\ . /ft + c-a\ 
COS. a — COS. (ft + c) = 2 sm. I I sm. i I. 



1 +COS. A = -: —  .  X sm. ( I sm. ( I 

sm. ft sm. c \ <l / V 2 >^ 

2 /a + ft + c\ /a + h + c \ 

or. = -: — T"^: — . X sm. I I . sm. I a ] 

sm. ft sm. c V 2 / V 2 / 

Similarly^ 

. COS. ft. COS. c + sin. ft sin. c — COS. a 

1 — COS. A = : r—. 

V . , \ - sin. o sm. c 
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COS. (6 — c)— COS. a „ , ^ v ^ 

; — 7 — : [by the form (4), p. 31.1 

sm. o.sm. c ^ ^ r 

'a+b^c\ . /'a + c—b 



8in^bsin.c 



^ ^ sin. ^ ^ — J by form (8), p. 33 ; 

2 . /a + b + c .\ . /a + 6 + c \ 

or, = -: — T": — X sin. ( 6 1 sm. ( c) . 

sm.osm.c V 2 / V 2 / 

Hence^ if we multiply together 1 +co8. jd^ and 1 — cos. ji, 
the product of which is sin.^ J^ and substitute S instead of 
a+b + c , „ . .2 



4 



sin.^ b . sin.^ c 



, we shall have sin. A = 



X sin. 5. sin. (S— a) sin. (S — 6) sin. (S— c). 



and consequently, 

sin. A = 

^^ . — Vfsin. S.sin.(S-fl) sin.(S- 6) sin.(S-c)} ». 
* sm. o.sm.c 

CoR. 1. If we wish to compute sii;!. B, we must begin 

- _ COS. 6 — cos. a. cos. c , , , . 

from cos, Jo = : — : , and proceed exactly m 

sm. a . sm. c 

the steps of the former process : the result will be a fraction, 

the numerator of which is the numerator of the above fraction 

for the sin. A^ and the denominator will be sin a sin. c ; call the 

common numerator N, then 

N , N . N 

sin. urf= -: — 7 — ;: , sin. B = -: : , sin. C::^ -r 



sin. 6. sin. c' sin. ^i. sin. c^ ' sin. a. sin. 6 

^ _- sin. A N sin. o.sin. c 

Cor. 2. Hence -: ;: = -^ — r — : X — = 

sm. J3 sm. o.sin, c J\ 

sin. a sin. A sin. a 

r — - , and -: — - = -. ; 

sm. sm. C sm. c 

or (if these equations be expressed, after the manner of expres- 

 The Student, for his own convenience, is desired to compare these 
expressions and the manner of deducing them, with the corresponding 
on«8 in Plane Trigonometry. 
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sing a proposition) The sines of the sides of a spherical triangle 
are proportional to the sifies of the opposite angles* 

Right-angled spherical triangles may be considered as par- 
ticular cases of oblique. The solutions of the latter^ then, would 
necessarily include those of the former ; and^ accordingly, if we 
wished to generalise as much as we could generalise, it would 
not be requisite separately to consider them. Since, however, it 
is our object to render investigation as simple and as easy as it 
is possible to the Student, we will not avail ourselves of this 
abridgment and seek to be compendious, but proceed, in the 
ensuing Chapter, to treat distinctly of the cases of right-angled 
spherical triangle9. 



CHAP. X. 



Formula of Solution for Right-angled Spherical Triangles.*-^ 
' Affections of Sides and Angles, — Circular parts. — Naper^s 
Rules. — Quadrantal Triangles, — Examples. 

Prop. XVII. Problem. 

It is required to investigate .formulae of solution for dll the 
cases of right-angled spherical triangles*. 

These are to be derived from the fundamental expressions (a\ 
(fix (c), given in page 139 : let C be the right angle and = 90^ ; 
•'. COS. C = 0; 

faence^ 

^ cos. c — cos. a. cos. 6 , . .^. 

COS. C^ or 0= : : — ; , and .'. co8.c = cos. a.cos. 6(1) 

sm. a.sm. 6 

, cos. c , cos. C , . ' - 

hence, cos. a=: ; , cos. 6= ; substitute these values 

COS. o COS. a 

respectively^ for cos. a and cos. b, in the expression for cos. A, 
COS. By and vfe have 

cos. a — COS. b , COS. c 

COS. A = : ; — : = 

Sin. 6.sin. c 

1 /cos. c \ 

- — I — : I z cos. 6. COS. c ) ^=^ 

sin. 6. sin. c Vcos. o / 

COS. c (1 — cos.^6) COS. c. sin. ^6 



COS. h . sin. 6 . sin. c cos. b . sin. b . sin. c 



* Spherical triangles that have one right angle only, are the subject 
of investigation : and spherical triangles that have two right angles, and 
tkree right angles, are excluded. 
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COS. s.sin. 6 _ , . 

1 — : =cot. c.tan. b • •• ..(2) 

COS. o . sm. c 



Similarly, 

^ cos. c (1 — cos.^ a) COS. c.sin. a 
COS. jd= : : — = : =cOt. c.tan.a...(3) 



Now in (\)a,by c are involved^ and, two of these being given, the 
third may be found : in (2) jiy c, b are involved : and if we 
choose, symbolically, to represent by (A, c, b) the. form in which 
three quantities as jiy c, b^ are involved, then, similarly, the other 
several forms that can arise by combining angles and sides may 
be thus represented : 

(c, a, 6); {{A, c, ft), (B,.c, a)} ; {(JB, c, ft) (J, c, a)} 
{(J, «, ft) (J3, a, 6)} ; {(A, JB, a) (A B, ft)} ; (A, B, c): 

which are in number 10, as they ought to be ; the combination 

5.4.3 
in 5 things, 3 and 3 together, being — ^ = 10 : tho^e combi- 

nations that are similar, such as the second and third, are included 
within brackets. 

The forms (1), (2), (3), have been already deduced, and the re- 

maining ones must be deduced from them, and from the form . ' _ 

sm. B 

=s .  , by the common process of substitution and elimination, 
sm. ft 

(CjOfb), that is, cos. c =cos. a.cos. ft (1) 

(Ay c, ft) cos. il=cot. c.tan. ft (2) 

(B, c, a) COS. jB = cot. c • tan. a (3) 

(B, e,b) 

1 • • /^ Tfc ^ n sin. B sin. ft . ^ 

this IS Cor. to Jrrop. lo, for -: — -p; = -:; ; .'. smce sm. C = 1, 

sm. C sm. c 

sin. JB = . , or sin. ft = sin. c.sin. jB (4) 
sm. c 

[(jij c, a) is exactly similar; 

Ti sin. a ' ' A r^\ 

.*. sm. B = -: , or sm. a = sm. c.sm. A (5) 

sm. c 



. 
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COS. c 



{J, a, b) : COS. A = cot. c . tan. b by (2), but cot. c = 



sin.c 



9 

and cos.c == cos. a .cos. b by (l), and sin.c = . ' . by (5), p. 144, 

sin*u9 

cos. a. COS. 6. sin. utf 

•'.COS. ii=:tan. 6. : , 

810. a 

/. cot. A =cot. a . sin. b (6) 

(Bj a, b) is similar, and .•• cot. jB=tcot. ft.'sin. a (7) 

(il, B, a) : divide (2) by (4), then . ' = ^ = cos. a 

sm. B COS. b 



J from (l) or, cos. A = cos. a .sin. B (B) 

(. (A, j5, 6) is similar, and cos. jB=:cos. &.sin. A.,.. ••••(9) 
(A, B, c) I tniiltipiy together (6) and (7) 

and cot. A. cot. JB = cos. 6. cos. a = cos. c ^.....ClO) 

Thus are all the forms easily deduced from (l), (2), (3). 
Indeed^ the quantities that are to be combined, indicate plainly 
the proper process of elimination; but these forms^ although 
very simple and fitted for logarithmic computation, are not easUy 
remembered^ and therefore an artificial memory has been supplied 
to the Student and Computist, by rules, known by the title of 
Naper's Rules for Circular Parts ; and in the whole compass of 
mathematical science there cannot be founds perhaps, rules 
which more completely attain that, which is the proper object 
of rules, namely^ facility and brevity of computation. 

The rules and their description are as follow : 

Description of Circular Parts^ 

The right angle is not considered ; the comjplements of the 
tw*o other angles, the complement of the hypothenuse, the two 
sides, making in all five quantities, are called by Naper, circular 
parts. Any one of these circular parts may be called a middle 
part (M), and then, the two circular parts immediately adjacent 
to the right and left of M are called adjacent parts ; the other tvvo 
remaining circular parts, each separated from M the middle part^ 

T 
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by an adjacent part^ are called opposite parts, or opposite extremes: 
thus, let the side a be M, 

then, comp. B, or 90^ — B, and b are adjacent parts, 
and, comp. c, or 90^ — c, and 90^ — il, opposite parts. 

gOP — c and b are adjacent parts ; QCf * JB and a, opposite parts. 
This necessary explanation being premised^ we come to 

Naper's Rules. 

1. The rectangle of the sin. M and radius = rectangle of 
the tangents of adjacent parts. 

£. The rectangle of the sin. M and radius = rectangle of the 
cosines of the opposite parts. 

There is tio separate and independent proof of these rules, but 
the rules will be manifestly just, if it can be shewn that they com- 
prehend every one of the ten results, (1), (9), (3), Su;. given, in 
pages 144, 145; for^ those results solve every case in right- 
angled spherical triangles. 



o 
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This is a complete proof of the truth of the mles^ and^ as we 
have already said> the only kiud of proof wbi<ch the rules admit 
of; but^ after the proof, the rules ought to be useiS; and the 
formulae having performed the service of proving them, are then 
superseded. The rules ought 4o' be used also, not only in the 
immediate solution of right-angled spherical ttiangles^ but in de- 
ducing, where they can be so made subserviemt, die properties of 
oblique triangles. We here allude to those pro}lerti<^ announced in 
the Propositions 9,4, ^j 26^ £7 of Robert Simpson's Trigonometry. 
These immediately appear on the apj^ication of Naper^s Rules, 
and the^* deductian is so obvious, thftt it is, practically, against 
the interest of the Student to make them the i subject of three or 
four formal Propositions ; , since it Is not worth the while to 
burthen the' memory with the terms and enunciation of a Pro- 
position, for th$ sake of formally making cme or two steps in the 
process of deduction. . 

The forms for the solution of right-angled triangles have been 
deduced frons the geneial expression^ for the cos. A, cos. B, cos. C, 
in which, aa in a particular case, C^kgoP. The same general 
expressions may also be ^sed for any other case, in which, to any 
one or more of the sides or angles particular values should be 
assigned: for instance, the side c may be a quadrant = 90^, in 
which case the triangle has been called a quadrantal triangle ; in 
this case 

^ coa. c — COS. a . cos. b cos. a. cos. b . , . 

COS. C = — ^^ — ..-  "  ^ — i ^ -• -IT — ^ — : — ; (smce cos. c = 0) 

sra* a«s|D. o sm. q.sm. o 

and .*. sin. ©O — G)=; -^cot. a .cot. ft 

^ - tan. (90^-fl) tan. (90^-6) {a) 

. . -. cos. ft — cos. a • COS. c cos. ft 

Again, COS. jd = — 



COS. 4 = 



sm.^.sm.c sm* a 

COS.. a *" COS.- ft • COS. c cos. a 



sin. ft. sin. c sin. ft 

From these three equatioas, aiid the additional one, viz. 

sin.il sjn.k-^ ', , , , u ., • , , 

-: — =: = -i — r , tnay be deduced all the cases m quadrantal, as 
sm.B m.b \ ;; ^ 

they have a^ady bee»V in right^mgleii spherical triangles. 
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If^ in the above expression (a), we call go^ — C the middle 
part, and'90"— fl, 90^ — 6 which are the complements of the 
sides^ the adjacent parts, the above result might be comprehended 
under a Rule like Naper'd ; but^ if a case like that occurs, the 
surest method, and, perhaps, on the whole, the most expeditious 
for the Student and Computist, would be to take the supplemental 
or polar triangle, and to solve it by Naper^s Rule; for, the angle 
in the supplemental triangle opposite to c;=? 180^'— c= 180°— 90^, 
is a right angle : thus, in the case adduced, the angles of the 
supplemental triangle are 180°— ^i^ 180° — 6, and the hypothenuse 
is 180^- C; therefore by Naper's first rule, 1 x sin. (C-90^) 
= tan. (a —90°). tan. (6 — 90®) the same result as (a). 

Examples of the solution of right-angled spherical triangles. 



Example 1. 

r i^ s= 23^ 27' 42^ re 

Given < . . Reqnir^ < a 

L 6 = 10 39 40 Lb 




c determiQied. 

# ^ 

QO^^A middle part| 90°— c, h^ adjacent parts ; 

.% r. COS. A = cot. c.tan. h [Ist rule] 

.'. log. cot c= log. r+log. COS. ^— log. tan. h 

log.r=10; 

/. log» r+log. cos. 23« sr 42'\ . : ; . V = 19-9625240 

log, tap. 10 39 40 , ..a= 9.2747329 

log. cot c. . * . . 4 k = 10.6877911 

.-. c=c 11^3i^'49^. 
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a detennined. 

h middle part, 90^—^, a, adjacent parts ; 

•'. r. sin. h =s cot A .tan. a [1st rule, p. 146J 

•*. log. tan. a = log. r -(- log. sin. h — log. cot. ^ * 

10 + log. sin. 10^*39' 40" ..= 19.2671709 

log. cot 23 27 42 = 10.3624932 

.-. log. tan. a =: 8.9046777 

*•. as 4** 35' 26^ 



\ 



B determined. 

90^-. B=: M, 90**-. Ay b opposite parts ; 

.*. r.cos. Bsssin. ^.cos. 6 [2d rule] 

.*. log. cos. B+log. rslog. sin. 2(+log. cos. h. 

log. sin. 23^ 27' 42" = 9.6000308 

log. cos. 10 39 40 = 9-9924380 

.'. log. COS. B -I- 10 =:19.5924688 

.-. Bts6G' 58' 1". 

The above is the solution of a Problem in Astronomy, in which 
from the obliquity A^ and the right ascension by as given quantities, the 
longitude c of the Sun, and the declination a are required. 

Example 2. 

b determined. 

90 — c = My a, &, opposite parts. 
.*. r.cos. cscos. a.cos. 6 2d rule; 

' .*. log. COS. 6 = 10 -(- log. COS. C — > log. COS. Qy 

10+log. COS. 71*^39' 37" = 19.4978286 

log. COS. 27 48 9.9467376 

.-. log. COS. b = 9.5510910 

and b^6SP& 48". 
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B determined. 

90— B=zMf 90*^— c, fl, adjacent parts ; 

•*. r.cos. Bscot. c.tan. a by 1st rule 

log« COS. £-|-10=log. cot. c -f-'log. tan. a, 

log. cot. 71^39' 37" = 9.5204674 

log. tan. 27 48 = 9-7220085 

10 + log. COS. B = 19.2424759 

.-.5=79'* 56' 4". 

This is the solution of an Astronomical Problem, in which, from 
the latitude of a place =; 90°— 27"* 48' = 62** 12', and the latitude of 
the Sun at six o'clock = 90°- 71** Sff 37" =18° 20' 23", it is required 
to find the Sun's declination, which, by the result, would be 90° — 
69° 9' 48" = 20° 50' 12" ; the angle B =79° 56' ll^ in. the same 
ProUem, is the Sun's azimuth. 



• 



Example 3. 
C notta right angle, but c, the side opposite to it, = 90°. 

C determined. 

By the expression [o], p. 139, 

^ cos. c — cos. a . COS. b 

cos. C = : : J 

sm. a . sm. o 

cos. a . cos. b 

= : : — 7- , Since cos. c = 

sin. a . sin. o 

^ — cot. a . cot. b ; 

.*. in logarithms, 
log. COS. C = log. cot. a + log. cot. 6 — 1 0. 

Now - 10 + log. cot. 32° 57' 6" = .1882850 

log. cot. 66 32 : = 9.6376106 

.-. cos. C = 9.8258956 

••. C= 180° - (47° 57' 16") = 132° 2' 44". 
The supplement of 47° 57' 16" is taken, since from the expression 

COS. C = cot. a . cot. b 
COS. C is negative, .•, C > 90°. 



/ 
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B determined. 

By the expression [b], page 139 9 
COS. 6 — COS. a. COS. c 



COS. B ss 

sin. a .sin. c 

COS. b . 
2= ".   , since COS. c = ; 
- sm. a 

,\ log. COS. jB = 10 + log. COS. b — log. sin. a 

10 + log. COS. 66° 32' 0" = 19.6OOII8I 

log. sin. 32 57 6 a 9.7355441 

:•. log. COS. jB = 9.8645740 

.-. B=42<»56'12^. 

Here> the Problem is most simply resolved from the fanda- 
mental expressions for the cosines of the angles : and there is no 
need that we recur to the supplemental triangle y if however we 
do, then since its tw6 angles are 180** — r, 180* — A, and the 
adjacent side =s 180*" - C, by Naper's first Rule^ r sin. (C -r QO") 
= tan. (a -- 90°) tan. (b — 90®) or — r.cos. C = cot. a. cot. i, 
as before ; and similarly for B* 

The above is the solution of an astronomical Problem, in 
which, from the latitude = 90® -32** 57' 6" =57** 2' 54", and 
the Sun's declination = 90** - 6ff* 32' = 23** 28^, it is required 
to find the time at which the Sun rises. 

In the solution of plane triangles^ one of the cases, see p. 80, 
is ambiguous : in spherical right-angled triangles, there are three 
ambiguous cases : and these are when the quantities, a, c, A are to 
be found from b and JB given : now^ by Naper s Rules^ a, c, A 
are given by these three equations ; 

r. sin. a = tan. 6. cot. B 
r.siu. b = sin. c .sin. jB; 
r,cos.£= sin.il. cos. 6; 

but after that sin. a, sin. c, sin. Ay are deduced * from these 
equations^ there is nothing to determine us, whether we oi^t 
to take a, c, A, or 180**— «y 180** — c, 180** -il; for, the 
sines of the 3 latter quantities are the same as the sines of the 3 
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fin-iner;' mid it is easily shewn, that there are two right-angled 
spherical triangles, which have an angle and side opposite the same 
in both, but in which the remaining sides, and the remaining 
angle of the one, are respectively the supplements of the remain- 
ing sides and the remainbg angle of the other. 

The other cases are not ambiguous, and Naper's Rules, with 
an attention to the signs of the quantities involved, will enable 
us to remove the ambiguity which some of these cases appear to 
have : thus, if b be the middle part, 90° — c, and 90° — B, 
the opposite parts, then sia. b :^ sin. c .sin. B : if b be 
required from this equation, will it not be doubtful, whether 
A or 180° — ft, [since sin. 6 = sin. (IStf'-fi)] ought to be taken ? 
The ambiguity is removed by this property, that, if B be >or 
< 90°, b is > or < 90° : for by Naper's 1st Rule, sin. a = 
cot. 6. tan. b; now, sin. a is positive when a is between and 
180°, and if fi be>90°, cot. .B is negative ; and consequently, 

tan. b = — '— , is negative, and b > 90°. It B< 90°, cot. B is 

positive ; .'. tan. b . = — — is positive : and b < QO" ; 

similarly, make 90" — J5 = ilf, and 90° — c, and a adjacent parts, 
then, COS. B ^ cot. c.tan. a; .'. if c be sought. 



COS. B are both negative; .'. tan. c is positive, and consequently, 
e is < 90° : if a > 90°, and B -r go", or, if a < 90°, and 

tan. a . 

1 ;- II 

cos.fi 

These considerations are so simple and so easily made, that 
it is, perhaps, better to let the Student endeavour to avail him- 
self of similar ones, than to burthen his memory with the terms 
and results of formal Propositions ; for it must be noticed that, 
in order to prevent the ambiguity of solutions in right-angled 
triangles, terms have been invented and propositions framed 
relative to the affections of the sides and angles : aides and their 
opposite angles being said to have the jame affection, when each 
U 



1 
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18 less or greater than 90^ : see Simpson's Euclid, Prop. IS, 
p. 500, 8vo. edit. 17fel* 

It has been already proved, that sides and the opposite 
angles are each greater or less than 90^ that is^ have the same 
affection : again, since by the form (1), p. 143^ 

COS. c == cos. a • COS. 6, 

if a and b be both > 90% cos. a and cos. b are both negative ; 
•*. their product^ which s cos. c, is positive, and e <90^; .*• if 
both be < 90% cos. c is positive^ and c < 90^ : if a be > 90% and 
b < 90% or if a < 90% and b > 90% the product cos. a .cos. b 
is negative; •*• cos. c is negative; •*. c is>90^. This may be 
easily translated into the^ terms and language whidb ' Robert 
Simpson uses in his Trigonometry. See Prop* 14, Sphtriad 
Trigonometry at the end of Euclid's Elements, p. 500. 

The several cases of right-angled spherical triangles being now 
solved, we will proceed in the next Chapter to die solution of 
oblique-angled triangles. 



CHAP. XI. 



Equations exhibiting the Relations of the Sides and Angles of 
Oblique-angled Spherical Triangles. — Formula of Solution 
deduced from such Equations. — Examples, S^c. 

In the cases of oblique-angled spherical triangles six quan- 
tities are concerned^ a, b, c. A, B, C: and the general problem 
requires us to determine three of the six by means of the three 
others. We must have equations then between four of 
liiese quantities combined all possible ways; but the number 
of the combinations of six quantities, taken four and four, 

equals — ^ — - — —. or 15. These combinations are 
^ 1.2.3.4' 

(abcA\ (abcB), (abcC) , 
(ABCa), UBCb\ {ABCc) 
(aCbAX {aCbB\ {aBcA), {aBcQ. {bAcB), (bAcQ 

iflAbB), iaCcA), (bCcB). 

Now, the number of combinations essentially different is the 
Qumber of the horizontal rows, or four : for instance, the com- 
binations of the first row depend on three similar equationa : 

\ cos. fl — cos. 6. cos. c .. 

COS.iis- : — : (1) 

sm. o.sm.c 
_, COS. b — COS. a . COS. c . . 

COS. Ba. r— : W 

sm.a.sm. c 
^ COS. c — COS. a . COS. b ^ . 

COS. Ca : : — r (3). 

sm. a.sm. o 

The combinations of the fourth row depend ou three similar 
equations, 

sin. a sin. A sin. a sin. A sin. b sin. B 

sin. b sin. B ' sin. c sin. C ' sin. c sin. C * 

and similarly for the remainmg two rows : hence the solution of all 
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the cases of oblique-angled triangles is reduced, in fact^ to four 
equations, and these four,<^uations mu^t be deduced, as the equa- 
tions in p. 144 were/ by the ordinary processes of substitution 
and elimination. . . „_ 

We will now proceed to deduce these four equations* 

First equation belonging to the form (abcA), 

COS. ia -^ cos. b .COS. c 



cos, A ss 



sin, 6. pin*. f 



. »• 



Second equation belonging to (ABC a). 

In order to obtain this, eliminate cos. b, cos. c» sin. b, sin. c 
frMi the equations (1), (d)^ (3): 'or, more simply to obtain it, 
lakid die supplemental titangle; then, if a-ib'itf aie its irides, 
A^, ff, C, its angles, we have, by the form (1),: . :. 

, COS. a —COS. 6 COS. c 

cos, A = . . . / . 7 \ 

su.9.sm. c 

but co,s. urf'=rCO8.(180®— a)= —COS. a 
COS. a =f COS. (J 80* -► il) = — cos. A 

COS. b' =:COS, (180^—5)=: -COS. B 
cos. p' =5 COS. (180*— G)a? — COS. C 

sin. y =riq,<180*-B)s= sin. B 
sin. c' s=aiD, (180"*- 0= sin. C; 

, -; — COS. il — COS. B.cos. C 

consequently, — cos. a= ^^-— ^= — - .-^ - t^ , • ^ '  " ; 

sm. i>.sm. C 

COS» ^ + COS. £ . COS. C 

f^ or, COS. ass—" — .  ^" . — 7; ^. 

. sm. i>.sm. C 

Third equation belonging to {aChA)^ 

In order to obtain this> substitute in the equation (l), mstead 
aS COS. e, its value derived from^ the equation (5): and instead 

of sm. c, substitutoi^^ .  sm. a, 

sm. A 

(bail. COS. A . sm. b . -r -. • 8m. a or 

sm. A 



COS. a — COS. &(coa. C. sin. a. sin. £ + cos. a. cos. b) 



^ 



Hence, on dividing each side of the equation by sin. a X sin. b, 
there results '''•■'' 

cot. A. sin. C^cot. a . sin. b — cos. C.cos. b. 
Fourth equation belonging to {aAbB), 
This equation is deduced in Cor. 2. to Prop. 16, where it is 
, , sin. a sin. A 

proved, that - — - = — . 

sin. b sin. li 

These four equations analytically resolve the Problem ; or, by 
means of them, any three quantities being given, the fourth may 
be found ; but it is plain from their inspection, that they do not 
afTord convenient solutions, since none of them are under a form 
adapted to logarithmic computation; and even, if, in order to 
find one of the quantities involved in the equation, we were to 
express the equation under a form adapted lo a logarithmic com- 
putation, such modified form would be useless, except in the 
case for which it was contrived : that is, would be nseless, if one 
of the quantities, by which the required quantity was expressed, 
should itself be required to be computed, the previously required 
quantity becoming, in this second case, one of the given quan- 
tities: for instance, in the combination (a AtjI) if ^ be the quantity 
sought, then, by p. 140, 

1 + cos. j1, or, 2 cos,*— = 
2 

a + fi + c-v , /■a + b+c 



(. /a + fi + c-v . /' a + b+c xl 



ain. A. sin. c I 

whence, by a logarithmic computation, cos. A and A can be 
found; but, from such form, if A were given, and a required, 
a cannot be immediately and conveniently found : and, on this 
account, something more is required of the analyst, thau mere 
equations that exhibit the possibility of solutions : he ought to 
furnish formulae, from which, the quantity, whatever it be, side 
or angle, may by a direct, certain, and commodious process, be 
found. Formulse then, as it will easily be a^en, by which one 
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quantity may be computed from others that are given, musrbe 
more in number than the equations which merely exhibit the re- 
lations of the quantities. This does not take place in right-angled 
spherical triangles ; in which the formulae of solution need not 
exceed in number the equations : for instance^ the equation 
COS. c = cos. a . CQS. b represents the relation between c, a, 6 ; and 
from the same equation may be founds by a like logarithmic com- 
putation^ either c from a and 6 ; or a from b and c ; or 6 from a 
and c ; the same may be said of the second equation, that is, of 
cos. il=cot.c.tan. b: either A, or c, or b, may^ from the equation 
as it stands^ be found with equal facility. 

The solution of oblique-angled spherical triangles will be found, 
by what follows^ to require six cases ; and in using the foregoing 
forms of combination such as ((abcA\ the quantity sought will 
be placed last. 



Cases of Oblique-angled Spherical Triangles. 

Prop. 18. Case 1st, (abcJ). 
The sides a, b, c, are given, and the angle A is required. 



First Method of Solution, 

By Prob. 16, page 140, if S = ^"*" "*"^ , 

2 

j^o ^{sin. iS .sin.(iS — fl).sin. (5— ft) sin. (S — c)} 

sm.o.sin. c 

and, log. sin. A =^ {20 + 2 log. 2H-log. sin. S+ log. sin. (S - a) 
+log. sin. (S — 6) H- log. sin. (S — c)} — log. sin. 6 — log^ sin. c 

In order to find log. sin. jB, subtract, in the above form, 
instead of Ic^. sin. b and log. sin. c, log. sin* a and- log. ^ia* «; 
and, to find log. sin. C, subtract, log. sin. a, and log. sin. ft. 
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Secofid Method. 

By PropositioQ 16, page 140, 

- sin. 5. sin. (S- a) oA sin.S.sin, (S— o) 

1 + C08.ilss2 : — I — : ;.*.cos. — = : — r — . 

sin. 6. 810. c 2 sin. 6. sin. c 

tnd log. COS. — =: 

^ {€0+log. sin, S+log. sin. (5 — «) — log. sin. b —log. sin. c}. 

Third Method. 

By the same Proposition, in the same page, 
1 — COS. A = 

sin. (5 — 6) sin. (S — c) . a A sin. (S — b) sin. (S — c) 

2 : 7 — : ; .*. sm. --- = : j—r" . 

sin. 0. sin. c 2 sin. 6. sin. c 

and log. sin. -;^ = 
^ {20 +log. sin. (5 - 6) + log. sin. (S — c) — log. sin. b — log. sin.c} 

Fourth Method, 
Divide the third equation by the 2d, and 



. A 

sm. — 

2 



A / /sin. (S — b) sin. (S — «)\ 

, or tan. - = V I sm. S.sm.(S- a) ) 



A 

«08. — 

2 

-. . ^ 

and, log. tan. — s 

t 

^{20+log.sin.(S-6)+log.sin.(S-c)-log.8in.S-log.sin.(S-a)} 

since sin. b = r, log. sin. 6 = 20 — log. cosec. &; 

cosec. b 

.*• instead of subtracting log. sin. b, &c. in the above forms, we 
may (which with certain Tables is a convenient operation) add 
log. cosec. 6—20, 8lc. 



a=r50®54'32'^ , Nuraemtor computed. 

b=z37 47 18 

c=74> 51 50 30 4-2 log. 2=20-6020599 

163 33 40 
5= ^ + ^ + ^ «, 81^46' 50" 8in. = 9^955158 

5-0 ... = 30 52 18... sin. = 9.7102163 

5- b =43 59 32... sin. = 9 8417102 

5- c = 6 55 sin. = 9.0807189 

2 I 59.2302211 
29.6151105 [a] 

B determined. A determined. 

log. sin. 50*" 54' 32"= 98899424 log. sin. 37** 47' 1 8"= 9:7872806 
log. sin. 74 51 50 = 9-9846660 log. sin. 74 51 50 = 9.9846660 

[c] 19.8746084 *19.7719466 

[a] - [c] = 9.7405021 [a] - [b] = 9.8431639 

.-. B =33** 22' 45" /. A = 44* 10* 40^ 

C determined. 

log. sin. 50* 54' 32^' = 9.8899424 

log. sin. 37 47 18 = 9.7872806 

[m] = 19.6772230 
[fl]-[m]= 9.9378875 

.-. C= 180*-{60* 4' 54"} 
= 119 55 6, 
C is greater than 90*, since 

^ cos. c-« cos. a .cos. b 

COS. C ss  

sin. a.sin. ^ 

which is negative, since cos. c < cos« a cos^ 6r 
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Solution of the former Example by the Second Method. 

20 = 20 

S =81*^46' 50" 8in.= 9'995515S 

5-0 = 30 52 18 .sin. = 9.7102163 

39.7057321 [d] 

b=zST' 47' 18" sin, =3 9-7872806 

c = 74 51 50 sin. = 9.9846660 

19.7719466 [b] 

[(f]- [6] =19.9337855 

i W - [b]) = 9.9668927 = log. co«. ^ ; 

.-. - = 22** 5' 20", 
2 

and ^ = 44 10 40. 

By the Third Method. 

20=20 

5-6=43® 5^32" 8in.= 9.8417102 

5-CX5 6 55 : » . .sin. = 9.O8O7I89 

38.9224291...... [/] 

[6] =19.7719466 

[/]-. [6] =19.1504825 
i ([/] - [*]) = 9.575241 2 = log. sin. | 

.-. - = 22*» 5' 20", and A = 44* lO' 40", as before. 

By the Fourth Method. 

20 = 20 
log. sin. (5 - 6) + log. sin. (5 - c), by last, or [/] = 38.9224291 
log. sin. 5 -)- log. sin. (5— a), by 2d solution/ or [d] z= 39.7057321 

19.2166970 
.*. log. tan. ~ = 9.6083485 

.-. ^ «= 22<» 5' 20", and y< = 44» 10' 40", u before. 

X 
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The solution of this Example becomes the solution of an Astrono* 
mical Problem, when from the co-latitude of the place b, or 37** 47' 18", 
the co-^eclination of the Sun c, or 74^ 51' 50'\ and the zenith distance 
a, or 60^ 54' 32", the time from noon or the angle A is required ; the 
angle C is the azimuth. 

Any one of* the four preceding methods may be used, but 
not, in point of brevity, with equal advantage : if one angle only 
be required, the shortest solution is plainly by means of one 
of the three last formulae : but, if all the angles of the spherical 
triangle be required, the firs^ method is as short, and quite 
as convenient, as the three last methods *• 

Any one of these four methods may be used, but not, with 
regard to numerical accuracy, in all cases, with equal advantage. 
If the angle sought^ A for instance, should happen to be nearly 
90^, then thi^ first method is to be superseded by one of the three 
latter^ and this for reasons precisely the sdme^ as those which have 
been stated in page 92, to which the Reader is referred. 

Case 2d, (ABC a). 
The angles ji, B, C, are given, and the side a required. 

First Method of Solution. 

Let the sides and angles of the supplemental or polar tri- 
angle be a', b\ c ; A', B\ C : then, by the last Case, 

If VJsin. iS.sin. (S — a'), sin. (S— ft') sin. (S— c)] 

sm. A = 2 —5^ -. — JT-. 7 ; 

sin. o sm. c 



* In the Logarithmical Anthmetike^ published in l631, the first 
icase is solved by the second method, and in Vlacq's Tables, published 
at G6uda in l633, the year in which the Tngmovnetria Britannica was 
published, the solution is by the third method: the rules of solutioD, 
then, 200 years ago, were as plain and precise as they now are : yet, 
in the mode of pr6of we have gained something, which i^ certainly more 
plain and direct than Vlacq's. 
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but S = ^ "'":"^^ = i 080P-A + ldOP-B+ 180"- C) = 

hence^ sin. 5= —cos. S'. 

Again, 5-a'= 270^- S'- (180**- ^ = 90^ - (S'-A) 
.'. sin, (5 - aO = cos. (S" - A) ; 

also, S-6'=:90^-(5'-jB); /. sin. (S-6') = cos.(S'^ JB); 
and similarly, sin. (5 — c') = cos. (S'—Q. 

Again, sin. 6' = 8in. (180® — B) = sin. B ; sin. c' = sin. C, and 
sin. ii'z: sin. a. 

Hence, 

4/{ -cos.5'.co8.(S'-il).cos.(S'-B).cos.(S'-C)i 

sm. a = £ — • : : — — ' 

sin. jB.sin. C' 

and in logarithms, 

log. sin. a =• J (Slog. 2+ 20 + log. cos. S' + log. cos. (S' — A) 
+ log. COS. (5'— B) + log. COS. (S' - C)} - (log. sin. B + log. sin. O 

and sin. &, sin. c, are represented by fractions that have the same 
numerators as sin. a, and denominators, which are equal to 
sin. J.. sin. C, and sin. A. sin. B, respectively. 

The cos. S' under the vinculum is alfected with the negative 
sign. Now, by Prop. 9, page 131, A + B + C> 180**, and 

ji + B + C 

<540**; .-. >90^ and<270*'; .'. cos. 5' is nega- 

O/ • •.• A ' Cf A -^"T C A 

tive, or— COS. o is positive. Again, o — u«= — -r-: but, by 

Prop.2, pagel27,6' + c'>a'; .M10**-JB+180**-C> 180**-il; 

:. JS+ C-^<180^ and —^ < 90^ .*. cos. (5'-^) 

2 

is positive ; so are, by similar proofs, cos. {S' — B) and 

cos. (S'— C). 
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Hence, in the foregoing expression for sin. a, the quantity 
under the radical sign is really a positive quantity. 

As the expression for sin. A has, by the aid of the supple- 
mental triangle, been employed to represent a side in terms of the 

A . A 
angles^ so, in like manner, may the expressions for cos. -— , sm. -^ , 

tan. -^ ; thus by the expression, page 1599 



2 



cos 



J/ _^ // sin. S , sin. (S — a) \ 
' ^ ^ \ sin. b' . sin. c / ' 



J -(1 80^- a) .a , ,, , 

or, smce cos. — = cos. — = sm. - , we shall nave a 

2 2 2 



Second Method of Solution, 

Andf a may be found from the expression, 

a _^ /x-^cos. S'.cos. (S' — ii)\ 
' 5 "" V V sin. JJ.sin. C / * 

and similarly, a 



Third Method, 
And, a may be found from the expression, . 

a _ / x cos. (S'-B). COS. (5 - C) \ 
' 2 "" ^ V sin. JJ.sin. C / 

«nd similarly, a 

Fourth Method, 
And, a may be found from the expression, 
a A // — COS. S'.cos. (S'' — ^) \ 
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Example by the First Method. 
a determined. 

J=z 44° IC 40". . sin. =9.8431624 .[1 

B= 33 22 45 i. ..sin. =9.7405025 [2 

C = 119 55 6 sin. =9.9378874 [S 

197 28 31 

.•.S'= 98 44 15.5 cos. =9.1815867 

5 -^ = 54 33 35.5 .'cos. =9.7633172 

5'-jB = 65 21 30.5 , COS. =9.6200732 

5'-C=-(21 19 50.5) COS. =9^9696235 

20+2log. 2= 20.6020599 

2) 59.1 366605...... [*] 

29.5683302 
[2] + [3] =19.6783899 

log. sin. a = 9.8899403 
audfl=50° 54' 30". 8. 

b determined. 

[*] =29.5683302 

[1] + [3] , . = 19.7810498 

sin. b = 9.7872804 

and, ^ =37° 47' 18'^ 



M =29.5683302 



c determined. 

[1] + [2] ' *. .. .. ..... . = 19.5836649 

sin. c = 9.9846653 

and c =74° 51' 49". 

By the Second Method. 

log. r* = 20 

S'±z 98° 44' 15".5 COS. = 9.1815867 

S'-A = 54 33 35.5 cos. = 9.7633172 

38:94*9039 
[2] + [3], or log. sin. jB + bg. sin. C = 19.6783899 

2)19.2665140, 

••. log. 5in. ^ = 9.6332570 

.-. ^ = 25° 27' 15'i 
and tf = 50 54 30t. 
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By the Thini Method. 

log. r* =20 

iS' - jB = 65°21'30".5 cos, = 9.6200732 

5'- C=-21 10 50.5 ..COS. = 9-9696235 

39.5896967 
[2] + [3] 19.6783899 

2)19.9113068 
.-. log. COS. 2 =. 9.9556534 

.-. ^ = 25^27' 15"£, 

2 * . 

and a=:50 54 304. 

« 

By the Fourth Method. 

log. r* = 20 

log. COS. S" + log. cos. (S'-^ = 18.9449039 

log. cos. (5'- B) + log. COS. (6"- C). = 19.^896967 

2)19.3552072 
log. tan. - = 9,67760S6 

.-. ^ = 25° 27' 15"?, 
2 * 

and a = 50 54 30i.. 



^ 



Case 3d. {aCbA). 

a, 6^ two sides and C the included angle are given, and the 
angle A is required. 

By Cor. 2. Prop. I6, page 141, 

sin. A sin. a ' sin. A ± sin. B sin. a + sin. 6 
sin. B sin. 6 ' sin. B sin. 6 

_ ^ _ . ^ sin. (a + 6) . «C 

By Cor. to Frop. 15. cos. il + cos. jd = 2. : sm. -i 

sm. c « 



sin. A + sin. B sin, a + sin* b sin. c. sin. -B 

COS. A + COS. B ^ , , ,x . 2 C ' sin. 6 ' 

2. sin. (a + 6) sin. — 



sm. -4 + sin. jB /A + B' 

but - 

COS. 



___ = tan. (-^) page 37, and 



Sin. c.sm. J3 . _, . C C , 

— -^ — ; = sm. C = 2 sin. — x cos. — , p. 42. and 

sm. b 2 9, ^ 

/il+-B\ sin. a+sin. & C 

.'. tan. I —  — I ^ — :: — T — .cot. r- 



2 sin 






V 2 / /a-{-b\ /a + 6\ 2 

(a + b\ /a-6\ 
J . COS. I I ^ 

cot. — [by form (5), page 32J 



(a + b\ /'a'\-b\ 

__^.eos.(-^; 






/A + B\ V 2 / C , . 

and .*• tan. I 1 = : — .cot.— (1; 

V 2 / xfl+6x 2 



Similarly, 

sin. A — sin. B sin. a — sin. b 



cos.il + cos. B . , . ,v . 2 C 

2sin. (a + 6).sin. — 

2 



. sin. C 



J . COS. {-^) 






C 
; — 2 cot. — ; 



a + b\ /a+b\ 2 



■A - Bx ""• V-Y"/ C 

or, 



""• (V) 



^'t*"-(-r-) = .«4.K '^°*-i ^''^ 



A + Bx. 



Hence, since by the formula (1), tan. ( o ) " determined, 
"^  becomes known, let it =s S : and, by the formula (2), 



168 

tan. f — ^ is determined, and — — becomes known ; sup- 
pose it equal to jD, then, since 

A + B 



2 

A-B 



= S 



= D; 



2 

by addition, A^S + D, 
by subtraction, jB = S — jD. 

Example, A -f- determined, 

r 

C= Sff' 45' 28" - = 18^ 22' 44" cot. = 10.4785305 

2 

«= 84 14 29 . —- =20 22 C08.= 9-9729690 

20.4515085 

-— = 04 14 7 008.= 9.0381663 

.'. log. tan. JT =10.8133422 

2 

.-. ::1±^= 81^5' 44^.41 



A^B determined. 

G 

- = 1 8^ 22' 44" ... . cot. = 10.4785395 

a-'h 

— - =20 22 rfin. = 9.5341789 



20.0127184 
^^ = 64 14 7 .... sin. = 9-9545255 

10.0581929 
-^ = 48^ 49' 38''. 



i6d 

A and B determined. c determined. 

<li£=81^15'44'Ul sin. 36«* 45' ^8"= 9.7770158 

2 

^^—^=48 49 38 ain.44 13 45 = 9-8435629 



.-. ^ = 130° 5' 22".41 19.6205787 

B = 32 26 6.41 sirt. 32 26 6 = 9-7294422 

.-.log. sin.c = 9.8911365 
.-. c=51o 6' 12" 

The expressions fortan» i 1 and tan. i — - — ) , expand- 
ed into a proportion^ are called^ from their Inventor, Naper's 
Analogies^ 

The angles A and JB being determined by the above forms, 
the side c may be determined^ as it has been in the foregoing 

ri , - , . sin. c sin. b , • ., , 

bxamiile, from the expression -: — 71 = -: — 7; : but it may be 
/^ ^ sin. C ma.B 

desirable^ as in the corresponding case of rectilinear triangles 
(see page 78), to determine c immediately without the interven- 
ing process of finding the angles A and JB : and, in fact, many 
Problems in Astronomy* require, from the data of two sides and 
the included angle, solely the determination of the opposite side c. 

Determination of the side c. 

Second Method. 

_. ^ COS. c — COS. a^cos. b 

Since cos* C = : -, — r , page 139) 

sin. a. sin. b 

.'• COS. c = cos. €f .cos. & + sin. a* sin. A.cos. C; 

but COS. Css: 1 — ver. sin. Q (ver. sin. stands for versed sine); 

' • For instance, in finding the Moon's distance from a Star ; in de- 
ducing the altitude of a Star from the latitude, declination and hour- 
angle (two Problems useful in determining the Longitude) \ in deducing, 
in the case of an occultoition, the Moon's distance from a Star ; in deter- 
mining the altitude of the nonagesimal (see Astronomy,, p. 364.) : in de- 
termining the latitude from two altitudes and the time between, (see 
Astronomy^ p. 422.), kc. 

Y 
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.*• COS. c SB COS, a • COS. b + sin. a .sin. b — sin. a . sin. b . ver. sin. C 
=: COS. (a — &) -— sin. a . sin. b . ver. sin. C ; 

/. 1 — COS. c, or^Ssin.^-" sver. sin. (a— &) + sin.a.sin.&.ver. sin.C 

,. /  sin. cf.sin. &.ver. sin. C\ 

= ver. sin. (a — 6) ( 1 H : — ; 1 

\ ver. sm. (a — o) -/ 

. 2/1 si<^* a- sin* &*ver. sin. C 

Assume* tan. u = «: — ; rr ; 

ver. sm. (a — o) 

which in logarithms is 2 log. tan. = 
log. sin.a + log. sin. 6 + log. ver. sin. C— log. ver. sin. (a — 6) (p) 

thenSsin.^-* = ver. sin. (a — 6). sec* 0, and 

log. 2 + 2 log. sin . - = log. ver. sin. (a — 6) + 2 log. sec. d — 10 (y). 



Former Example, 
c computed independently of A and B by the 2d Method. 

Determination of the subsidiary angle by the form (p) 

a = 84^14' 29" sin. == 9.9978028 

* = 44 13 4,5 sin. = 9.8435629 

C= 36 45 28 ver. sin. = 9-2984762 

29.1398419 
a—b = 40 44 ver. sin. = 9.3693878 

;•. 2 log. tan. a = 197704541 

and log. tan. a = 9.8852270 



lA. 



* This is the instance to which we alluded in speaking, page 103, of 
the use of Trigonometrical formulae in computbg log. (a+b). 
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Determination of c by the form {q\ page 170. 

Slog. sec. ^. .=20.2012488 

log. ver. sin. 40® 0' 44" = 9.3^93878 

29.5706366 
10 + log. 2 = 10.3010300 , 

.•. 2log. sin. - = 19.2696066 

and log. sin. - = 9.6348033 

.-. - = 25** 33' 5"i , 
2 " 

and c = 51 6 11.5, nearly. 

This is, perhaps, the most commodious form for computing c ; 

for^ when we use it^ we need not consider whether the fraction 

sin. a.sin. &.V. sin. C . . /i « • r n 

: — 7- — IS > or < 1, smce tan. u admits of all 

ver. sm. (a — o) 

degrees of magnitude. It is easy^ however^ to give another 

formula of computation^ thus : 

Third Method of computing c. 
cos. c = COS. a . COS. b + sin. a sin. b . cos. C 

=: COS. a. COS. 6 + sin. a. sin. 6. f 2cos.* 1 1 

Q 

s= cos. (o + ft) + sin. a . sin. b . 2 cos.* — ; 

2 

.'. 1 — 2. sin.*- =cos. (a + ft) + sin. a.sin. 6.2COS.* — ; 

2 2 

and .*. 2sm. - = 2.sm. 2sm. a.sm. 6. cos. — . 

2 2 2 

C 

Let sin. a. sin. 6 .cos.* — = sin.* M: 

2 

(C \ 

2 log. cos. — + log. sin. a + log. sin. 6 — 20 y 

then sm. - = sm. sm. m 

2 2 
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=-a+l+«)""(i+l-») 

* • .... 

by the form (c), p* 31 ; and in logarithms^ 

log. sin. ^ = i {log. 9id. Q +' - +m) +log. sin. Q + -^"M^j 

This is the kind of form M^hich Laplace has employed in 
his Mecanique Celeste, livre 2^ page 227, (see also the use 
made of this fortn. Astronomy, vol. I. p. 159.) 

Former Example by the third Method, 

C 

- =18o22'44''.2. COS. = 19.9545254 

a 3=84 14 29....sin.= 9-9978028 
fc =44 13 45.... sin. = 9.^435629 

i|l^=64 14 7 39.7958i9n 

M=52 14 23 •. 9.8979455=log,siD.M=log. sin. 52^14' 23* 

**■*■* + M= 116° 28' 30".. .sin. = 9.9518856 



2 
0+6 



-•M= 11 59 44. ...sin. =^9.3177304 



2 

' 19.269$0§0 

9.6348038 =log. sin. - ; 

.-. - =25**33'5"5 
2 « 

c =51 6 11.33, nearly. 

f)piurth Method. 

COS. c =: cos. a . cos. 6 + sin. a . sin. b . cos. C 
1 — ver. sin. c = cos. a . cos. 6 + sin. a .sin. &— sin. a . sin. b . ver. sin. C; 
.*. ver. sin. c = l — cos. (a— 6) -h sin. a. sin. 6. ver. sin. C 

= ver. sin. (a — 6) + sin. a .sin. b .ver. sin. C, 

which formula, translated into words, becomes the ^^ecept given in 
Sherwin's Table^ page 44^ (edit. 1771) for finding the side opposite 
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to the included angle^ The author gives in his Work a Table 
of natural vefsed sinei;^ which are plainly necessary in his mode 
of computation. 

If we use one of the preceding formulae for computing c, we 
may, ^f w^ please, determine A and B without the aid of Naper's 
Analogi^Sj and by these expressions, 

. sin. C. sin. a . _ sin. C. sin. & 
sm. A = : ; sm. B = 



sm. c sin. c 



Case IV. (AcBa).* 

jly B, two angles, and c the adjacent side are given, and the 
side a is required. 

» 

The solution will be deduced from the former^ by the aid of 
the fupplemental triangle: A', B', C, n', b', c being its angles 
aiwl ^ideii. 

^ /A'+B'x /(180»-a)+(180''-ft)\ / „ a+ft\ 

^"•(-i-) =*»"•( i^- )=tan.(l80«-~) 



tan 



=5: — tan. 
— i— ; = tan. (^-; = - tan. {-^) 



[see Cor. 6, Prob. 3.] 



* This combination is in the third row (see p. 155,) and therefore 
not essentially different from ^e first of that row, namely, {aCbA) 
which has been already considered. In feet, the two equations involving 
the four quantities are precisely similar: but, from what was said in 
p. 1 57f th^ sfin^e formula of solution c£^nnot suit each case, since, in the 
ibnnefy w ^ng}p i^ the quai^tity required which, in th^ latter, becomes 
one of the quantities given. 
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.'. generally, sin. f — T~ ) = ±»«i. ( — — — ) • 

■Again, 

a'+b' /._„ A + B\ M+B\ 



COS. 



= e.. (■«<.- 4±5) = -.,..(^) 



2 
[see Cor. 6, Prob. 3.] 

lastly, cot. — = cot. | 90*" | = tan. -. 

Having now transformed all the terms in (1), (2), (see p. ]67)f 
into different expressions, if we substitute the transformed terms 
in(l), (2), there results 



Qeos.— ^; 



\ V 9, y c 

tan. 






and 



a + 6 
whence   
2 



, sm. I J 

tan 






whence may be derived. 

2 -^ 



These equations (3)^ (4), expanded into a proportion, are 
called^ [as the former similar ones (1), (2) have been<8ee p. 169*)} 
Naper's Analogies, 
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Example, 

c = 51^ 6' 12" 
. A s ISO 5 22 
B = 32 26 6 

—— =B 48 49 38.... COS. = 9.8184449 sin. = 9-8766379 

I =r 25 33 6 .... tan. = 9-6795032 tan. = 9.6795032 

19.4979481 19.556141I 

 1 SK 81 15 44 COS. = 9.1815936 sin. = 9-9949301 



tan. 


a+b 
2 


= 10.3163545 


and 


a+if 
2 


=64° 


14' 


&% 




2 


=20 





221 



fl-6 
tan.-TT- = 9.5612110 
2 

and — = 20^ O' 22"i 
2 '• 



.-. a = 84® 14' 2S*'St 

104 

^=44 13 43>S!. 

I0« 



C determined. 



Bin. 130** 5' 22" =: 9.8836842 

sin. 51 6 12 ...= 9.8911357 

19.7748199 

•in. 84 14 29 = 99978028 

> 

.*. log. sin. C : = 9.7770171 

.•.C= 36® 45' 28". 

a and b being determined^ C may be determined from this 

expression, sin. C = sin. A x -: — , as it was in the preceding 

sm.a 

Example, or, without the intervening process of finding a and b, by 

die following method. 
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Determination of the angle C* 
In the supplemental triangle^ by the original form (c)y p. 139, 

V 

COS. c = sin. a . sin. b' . cos. C + cos. a . cos. b' ; 
or cos. (180*^ - C) = sin. (180^ — A) • sm. (ISO" - B) . cos* (180" - c) 

+ COS. (180" — ^ COS. (180"- B) 
or — COS. C stt — sin. A . sin. B . cos. c + cos. A • cos. B ) 
= — sin. A .sin. J8 (1 — ver. sin. c) + cos. A . cos. E ; 
and .\ 1 —-COS. C, or, ver. sin. C =2 
1 + COS. A . COS. jB — sin. A . sin. JB + ver. sin. c . sin. A • sin. JS 

1= 1 + COS. {A-YB) + ver. sin. c.sin. il.sin. JB ; 

c 

.*. ver. sin. C* or 2 sin.* — = 

2 

2. COS.* i ) + ver. sin. c .sin. A sin* B = 

J A + JB Z' , ver* sin. c . sin. -4 . sin. JB 

.COS. — -— 



Z' ver* sm. c.sm. ^.sm. JBX 



2 COS. 



A fi/i ver. sin. c.sin. A. sin. -B . , . ' 

Assume tan. a = — ^— — , or, m logarithms^ 

log. tan. =t 

I (log. ver. sin. c + logi sini A + log* sin. JB — 2 log. cos. ( j 

+ 10 - log. 2). 

then, ver, sin. C, or. 2 sin.* — = 2* cos.* f  ' ) sec.*0; 

' 2 V 2 y 

in logarithm!^, log. sin. — s: log. cos. + log. sec. — 10* 

2 2 
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C, in the former Example, found independently of a, 6. 

10-log. 2=9.6989690 
c = 51? ff ir..... .•.ver.8in.=:9.5706S9a» 

^=130 5 22 sin. =9.8836842 

B= 32 26 6 sin.= 9.7294422 

38.8827344 
^i5= 8i 15 44 ...2c08.= 18.3631872......cos.= 9.1S159?« 



20.5195472 
.-. log, tan. a = 10.2597736 sec. ^=10.3171290 

.-. log, sin. ^ = 9.4987226 

.-. ^=dl8^ 22' 43"^, 
2 

ftnd C = 36^ 45' 27", nearly, as before. 

If we express 1 + cos* {A -f JB), the versed sine of the supple- 
ment of A + B, by suver. sin. (A + B) we may employ this 
form for computing C 

ver. sin, C =s suver. sin. (A + B) + ver. sin. c.sin. ii .sin. B 
xs suver. sin, (A -f- J3) . sec/ Q, putting 

%¥.«^« 1. -;« 4 «;« n ver, sin. c .. 
tan, u =» sm. jf .sin, /?. — —. — , ^ , tv> . • 
suver. sm. (if + i>) 

Cas^ V. {aAbB). 

Two sides a, 6» and an angle A opposite to one are given, 
the angle B, and the remaining angle and side are required. 

_ -^ . _ sin. A. sin. b 

By Cor. ft. page 141, sui. B = : , 

'^ sm. a 



* Since ver; sin. r = 2 sin.* - , log. ver. an. c — log. 2=2 log. sm, - — 10, 

(c ^ + J5\ 

2 log. sin. - '^\og,&in,A'\Aog, sin. B— 2 log. cos, — ^ — ) 

which form is rather more convenient than the one used in the compu* 
tatioB. 
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and in order to find C, take the first of Naper's Analogies^ p. 167, 

C J ,A * «v cos. I (a + i) ,. 

then cot.- =tan.i(A + jB)- \) ^.. (a) 

2 -* cos. f (a + 6; 

and loff. cot. — = 

log. tan. § (il + J8) + log. cos. | (a + i) -^ log. cos. f (a — b). 
C being founds c may be had from the expression 

sin C 
sin* c = sin. a . . ' . , or directly thus from the third of Naper's 

sui. A 

Analogies, p. 147, 

^ -r / . IX COS. I (A + B) .^ 



ErampU. B computed. 

^ = 33^15' f sin. = 9.7590354 

A = 70 10 30 sin. = 9.9734663 

19.7125017 
«=: 80 5 4 sin. =r 9.9934638 

log. sin. B sin. = 9-7190379 

and U = 31^ 34' 37".7l. 



C computed. 

^^ =75^ r 47" .C08.=: 9.4O9SO99 

— i— =32 24 52 tan.r= 9.8027553 

19.2120652 
1^ = 4 57 17 .^ C08.= 9.9983741 

cot. - =9.2136911 

/. ^ = 80° 42' 38"I, 

J* 

and C = l6l 25 17^. 
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c computed from C. 

8in.l6l'*25' 17". = 9.5032532 

sin. 80 5 4 = 9.9934638 

19.4967170 
sin. 33 15 7 = 9.7390354 

log. sin. c = 9*7576816 

.-. c = 145^ 5' 2". 



c computed independently of the value of C. 

^i^ =5 75'' 7' 47" tan. = 10.6758962 

2 

--4--=32 24 52 co8.= 9-9264417 

2 

20.5023379 
^^=^= 50 15 ....cos.= 9.9999536 

.*. tan.i a 10.5023843 
2 

.-. 1= 72^*32' 30"! , 
and c s 145 5 14. 



Case VI. {AaBb) 

Two angles il^ JB and a side (a) opposite to one of them, are 
given, the other side b^ and, besides^ the remaining side c and 
the angle C, are required. 

• to 

b is determined from this expression, sin. 6= sin. a t^ — ; 

sm. A 

C from the first of Naper's Analogits {\\ p. 1679 <uid c from the 
third (3), p. 164^ as in the preceding case. 
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b computed. 

fl = 89^ 16' 53".5 BID. =z 9.999965s 

B=:48 36 0; ..::. sin. = 9.8751256 

19.8750914 
^=70 39 sin. = 9.9747475 

log* sin. b = 9.9003439 
/. ft s= 52^ 39* 4".5. \ 

The sin. 6s=8in.(180'^-ft), but b cannot = 127"* 20* 56", for since 
A > B.a must be > b» 



c computed fifom the form (6). 

X l±i s: 70"" 57' Sgr tan. = 10.4622011 

2 

r^ =59 37 30 ..... C08.= 9.7038563 

' 2  

20.1660574 

~-=ll 130 cos.= 9.9919097 

2 

log. tan. ^ = 10.1741477 
2 

.-. 1= 56^11'29".33, 
•and c=112 22 58.6. 



* This last Example is taken from the Trigonometry ^ of M. L^endre, 
who has, however, found c and C by a process different from the above. 
Sabjmned are the data and results m French measure {F) and r^ced 
by the Rule, page 21, to English (£). 



; 



I 
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C computed from the form (a), 
?i^ = 70*57' 59" .COS, = 9.51339U 

--S^ =59 37 30 ,, taq. =10.2320208 

19.7454619 

^^ sz 18 18 54.5 COB. = 9.9774230 

cot. ~ «= 9-7679789 
.-. ^ s 59P 37' 30", 
and 0=119 15 0. 



a s= 99^20' 17" (F) B = 54^ (f (F) J s= 78^50^ (F) 
9 92 017 5 4 7 85 . 

89 28 153 48 6 70 65 

6 6 6 



}6.m^ S6 39 

6 .-. B = 48° 36' '(£) .\A^ 7(f 3?' (J?) 



53.508 
.-. a == 89** Ifi' 53".5 (E) 

c:=: 124"" ^6' 99^.3, b = 58** 50' 14" (J), C = 132° 50' 

12 48 69.93 5 85 014 13 25 

112 38 29.37 52 65 126 119 25 

6 6 6 



22.97622 39.0756 15.0 

6 6 .-. 0=119^ 15' (JS) 



58.5732 4.536 

.-. c = 112° 22' 5?'.6 (£)...., .-. 6 = 52° 39' 4''.5 (£) 
and these quantities (c, b, C,) agree with those determined in the text 

Tb^ abore reductiotti may, more easily, be perforo;ied by the aid of 
the TaUa iosertec^ at tbe en4 ot Chap. I, p. 23. 
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In Case 5th, the angle C has been determined bj means of B 
previously determined^ and by ihe aid of one of Naper's Analogies: 
and this method, on the grounds of facility and certainty^ is, 
perhaps^ the most convenient: still, analytically considered, the 
determination of C does not require the previous determination of 
B, for by the third equation, p. 157» 

cot- il.sin. C = cot. a. sin. 6 — cos. Ccos.ift, 

in which A, a, b, C are alone involved. But, this form is not 
adapted to logarithmic computation; in order to adapt it^ we 
must introduce what has been called a subsidiary angle : thus, 
if we take such, that tan. = cos. 6. tan. A (c) ; then, 

sin. C. COS. 6  _ ^ , - 

T r COS. 6. COS. C = cot. a . sm. 6 ; 

tan. 

or, cos. b • (sin. C . cos. + cos. C . sin. 0) = cot. a . sin. 6 • sin. d ; 

I 

I 

. ,^ . Aiv cot.a.sin.d.sin. 6 r - /% /jv 

or, sm.(C + i7)= -7 =3 tan. 6. sm. a. cot. a... (a) 

cos. o 

Hence^ by deducing the logarithm of C + d^ vre shall know C, 
since is determined by this form, 

* # - 

log. tan. 0^=log. cos. b +Iog. tan. A — IQ, 

and by a similar method^ that is^ by the assumption of a sub- 
sidiary angle> may c be determined solely from A, a, b. It is 
sufficient, however, to have noted these methods, for^ the com- 
putist is not recommended to avail himself of them ; the preced- 
ing ones, those by yrhich the Examples hiive been numerically 
solved, being fully adequate to the purpose of solution. 

In Case 6th, C and c may be also solved by the introduction of 
a subsidiary angle; and its introduction, in these cases, corfesponds 
to the Geometrical resolution of the oblique-angled into two rightr 
angled triangles: thus, in the last case, conceive a perpendicular (;)) 
the arc of a great circle, to b^ drawn from the angle C on the base 
c, and let the angle contained between this perpendicular and the 



183 

side b be supposed equal to (90^ — d); then, by Naper's first 
Rule, 

1 X COS. b = cot. (90® - 0) . cot. A, 

and tan. = cos. b • tan. A, which agrees with the assumption (c), 
p. 182. 

Again, by Naper's first Rule, 
sin. {90® — (90*"— 6)} or, sin. d=: tan. p. cot. 6, and 

.*. tan.j} := sin. d. tan. b. 

And finally^ by Naper's first Rule^ 

cos. {C — (90**— 6)} = tan. |). cot. a, or 

.'. sin.(C + d) = sin. d. tan. 6. cot. a, 
which agrees with the result (d) in the preceding page. 

A great variety of instances to the preceding methods might easily 
be collected from Plane Astronomy. It is not, however, necessary 
to give any; since, amongst other purposes, the present Treatise 
is meant to be merely preparatory and subservient to the study of 
the latter science, and to be intelligible to the Student who may 
happen to be unacquainted with its technical terms and language. 
Astronomical Examples, stated and numerically resolved, would, 
indeed, be useful to the Student* One part of their utility would 
be, to communicate the art of translating Astronomical conditions 
into bare Mathematical conditions; it is not, however, the special 
business of a Trigonometrical Treatise to teach such art. Another 
part of their utility would consist in teaching the method of trans- 
forming general symbolical results and formulae into numerical 
values ; but, of this method sufficient specimens, it is hoped, have 
been given in the preceding pages. 

Still, however, it is desirable to apply and illustrate the pre- 
ceding formulae ; and, it happens fortunately, we can effect this 
without introducing either the principles or the terms of a new 
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science. The liccouiits of those Trigonotn^trkal Surveys, bj 
which the figure and dimensions of the Earth have been attempted 
to be determined^ will furnish us with very interesting instances 
of exemplification. 

In the next Chapter we- will turn our attention to this point. 
We shall there perceive how results may be obtained by the direct 
application of the preceding methods of solution ; and, besides, 
for what reasons and by what means^ those methods, in certain 
circumstances, are either modified, or completely superseded 
by methods of approximation. 






CHAP. XII. 



Application of Formula, to certain Cases that occur in the Tri- 
gonometrical Survei/s. — Reduction of the Oblique to an 
lIoritoHtal Angle, by the direct, by Delambre's approximate, 
Method. — Excess of the Sum of the three Angles of a Spherical 
Triangle above Two Right Angles. — Boy's Theorem. — 
Legendre's Reduction of a small Spherical to a Rectilinear 
Triangle. — Delambre's and Mudge's Method of computing 
the Length of the Meridian. 

In tlie Trigonometrical Survey, the two extremities of the 
line lo be measured, are connected by a series of triangles, tbe 
angular points of which are the stations, at which, by proper 
instruments, [he angles are observed. The sides of the tri- 
angles are determined by computation. But, since the sides 
cannot be determined solely from the angles, it is necessary to 
measure, at least, one side of one of the series of triangles. It is 
usual to measure the length of a side of the first triangle, near one 
extremity of the line to be measured ; which side is called the 
Base: and also another hue, the side of one of the triangles, near 
the other extremity ; which latter line, serving as a test of the 
accuracy of the observations and computations, is called a Base of 
Verification. In Ihe Trigonometrical Survey conducted in 1784j&c. 
under General Roy, the difference between the base of verification 
on Romney Marsh, measured and computed from the original base 
measured on Hounslow Heath, was found to be about two feet in 
28533 feet. The connecting chain of triangles by which the 
computation was made, extended over a space of eighty miles. 

After the first important operation of the measurement of a 
base, and which, (the side of the first triangle,) will be a spherical 
arc, if the measurement be conducted by spherical triangles; or, 
A A 
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a straight line, if by plane triangles of the chords of the spherical 
arcs^ the angular distances between certain objects that mark the 
several stations must be observed. But as the objects, probably^ 
are not situated on the same horizontal plane^ nor on the same 
spherical surface, the angles observed are oblique angles. Since^ 
however, the lines, &c. to be computed, are supposed to lie in the 
surface of the earth, the angles that are required are horizontal an- 
gles. The oblique angle observed then must be reduced to an hori- 
zontal angle : for instance, — if the two objects he A, B; O the 
observer^ and Z his zenith, and a, b, two points on the surfece of 
the earth (supposed to be spherical)^ the observed or oblique 




nt'-'.. 



angle, is JOB, measured by AB, and the horizontal angle, which 
is required, is equal to AZB, 

NoW; by the third method of solution. Case 1, page 159> 
. g AZB sin. 1 {AB + ZB^Z A). sm. i (JB+ZA - ZB) 

in. - ss _ ' .11 -  II  I  1 1 1 1  



sm. 



sin. 2^^ .sin. ZB 



^ Hia.^(a^H-h)s\n.i(a+k-H)^ if^B = a.Aa=:H,Bb^h 

COS. Jti . COS. h 
and in logarithms, 

. AZB 



log. sin. 



= i {20 + log. sin. I (a + H- h) + 
log. sin. ^ (a + h — H) — log. cos. iff— log. cos. h] 
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From this formula^ a, h, H, being determined by observation, 
the horizontal angle may be computed. For example : in the 
Trigonometrical Survey of 1787, made for the purpose of joining 
the Observatories of Greenwich and Paris^ the angular distance of 
Watten and Fiennes^ at Cadais^ was observed to be 66** 30' 38".9 : 
moreover, H was sa — l" (a depression) and h = 25' 47 '.2: hence^ 
if O represent Calais, A and B Watton and Fiennes, JB == 
66^ 30' 38^9. 

log. r* = 20 

J (a+if- A) = 33'' 2'23".35 siih = 9.7365802 

J(a+A--ff) = 33 28 13.55 sin.= 9.7415519 

39.4781321 
log. co8.-l''+log. cos. 25' 47".2...... =19-9999878 

.•• log. sin. -—- =^ (19.4781443) 

= 9.7390721 

^— = 33* 15' 18"!!, and AZB=z6&' 30* 36'%. 
2 » 



• . 



Here, the reducejd or horizontal angle differs from the oblique 
or observed angle by a quantity a little more than 2'^; and 
although the preceding process of reduction is not a long process^ 
yety for practical purposes, it is not sufficiently shorty when 
several hundred reductions are to be made ; and for this cause, 
M. Delambre* has investigated a formula^ and constructed ^ 
Tables of easj use, for finding a small correction ; which^ applied 
to the oblique angle^ should give the horizontal angle. A formula 
similar to Delambre's^ will be investigated in the Appendix. 

But, whether we use the preceding direct method, or Delambre's 
approximate method^ all observed angles, if it is proposed to conduct 
the operation with nicety^ must be reduced to horizontal angles ; 



 See Connoissance des Temps, 1793; Maskelyne, PhiL Tranfi. 1797, 
page 451; Legendre, Mem. Acad.l7S7, page 313; Delambre, Mem. 
Inst. I806. p. 112; Suanberg, ExpoHtian des Operations fmtes^ &c., 
p. 38. "^ 
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and these latter angles are spherical angles. For^ if we recur to 
the preceding method^ the angle reduced was AZBy which is 
equal to .the inclination of the planes OZa^ OZb. Hence, if 
from A and B, as stations, the angles subtended by BO, AO, 
respectively, be observed, and reduced, by the preceding method, 
to horizontal angles, the three stations will be projected on the 
surface of a sphere, and the sum of the three angles at O, a, and 
b, ought to exceed 180^ (Prop. 9, p. 131). 

If we could determine/ independently of observation, the 
quantity by which the sum of the three angles ought to exceed 
180^, we should then be able to judge of the accuracy of obser- 
vations ; which it is desirable to do, since observations made on 
objects situated nearly in the horizon, are liable to some uncertainty. 
Now, the Theorem concerning the area of a spherical triangle, 
(Prop. 13, page 134), enables us to determine the quantity of the 
excess. For, the area is equal to the difference of the sum of the 
three angles and 180^^ and consequently, since the sides of the 
spherical triangle described on the Karth's surface are nearly 
rectilinear, they may, with scarcely any error, be considered as 
rectilinear in the computation of the area. 

This beautiful application of Albert Girard's Theorem was 
first made by General Roy, in the Philosophical Transactions for 
1790, page \'J\, where he gave the following rule^ for computing, 
what he terms, the spherical excess. '' From the logarithm of the 
area of the triangle, taken as a plane one, in feet j subtract the 
constant logarithm 9.3267737, and the remainder is the logarithm 
of the excess above 180®, in seconds nearly.** 

The rule may be thus investigated, 

a + 6+c-i80*= ~ 180^ (Prop. 13), but S = 47rr*; 

A 180^ 
.'. a + 6 + c — 180°= — J x; 

Trr 



 M. Delambre finds, very expeditiously, the spherical excess by 
means of a chart of the triangles, a scale, and a Table of two pages. 
See Mem. Inst. 1806, pages l66, 179> 180. Disc. Prel. 
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or, if a, b, Cy are reduced to seconds, the excess in seconds 

180.60.60 , r. ,, r o , t. 

== s X ; now, on the £«arth s surface^ 1" (taking a 

mean measurement) corresponds to (60859 • 1) x 6 feet ; there 

fore, since an arc (s radius) = , 

I 

S60 3fiO 
1® : (60859 . 1) X 6 :: — : — x (60859. 1) X 6 = Earth's 

radius in feet. ' 

Hence the excess in seconds . 

Stt 60.60 



== X. 



= X. 



360 6'' X (60859 . 1) 
Stt X 10 



36 X (60859.1)''' 

•*. log. excess 

= log. X - {2 (log. 6 + log. 60859.1) - log. 3 w . lO} 

= log. X- (11.1249536- 1.7981799) 
= log. X - 9.3267737. 

As an instance of this rule^ take the Example given by 
General Roy, Phil. Trans. 1790, p. 172. 

Names of the Stations. Observed Angles. Distances in Feet 

Hanger-Hill Tower (a) 4,2'' 2' 32" (a) from (6)=3846l.l2 

Hampton Poor-house.;.. (6) 67 55 39 (a) from (c)=s24704.7 

King's Arbour (c) 70 1 48 • 

179 59 59 

Hence, making the distance from (a) to (c) the base of the tn- 

angle, the perpendicular on that base will be equal to 38461. 12 X 

^ o ^ „ , , - , - , . , base X pert', 
sm. 42 % 32 , and therefore the area of the tnangle =» — ^ 

= 24704.7 X 19230.56 X sin. 42® 2' 32". 
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Computation, 
log. sin. 42*^ 2' 32" = 9.825866'l 8.5026^28 

log. 24704.7 = 4.3927761 9.3267737 

log. 19230.56 = 4.2839906 - 1.1758591 

18.5026328 
.•. taking away 10 for radius, 8.5026328 Con*. No. = .14992 *, or 

the logarithm of the area in feet. the spherical excess in 

seconds is nearly .15. 

• Again, as a second instance^ take that given in the succeeding 

Names of the Stations. Observed Angles. Distances in Feet. 

Hundred Acres (d) 53^ 58' 35".75 

Hanger Hill Tower (e) 68 24 44 (d) from (c) = 71934.2 

St. Ann's HiU (/) 57 36 39.5 (rf) from {/) = 792 1 1.22 

179 59 59.25 
log, sin. 53*" 58' 35".75 =9-9078287 9-3625207 ' 

log. 35967.1 =4.5559054 9-3267737 

log. 79211.22 =4.8987866 0.0357470 = log. 1.0858 

19*3625207 or spherical excess in se- 

conds = 1".0858. 

Third instance^ from the Phil. Tram. IS03, page 428. 

Buxter HUl (g) l^" 12' 22" 

Dean Hill (A) 48 4 32.25 (t) from (g)= 1405 80.4 

Dannose (t) 55 43 7 («) from (A) = 183496.2 

log. sin. bS"" 43' 7"= 9-9171279 10.0^76492 

log. 70290.2 = 4.8468947 9.^267737 

bg. 18349.6 = 5.2636266 .7008755 = log. 5".022 ; 

eo.0276492 or spherical excess = 5".022 

* There appears to be an error in the Philosophical Trans, p. 172. 
wiere the spherical excess is put down .29» which is nearly equal to 
2.[14992}. The cause of the error seems to be, the neglect of the 
divisor 2 in estimating the area of the triangle ; for if we add the log. 2 
to — 1.1758591> the resulting number expresses the logarithm of .29- 
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In this manner the spherical excess computed*, will enable 
the observer to examine the accuracy of his observations, and in 
some degree to correct them. He may then proceed to calculate 
the sides of the triangles by the rules of Spherical Trigonometry. 
But thes^ rules, although they must give exact results, will not 
give results very expeditiously. It is, however, very desirable to 
obtain results expeditiously, when several hundred triangles are to 
be solved; and, this desideratum, M. Legendre has put us in pos- 
session ofy by combining sufficient exactness with conciseness in 
the following Theorem : "A spherical triangle being proposed, of 
which the sides are very small relatively to the radius of the sphere, 
if from each of its angles one-third of the excess of the sum of its 
three angles above two right angles be subtracted, the angles so 
diminished may- be taken for the angles of a rectilinear triangle, the 
sides of which are equal in length to those of the proposed spherical 
triangle." The demonstration of this rule \iill be given in the 
Appendix, but its utility may be here shewn. Suppose in a sphe- 
rical triangle, two sides and the included angle to have been 
determined, respectively, equal to 53^ 58' S5".75, 71934.2, 
79211.22 feet; compute the spherical excess, which is equal 
to l".08' nearly (see the second Example, p. 190), theny(l",08) 
= .36, and 53** 58' 35".75 - .36 = 53^ 58' 35".39: with this, as 
an included angle, ana the given values of the two sides, resolve 
the triangle as a rectilinear triangle^ by the method t given in 
page 83, Plane Trigonometry. 

* In two of the instances that have been given, the sum of three ob- 
served angles is less than 1 80^ ; .*. in order to correct that sum, we must 
add the defect plus the spherical excess; that is, in the first instance, 
we must add 1"+.15; in the second, .754- 1".08. If all the observed 
angles were made under similar circumstances, and with equal care, we 
should have angles better suited to calculation than the observed angles, 
by adding to each of the latter, one-third of the preceding corrections 
I". 15 and 1".83, But if two of the observations should have been made 
more correctly than the third, then to this third is the correction chiefly 
to be applied. General Roy, probably, acted thus; for his corrections, 
as they now stand, appear rather arbitrary. 

t This method has been used, in preference to the common method, 
because the logarithms of the two sides were already taken out. See p. 83. 



in 

log. 792H .22 = 4.8987866 

log. 71934.2 =: 4.8569354 

.*. log. tan. 0- 10 = 0.0418512 

.-. ^ = 47'* 45'23M 
d-45*= 2 45 23.1 

log. tan. (^-450) s= 8.6825575 

cot. 26** 59' 17".69 = 10.2930544 

••. log. tan. (^^^) = 8.97561 19 

.-. d^ = 5^ 24' 2".325 

il±2 = 63 42.31 

.-. A = 68^ 24' 44".635 
Bs:57 36 39.985. 

The Side c, opposite the included Angle, computed. 

log. 71934.2 SB 4.8569354 . 

log. sin. 53** 58' 35".39 = 9-9078286 

14.7647640 
log. sin. S?"" 5& 39".99 = 9-9265645 

.'. log. c s± 4.8381995 

.-, e = 68896.9. 

We must now add to A and B one-third of the spherical 
excess, and we shall have the spherical triangle completely re- 
solved ; * that is^ 

S Angles of the Spherical Triangle. S Sides of the Spherical Triang^ 
C = 53*^ 58' 35".75 c = 688^6.9 

-4' = 68 2444.995 0=79211.22 

B':s57 36 40.345 b = 71934.2 

Tio 1.09 

* In this instance solved by this method of Legendre, the conditions 
of the triangle were, two sides and an included angle ; but it is plain, 
that by the same method, a triangle with any three other conditions may 
be solved. 
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We shall have the same result as diat which we have already 
obtained by resolving the Example according to the method em- 
ployed in Case S, page 166; but that method is rather long^ and, 
on that account, it is superseded by the present^ which^ in cases 
like the preceding, gives results sufficiently exact. It must not, 
however, be forgotten, that^ in fact^ the preceding method b a 
method of approximation. 

One or two cases may be brought under the conditions of the 
foregoing. If two sides of a spherical triangle are each nearly 
lQ(f, and the third side is very small^ then, if we produce the 
two longer sides till they meet, a small spherical triangle will be 
formed, which may be resolved by the preceding method ; and^ 
from the sides and angles of this second triangle those of the first 
may be immediately deduced. Again^ if two angles of a spherical 
triangle are very acute^ the polar or supplemental triangle vnH 
have two sides nearly = 180", and the third a very small side: this 
case, therefore, is under the conditions of the preceding one. 

Triangles solved by the foregoing methods will be spherical 
triangles, their sides arcs of great circles, and the computed arc of 
the meridian also an arc of a great circle. But, the foregoing 
methods have not always been employed, and they are not in- 
dispensably necessary. Delambre, in France, and Colonel Mudge, 
in Ei^land, do not consider the line of the meridian as a curve, 
but as formed of the chords of curves ; and they have resolved 
their triangles not as spherical triangles, either by the direct^ or 
by Legendre's approximate process, but as rectilinear triangles, 
the sides of which are the chords of arcs. This method then re- 
quires Theorems and formulae different from those that have been 
already explauned. It, however, to a certam pointy goes along with 
the former ; for it supposes the oblique angles to be reduced, 
either ins tr|imen tally* or by calculation, (page 186) to horizontal 

* Hamsdeu's Theodolite, by means of an azimuth circle, gives at once 
the horizontal angle when the oblique angle is observed ; this instrument 
firrt, wc believe, shewed the spherical excess, which rarely amounts to 3". 
Mambre's and Mechain's TheodoUtes were Borda's repeating circles of 
iQiall dimensions ; with these the oblique angle was observed, and then 
ndnced by calculation (see page 186.) to the horizontal angle. 

Bb 
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angles ; and, the horizontal angles being, as it haH been alread 
explained, spherical angles, must be reduced to the angles con- 
tained by the chords of the spherical sides of the triangle. To 
effect this reductioti, we must resolve this Problem. 

Given the angle contained by the spherical area auO, bmO, 
(Fig. 15), the angle aOb contained by the chords aO, bO ia 
required. 




Let the spherical sides ali, bmO, anO, be represented hj 

c, b, a\ 

the chorda ah,hO,aO 7j ^3, a ; 

the spherical angle at O C 

the angle a Ob of the chord 

then COB. c = sin. a.sin. i.cos. C + cos, a. cos. b (page 139.). 

But, co«. c = I — 2 sin.^ - . and sin. a = 2 sin. - cos. - , &C, 
2 2 2 

.". I —2. sin.' - = 4. sin. -.cos. - sin. A. cos. 6. cos. C + 

2 2 2 

{.-»™.-?}{l-«,i„.-^}; 

c . a b y a 3 

but, sin. ~, sin.- , sin. - , (see p, 10.) = —.-. — , respectivelji 
2 2 2 ^ 222 *^ 

.'. substituting, transposing, &c. 
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2 X — =: ap COS. - cos. - cos. 0+ — , 

4 2 2 4 

but (Prob. 1, pages 24, 25), cos. d — ; .". substitutiog 

ap X COS. Cf = ap cos. - . cos. ^ cos. C -fc- — — , 

and dividiDg by afi, 

/i « ft r- I . « . ft 

COS. a = COS. - . cos. - . cos. C + sm. - • sm, - . 

2 £ 2 2 

From this expression, 9 may be found by the method given 
in Case S, page 171 ; thus> taking the instance given in page 187^ 
the distance of Calais from Watten and Fiennes being in minutes 
and seconds of the Earth's meridian respectively > 15' 59" f 7' ^6^^ 

we have - = 7' 59".5, - = 3' 43" 

.-. 2 log. cos. 33* 15' 18".44= 19.8446590 
log. COS. 7 59.5 = 9.9999988 
log. €08. 3 43 = 9399999S 

.'. 2 log. sin. itf+ 20 =39.8446576 
i^d Af =56* 44' 41". 

Again, 90P - ^ = 89* 54' 8".75 ; 

4 



... 90*^ fi.* + Af=:180^-(33*21' 10".25); .-. sin. =9.7401996 

4 

90»_ fL±* - jjf = 33' 9 27.7« sin. =9-7379440 

4 



2)19.4781436 



.•. log. sm. - = 9.73907I8 
and a = 66* 30' 36".68. 

For reasons, however^ similar to those which we used when 
speaking of the reduction of oblique angles to horizontal angles^ 
the direct and ordinary rules of Spherical Trigonometiy are too 
tedious for the occasion : differs very little from C, and a ^mall 
correction only is required. To enable the computist to obtain 



196 

such correction and with little trouble, M. Delambre, as in the 
former case of reduction, page 187^ has investigated a formula^ 
and constructed Tables resembling the former Tables. 

In this method^ then, M. Legendre's Theorem is not employed, 
nor is the Theorem relative to the spherical excess requisite; 
for there is this criterion of the accuracy of the observations — 
the sum of the three angles contained by the chords deduced 
from the spherical angles, ought^ if the observed angles vi^ere 
truly observed^ to equal 180^. The remainder of the calculation 
in this method is by the common rules of Plane Trigonometry ; 
and the arc of the meridian^ if that is proposed to be determined^ 
if composed of the sides of an irregular polygon inscribed in a 
circle.* 

We may then, in a Trigonometrical survey, calculate the 
arcs and angles according to the exact rules of spherical Trigo- 
nometry, as Boscovich has done ; or, we may reduce the observed 
angles to angles of the cbyords, and calculate, by Plane Trigo- 
nometry, such reduced angles and chords, as Delambre and 
Mudge have done ; or we may, by a slight transformation^ give 
to spherical triangles the properties of plane triangles^ and resolve 
them as such^ according to Legendre's method. 

Delambre, indeed, indefatigable in quest of accuracy, informs 
us, Mem. Inst, page 512, 1806, that he computed by the three 
different methods, the whole series of triangles that, extend from 
Dunkirk to Barcelona. 



* The whole of the process of calculation in a Trigonometrical survey 
has not been described. Since the Earth is not a perfect sphere, some 
small correction is due to its spheroidical form ; the investigation of 
these corrections is not of great difficulty, but is omitted here, since it 
would be foreign to the plan and matter of the present Treatise. 



CHAP. xin. 



On the Relations between the corresponding Variations of the Angles 
and Sides and Triangles ; and, on the Means of selecting, in 
the application of Trigonometrical Formula, the Conditions that 
are most favourable to accuracy of result. 

The preceding Chapter contaias some illustration of the use 
of Trigonometrical formulae. These formulae are applied to 
certain data or conditions furnished by observation. Now, the 
Mathematical process is sure and infallible ; but all instrumental 
observation, in a greater or less degree^ is liable to error. The 
practical result then cannot be perfectly exact : but it will not^ 
necessarily, be inexact to the full extent of the error of the ob- 
aervation. That error^ according to the conditions of the case, 
will be variously modified by the Mathematical process. If it 
changes its magnitude by changing the conditions^ it will be least 
when the conditions are of certain values* Hence, if it should 
happen, that we could vary the conditions, it would undoubtedly be 
expedient to assign them such a magnitude, that the errors of ob- 
•erv«tioDB should least vitiate the results : that, in the words of a 
Mathematical statement, the error of the result should be least 
with a given error ot observation. 

These reniarks stand, perhaps^ in need of some illustration. 
The }ieight of a tower may be determined by observing the 
angle which its summit makes with the horizon, and by measuring 
the horizontal difference between its base and the station of the 
observer. Now, in observing the angle, a certain error may be 
committed : but the error of the result (that which is Mathema- 
tically obtained) will vary as the distance between the tower and 
the observer is varied. If, therefore, we have it in our power, to 
regulate that condition, that is, if we can observe the height of 
the tower at what distance we please from its base, we plainly 
ought to select that which renders least inaccurate the result. 
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Again, in Astronomy, the time is determined from an observed 
altitude of the Sun or of a Star, from their declination and the 
latitude of the place. It is not then a question of mere curiosity 
to determine in what position^ or part of the heavens, the Sun 
or Star ought to be observed, in order that the instrumental error, 
supposed to be of a certain magnitude, may least vitiate the 
determination of the time. 

The determination of the least errors is only one branch of the 
general Problem, which assigns, in its solution, the relations 
between the corresponding errors in the data and results ; that is, 
the given errors in one or more of the conditions of the Pro- 
blem, and the consequent errors in the results. Thus, the right 
ascension and declination of the Sun are computed in the 
Nautical Almanack from the longitude furnished by the Solar 
Tables and firom the obliquity of the ecliptic. Now, the 
determination of this latter condition is subject to some error. 
If we assign a value to that error, we may then investigate the 
corresponding errors in the right ascension and declination, and, in 
the result of such investigation, we should necessarily include the 
cases^ in which the original error would least affect the values of 
the right ascension and declination. 

The errors^ that hitherto have been spoken of, are small variations 
or increments in the angles and sides of rectilinear and spherical 
triangles. Hence, an investigation of their corresponding values 
will comprehend a great variety of Problems that occur in Astro- 
nomy. For instance, it would assign the effects of parallax, re- 
fraction, aberration, precession, &c. in declination, right ascen- 
sion, 8cc. since the effects of these inequalities, always very 
small, may be represented by very small portions of the arcs or 
circles along which those effects originally take place. 

It is not here intended to extend this enquiry beyond tri- 
angles ; but, there are a great variety of Problems belonging to 
other figures and other subjects of investigation that might have 
been included under the class of Errores in mixt& Mathen. 

This was the title whiqh Roger Cotes gave to his Tract * on 



* iEstimatio errorum in mixta Mathesi per Variationes partium 
Triahguli plani et Spherici. 
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this subject; and Lacaille*^ in treating of the same subject, pro- 
perly describes the object of Cotes's Tract to be the determination 
of the limits of inevitable errors in the practice of Geometry and 
Astronomy. 

We purpose to treat this, as we have treated all the preceding 
subjects, analytically. Suppose the relation between an angle A 
and a side b, to be expressed by this equation, 

sin.^=: m.tan. b; 

then^ if A should be increased by A Aj whilst b was increased 
by Aft (Aii^ A&^ representing the entire differences or in- 
crements of A and b), the equation belonging to the changed tri- 
angle would be 

sin. (ii + A A) = m.tan. (&+ Ab), 

and the corresponding errors of A and b, or A A, A by would 
be to be determined from this equation, which is the difference 
of the two former, namely, from 

sin. (-1 + A A)" sin. A^m. {tan. (6+ Ab) — tan. 6}. 

If we expand t sin. {A-^- A A\ the left-hand side of the 
equation will become 



£2. sin. A . , d .sin, A 



Now^ in most of the cases that come under this enquiry^ A A, 
whether it represents the quantity of precession, or of parallax^ 
or of aberration, &c. is always a very small quantity : so small, 
that without vitiating the result, we may reject all terms involv- 
ing ( A il)*; (A Af, 8U5. ; in which case, the preceding quantity 
would become 

J. sin. A 



dA 



. A A. 



* < Le but de TAuteur est de determiner les limites des erreurs in- 
evitables dans la pratique de la Geometrie et de rAstronomie.* Acad. 
4es Sciences, 1741, p. 240. 

t See Principles of Analytical Calculation^ pp. 72, 73. 
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In like manner^ if the ligbt'-hand side of the equatioii be! 
evolved and the terms that involve (A bf^ ( A 6)\ &c. be rejected; 
it will be reducJed to 

J. tan. 6 

Hence A ilj A A^ are to be determined by this equation^ 

d.sin, A , d.tan. b , 

r-T — . Aii=m 77 — . A 6. 

dA db 

If A A^ A by should not be very small, or if considerable accuracy 
were required, the terms involving ( A Af^ ( A 6)* may be retained, 
in which case the equation will be 

J. sin. A ., d^.sm*A , ,.« 
df.tan. ft . . d^.tah. ft 



m 



fa. tan. 6 , . d .tari. ft , ,.o1 



and for deducing A il in terms of A ft, or A ft in terms of A A, 

, • . . , . __, .. df.sin. A <f .tan. ft 

the solution of a quadratic would be requisite^ — -—; — , . . — 

a A' db 

(see Principles of Anal. Calc. p. 74,) are the difieirential co^ 

efficients of sin. A, tan. ft, and are respectively equal to cos. A, sec' ft. 

We have taken a particular form; but, if we assume a general 
one« the method will be the same and the formula of solution 
similar. For instance, let X denote any function of A^ and Y of h, 
and let the equation be 

X = mF; 

then the equation for determining A il, A ft, will be 
d-3r , , d X , jvP . « 

and if A Ay A bj are very small, 

^^ A A ^^ A IL 1 

--—  • A il = m -T- . A ft, nearly ; 
a A do 
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dX  X dY ^ , , 

And, in like manner, if V should be a function of C, and U of a, 
&c. and the finite equation of relation should be 

X + n.F+ Sic. =z mY + pU + kc. 

fif m, &c* being constant quantities, the equation of relation be- 
tween A A^ A flj &c. these quantities being very small^ would be 
nearly 

dX dV dY dU 

-=-r.AJ + n.— -•AC = wi.-77^ft+P- T^. Afl* 
dA dC db da 

In order to facilitate the solutions of the following cases^ we 
will prefix the values of the differential coefficients of sin. x, 
cos. x, &c. 

^ d.sin. X d.cos.x d.tzn.x o 

* — 1 —COS. X, ' = — sin. X, — ;; =sec. X 

ax dx dx 

d.sec.x tan.jr d. co-sec. x co-tan.x d. co-tan. a? 2 

— = = : = — co-sec. X, 

ax cos.x d.x sm. X dx 

Example 1* 

In a right-angled triangle^ of which one side is h, the other a, 
and the angle opposite h^ 0, it is required to find the error or 
variation in A, from a given error in 0, (See Cotes's Est^* Errorum 
in mixta Mathesi, p. 20.) 

. ^ d tan. 
Here, A = a.tan.0; .', Dkhsza. L^u , 



d0 

* /% « /% sec. ^ . rk 
a.A0.sec.'0=: r .AA0 



tan. 
h.A0 A.A0 2A.A0 



tan. d.cos.^d sin. d. COS. d sin. 2d' 

consequently, if A d be given, A h will foe least when sin. £ d is the 
greatest, that is, when = 45^, and consequently, when a = A. 



^ d.sin.x . ^ . . .• • • sm. cT 

* — T — , in nuxionary notation is sm. 



X 



Cc 



Hence, if h represeut ihe height of a lower, and A 9 be the 
error of observation, (see p. 197, i- 22,) it will be most advan- 
tageous to observe the angular height of the tower at a distance 
about equal to its height •- 

Example 2. 

In a right-angled spherical triangle, where C is the right 
angle, and A is invariable, it ia required to find the corresponding 
variations of the hypothenuse c and ihe side b. 

Bj Naper'fl first Rule, p. 1 46, making the complement of A the 
middle part, and the radius equal 1, 

J X COS. ^ = tan. 6, cot. c; 
.■- (sec p. 201, i. 12j) 

^ A i.sec* 6. cot. r — A c.tan. i.co-sec.'r ; 



A6 
Ac ' 



tan. b 






stn. C.I 
sin. 2 b 



 (see p. 9, 10.) 



 (see p. 12.) 



Example 3. 




Let now c be invariable, and let it be required to find the ratiu 
I between the variations of Ihe sides a, and b. 

B Make the complement of c the middle pari, then, by Napcr's 

^B second Rule, p. 14G, 

I X COS. c = COS. a . cos. b ; 
.-. (p. 201, J. 12,) 

= — A a. sin. a. cos. i — A 4. sin. b.coa.a; 

• ' Commodissum erit ad eam distantiam {AV) observationem ii 
ut augulus {dCB) sit graduum 45 quamproxime.' Cotea's Esf. ErroA 
p. 20, 



• • 
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A a sin. b cos. a , 

= X -: = — tan. b X co-tan. a. 

A 6 COS. 6 sm. a 



Example 4. 

In an oblique-angled spherical triangle (SZP), if one sideCP^S), 
vary^ it is required to find the corresponding variation in one of 
the angles {SPZ). (See Lacaille^ Mem. Jcad. 1741, p. 242.) 

Let the angles SPZ, SZP, ZSP be Ay C, B respectively, and 
a, c, b, the opposite sides ; then^ see p. 139. of this Work, 

cos« A . sin. b • sin. c = cos. a — cos. b • cos. c ; 
/. by p. 201, 

— • A il sin. A . sin. b . sin. c + ^ c . cos. c . cos. A . sin. b = 

A c.cos. A.sin. c; 

Ac 

.*. A il ss -^ — : — - — : (cos. A . cos. c . sin. b — cos. b . sin. c) 

am. A . sin. b . sin. c 

= A c (co-tan. A . cot. c — co-tan. b . co-sec. A)* 

If Z be the zenith, P the pole, and S the Sun, then the above 
solution will^ in the method of finding the time by equal altitudes, 
assign the correction of the time (A A) which is due, by reason 
of the variation or error (A c) in the co-declination. (See Astron. 
vol. I.) 

Example 5. 

In the precedbg triangle {SZP) if SZ {::zd) vary, it is re- 
quired to find the corresponding variation in the angle SPZ 
( = il). See Esf. Errorum, &c. p. 21.) 

By p. 139. of this Work, 

, COS. a — COS. b . cos. c 

COS. A = : — 7 — ;: ; 

sm. . sin. c 

••. by p. 201, 

sin. a 



— A ii . sin. il = — A a . -: 



sin. b . sin. c * 



Hence, since b is supposed to be coDstant, and C to be variafH 
A j1 is least, (A n beinff given,) wlien sin. C is the greatest, thai 
is, when C is a right angle. 

If S, Z, &c. designate, what they were made to do, in the latlei 
part of the preceding Example, then this solution determines the 
error in the time {^ A) consequent on a given error in the ob- 
served altitnde (90" — a), when from such altitude and the known 
latitude of the- place, it is proposed to find the lime ; and, the 
solution also determines that the error in the time will be the 
least when C ( = SZP) is Qo", that is, when the Star S is OQ the 
prime vertical. (See Astron. vol. I.) 

By similar processes we might find (as Lacaille has done, Mem. 
Acad. 1741, p- 248.) the effects produced in the right ascensions 
and declinations of stars, by the precession of tlie equinoxes. 
But this and like Problems require no new or peculiar principle 
for their solution, the tirst step of which (the essential one in 
this class of Problems) is to be niade, as in the foregoing cases, 
by taking the differential or fluxion of each side of the equation 
(see p. 201, 1. 12). The other steps necessary to produce 
results of a certain form, must vary with the conditions of the 
case, and consequently cannot be anticipated and pieacribed by 
any fixed rules. 

Here terminates what specially belongs to Trigonometry. 
In the course of the Treatise, considerable aid has been drawn 
from certain auxiliary branches of science; for instance, in almost 
every example, the processes and formula? of logarithms have 
been introduced. Now, logarithms have neither a more intimate 
nor a more natural connection with Trigonometry, 
mauv other branches of science. There is no eminent r 



y, than w^^^ 
reaa^^H 



205 

then, why the properties of the fonner should be discussed in 
a Treatise on the latter science. Still, since it is usual to treat 
together of the one and the other, the custom is here not departed 
from. And, accordingly, for the purpose of investigating the 
properties of logarithms, and for the discussion of some other 
subjects connected with die preceding matter, the following 
Appendix is now added. 




APPENDIX. 



If we look to those branches of Science that are mathema- 
tically treated of, such as Dynamics, Astronomy, &c. we meet 
continually with instances,' in which it is necessary to multiply 
numbers together, to divide one number by another, and to extract 
the roots of numbers. The common rules of arithmetic are 
adequate to these operations: but the operations themselves, 
especially if the numbers consist, as is generally the case, of 
several places of figures, are very tedious. The conditions of the 
problems that are really presented to us in Natural Philosophy 
for solution, are rarely expressed by small integer numbers. 
They are most frequently the results of methods of approximation; 
and, as such, are necessarily expressed either by decimals solely, 
or conjointly by integers and decimals. For example, according 
to the inethod of determining the eccentricity (e) of a planet's 
orbit (see Astronomy, vol. 1. pp. 473, &c.) the eccentricity can 
never be exactly expressed : it is merely the result of a method of 
approximation : it can only, therefore, be nearly expressed : very 
nearly by five decimal places, more nearly by six, still more so by 
seven, and so on. The case is the same with other quantities : so 
that when we are obliged numerically to expand (which in practice 
we are always obliged to do) our formulae, or the results of our 
mathematical processes, we have to multiply, divide, or extract 
the roots of such quantities as 1.016814, .983185, &c. (1 +^, 1 — «); 
which operations, indeed, are not difficult, but are tedious ; and, if 
of frequent recurrence, very embarrassing to the computist. 

There is, besides, this circumstance to be noted in these simple 
operations of divisions, extractions, 8ic. namely, that the operations 
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performed in any particular case cease^ wlieu the case is resolved, 
to be of farther use. The extractions of the square roots of an 
hundred numbers do not aid us in determining^ with any increase 
of facility^ the root of the hundredth and one number. Previous 
operations become not subservient to the abridgment of similar 
subsequent ones. The labours of preceding mathematicians are^ 
in these cases, of no use to those that come after them. 

These inconveniences, (such as have been described) could not 
but be felt by the early analysts : and^ as it is natural, having once 
possessed themselves of sure methods of calculation^ they began 
to seek after expeditious ones. After may trials and immense 
labour they discovered such, or rather invented such, by means of 
Ix^ariihrns. 

'These have had various definitions assigned to them, and have 
been computed by a great variety of methods. They have, with no 
great propriety of language, been styled Artificial Numbers. They 
have no more title to that denomination than the square or cube 
roots of the numbers 2, 3, 5, 8cc. have. If 10* = 3, x is the loga- 
rithm of 3, and is some number between and 1, and must be 
expressed, for the practical purposes of computation, by some 
vulgar or decimal fraction. But ^2, ^3, &c. are in the same 

predicament. There is no number that exactly expounds \/Q: its 
value (if we may so express ourselves) is between 1 and 2, but not 
capable of being exactly assigned : it is greater than ^, but less 
than I ; greater than ^ but less than ^ , &c. &c. ; and these 
limits between which the value of V^2 is always placed, may be 
found either by the common rules for the extraction of roots, or by 
a series of tentative methods. The case is nearly the same with 
the equation 10^ = 3. A series of limits between which x is^ 
successively, still more and more narrowly placed, may be found 
by trial and the simplest operations : the value of x is between ^ 
' and ^ : it is less than j, greater than | : less than ^, greater than 
^ : less than f , greater than ^ ; or less than .5, but greater than 
.46875 : and, in this way, we may make approaches to the loga^ 
rithm of 3, with as much certainty as towards the square or cube 
root of 2, 3, or of any other number which is not a complete 
power. The results are no more artificial in one case than in the 
other* 



It is true that the direct process for approaching to the value 
of X in ao equation such aslO* = 3, or 10' = 2, Stc. ia not so simple 
nor 80 easily practised as the ordinary processes or rules for the 
extraction of roots. But if we examine the matter on those 
grounds on which all analytical calculation rests, there is no es- 
sential difference between the two processes. Tliey are in the 
same line of consecutive deductions : one nearer, indeed, to tl^| 
common source than the other. ^M 

We have chosen to consider logaritiimB as the values of x in 
the equation lO*^ = N, when N is represented by the seveml 
numbers from to 1000 and upwards. This, however, is not the 
form under whicli logaritlinis were originally exhibited, or neeJ 
necessarily to be exhibited. It is the form rather to which (after 
many trials) as essentially embodying their properties, they have 
been reduced by analytic art. All numbers then are made equal 
10, or feigned to be equal to certain powers of 10, and the indlcei 
of those powers are the logarithms of the numbers. But it is pl^ 
if we may assume such an equation as ^H 

10^ — N fl 

or 10'""'^ = J^. ^ 



We may also suppose 2' = N, or 3'=N,&.c.; that is, there 
may be several si/stems of logarithms : alike in their general pro- 
perties, but differing from each other by reason of their basti, 
which are the technical denominations of the numbers 2, 3, Scc. 
in the equations %' = N, 3^ = N, Bcc. 

The general formula for the value of x in the equation N= a 
cannot be obtained by any ordinary or simple processes. But 
Ihere are particular cases in which, without any trouble, wi 
assign the valuer of x : for instance, if 2 should be the base, I 
since 

2*=4, 2* = 8, 2^ = 16, 
8, 3, 4, 5, &c. would he the logarithms of 4, 8, 16, 32, 8cc.^ 
3 should be the base, then since 

3'' = 9, :f = 27,  



, &c. 
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2, 3, 4, &c. in such a system would be the logarithms of 9, 27> 81, &c. 
In like manner^ in the common or Briggs's System of Logarithms, 
m which 10 is the base^ 

2) 3, 4, 5, Sec. are the logarithms of 100^ ICXX)^ 10000, 

iboooo, &c. 

There is no need of calculation^ not even of the slightest, in 
these simple instances : and^ if we selected others, we might still, 
by very simple, although tedious, processes, deduce or approximate 
to (and almost all the values are approximate ones) the values of the 
logarithms of numbers. For instance, if the base should be 2, 
then the logarithm of a number intermediate to 4 ( = £^) and 
8 ( = 2^) must be some number (using that term in its general 
meaning) between 2 and 3 : suppose the number to be 6 = 2"^ : 
then X is intermediate to 2 and 3 : if the arithmetical mean of 

2 and 3, namely I, be used to represent to, then, since 2^ = v32 
which is less than V^36 ( = 6) |, or 2|, or 2.5 is too small an 

index. If we assume x = 2|, or |, then since 21^ = ^^256 
which is greater than ^216 ( = 6), the index 2|, or 2.26666, is 
too large* The logarithm of 6, therefore, is now confined within 

2| and 2| : if we try — ^ = - ( — h - 1 7 we shall find it too 
* * -^ 12 I 2 V2 3/J 

small : the next trial, therefore, roust be with some number be<^ 

31 32 

tween the limits — and — : and as these limits successively 

12 12 

approach to each other in value, we shall, by repetition of trial, 

continually approach more and more nearly to the value of the 

logarithm of 6. 

The above, however, is a very rude method of obtaining, and 
by trials not speedily made, the index of 2. It will, together with 
all similar imperfect and irregular methods, be superseded by any 
formula, or regular process, which, from the equation, 

exhibits x in terms of N and a. 

From such a formula the arithmetical values of the logarithms 
might be deduced whatever were the system : whether it were 

Dd 
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Briggs'Sy or the common system in which the base a is 10^ or 
Naper's, or the hyperbolic^ in which the base is 2.7182818, &c. 

The use of such a formula^ as that we have just spoken of, is to 
deduce the logarithms of numbers, principally of prime numbers. 
The use of logarithms is^ as it has been stated^ to render aridi- 
metical operations more compendious**^ than they are by the 
ordinary processes of multiplication, division, involution and evo- 
lution. That object (compendium of calculation) is attained partly 
by the registering of the arithmetical values of logarithms, when 
once obtained, and partly by the properties of logarithms. The arith- 
metical values of logarithms are obtained for us by the labours of 
others : and we should have indeed, on that score, the same kind of 
benefit, if the square, ciibe, &c. roots of numbers, the products of 
numbers, &c. obtained by previous computation, should be registered 
in Tables. But, as it is plain, the labour of computation would not 
only be excessive, but the size and number of the Tables would be 
so incommodious as to be almost entirely useless. The logarithms 
of numbers may be comprised within Tables of a convenient size: 
and may be applied, by means of the properties of logarithms, to all 
arithmetical operations whether of multiplication, division, evo- 
lution or involution. Their properties then (of which we shall 
now proceed to speak) render it worth the while (whatever the 
expense of time and labour) to procure the computation of several 
millions of results and to insert them in Tables. 

Properties of Logarithms. 

Let^N==a^ ]V'=a^ N"=a*", JV'"= a^", &c. then 
NN' =:a' X fl' = a^+^'; but by the definition, a? + / is the loga- 

 The introduction to the English Translation of Briggs states, 
very plainly and distinctly, the uses of logarithms, " By them all 
troublesome multiplications and divisions in arithmetic are avoided, and 
performed only by addition instead of multiplication, and by subtrac- 
tion instead of division. The curious and laborious extractions of roots 
are also performed with great ease, as the square root of any number is 
found by bipartition or division by 2, &c." Logaritkmetical Arithmetic^ 
1631. 
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rithm of the number represented by NN\ and x and x\ by the 
same definition^ are the logarithms of N and N^; hence we 
have^ in other symbols, 

log. (NJV') = log. JV+log. N\ 

If therefore we possess already computed the logarithms of 
numbers, instead of multiplying, when there is occasion, one 
number by another, it is sufficient simply to add their logarithms; 
and, the sum will be a logarithm corresponding to which, is the 
number that is the product required. For instance, 

the logarithm of 2.13 = 0.3283796 

of 47.2 = 1.6739420 

2.0023216 

and, the number corresponding to 2.0023216 is 100.536, which 
is the product of 2.13, and 47.2; as on trial, it will be found 
to be. 

Again, JVJV'JV"=a*xa''xa'" = a^+*"+^^ but by the 
definition, x+x'+x^' is the logarithm of NN' N", or, 

log. N + log. N'+'log. N" = log. (NN' N"). 

N af^ 
Again, -j^ s= -^ = o"'^ *', but by the definition, x — x' is the 

N 
logarithm of the number corresponding to a' ^', or —, : or, 

N 
log. jV - log. N' = log. —, ; 

hence, instead of dividing, for instance, 841.32 by 5.316, subtract 
the logarithm of 5.316 from that of 841.32, and the remainder 
is a logarithm, corresponding to which is a number that is the 
quotient that would arise on dividing 841.32 by 5.316; 

Again, N'^ = (a')**=a*** but, by the definition, mx is the loga- 
rithm of a*"-*", or N^; .'. in other symbols, 

m log. N = log. JV^ ; 

hence, instead, for instance, of multiplying 53.127, five times 



b; itselfj in order to obtain (53.127)^ multiply the logaritb 
33.127 by 6, and the product is a logarithm, the number c 
spending to which is the 6th power of 53. 127. 



Again, N"=(a'0» 



" ; but by the definition, - is  



logarithm of a number represented by a» , or N* : or in ofl 
symbols, 

-.log. N^ log. N" . 

Hence, instead, for instance, of extracting the square r 
137.51 twice, in order to obtain ^(137.51), divide the logaril 
of 137'S1 by 4, and the result is a logarithm: and the number 
corresponding to it is the fourth or Biquadratic Root of 137.51. 

Even these few illustrations shew the utility of logarithms : 
by means of a few simple rules and the same Tables^ or registered 
resultSj the complex operations of arithmetic (as they may be 
called) or the involution and evolution of numbers, are super- 
seded by the most simple, which are addition or subtracUou. The 
enquiry, therefore, may be now directed towards what, indeed, are, 
in this subject, the sole remaining objects of curiosity, the certain 
methods of computing logarithms from numbers, and numbers 
from loganthms. These objects will, it is evident, be attained by 
the solutions of two problems, by one of which, the equation 
being 

X should be expressed in terms of N and a ; and by the other N 
should be expressed in terms of a and r; the expressions in each 
case admitting (which is essential) of an easy application j 
specific instances. 

Expansion of a". 

= 1 1 + (« - 1)1- 

= )+i.(o - l) + .r.i^.(« - 1 
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+ X. . .{a — 1) + 8ic, by the Binomial Theorem  : 

2 3 

and arranging the series by the powers of ^; 0^=1 4*^ 
{(a- D — |(a- i)2 + l.(a-i)» -&c.} +9X^ + rx' + &c. 
y, r, 8cc. standing for certain combinations of (a ^ 1)*, (a— l)^ with 
the numbers^ 9,, 3, Sec. : for, it is plain^ from the manner by 
which they must be formed, that they cannot involve the index 
X, or any function of it : 

hence, if we make p = (a — 1) — ^ (a — l/ + y (a — 1)^ — &c. 
and a' = l+p2;+5/+r2;®+&c. 

pq (x^z+z^x) + &c. ; but from the original form for a", sub- 
stituting x + z instead of x, we have 

0*+' =1 + p (jv + z) + q {x + zf + r (x +zy + &c. 
=:l'{'p(jv+z) + q.^xz+qix' + z^) + r(3x^Z + Sxs!^)+!>ic. 

hence, comparing the terms that involve like powers and com- 
binations of :r and ;z ; 

2q=p^ and .-. y = ^ , 

pq p* 
3 r =r p5, and /. r = -^ = — ; 

and^ if ^ represent the coefficient of the term succeeding rx j 

rp p* 

4.-r,, ««!.•.. = - = — -ji 

.■.a-,«»=.+,x+^^..'+^.»-+^^«'+S«.(.) 

This series then determines the number N in terms of the 

» ..III 11. 

* See Woodhouse*s Priucipks of Analytical Calculatiottf p. 35, &c. 
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base a, and the index or logarithm x; but, the reverse Problei 
tliat which delerniiues x in the teims of JV and a is of the i 



s expressed in terms of N and i 



pi pj 

]V= = 1 + P:+ — z^ -\- — — s' -(- i 
1.2 1.2.3 

if P = (N-1)- }(]V-lf + 4 (N- !)'-&. 
but, since N = a', N' = a'= = l +pj;3 + -^^.z* + &c, 



Heucej comparing the terms that are affected with like pow 



of z, px - P, 



(pxf 



1.1 



the same equation in fact i 



P (^N-i)-^.iN-lf+\(N-lf-&c.' 
px=P: hence jr= - = r ^ ; {/) 

and hence, if instead of N=a', the equation ia 1 + ^=0*, 
±N-i N^±^ N^-Scc. 



e shall have x = 



-&c. 



(L). 



This is a simple algebraical mode of expressing x : but, it 
docs not follow that it is, in all instances, commodious for the 
arithmetical computation of x ; since, if N be represented by any 
number, 7 for instance, and a be 10, the base of the common 
logarithms, neither the series 6 — § (36) + -j (2lG) — Stc. repre- 
senting the nuineralor, nor the series 9—2 (8l)4-y (729) — «c. 
representing the denominator, converge : in fact, the terms of the 
series are larger, the more remote they are from the beginning, 
and consequently no number of them summed can exhibit, either 
exactly or nearly, the true sum. Retaining then tlie law of the 
expressions, we must now adapt them to numerical compulation : 
and first we will shew a method of computing 




inlhe series a':=l+pr+ -i--a-+ -^ i' + gcc. 
let X = t, and p = ], then n will have a peculiar value, nnd 



call this e, then(e~l)- i (e- if +^{e-\f - Su-. (which 
Ihe value of p in this case) = l. 

In the expression for a' put x ^ ~ , then 
P 

flt= 1 + 1 + h &c. = e, and - = e"?; 

1 .2 a 

but if e'P = -, then, by the form (/), page 214, 

_ C-0-G-0°^iC-')'-^' 

'' (e— l)-j(e- l)'-+^(e-l)'-&c. 

m, since the denominator = 1, 
a — I 



"="^+K^y+H^y+ 



Sic. 



Now, since a — 1 < a, this series always converges. Hei 
the common system, or Brigg's, in which a = 10, 

i.9f , (.9)' 



P = -9 +  



- +&€. = 2.3025850929. &c. 



Lei us now endeavour to obtain the numerator by means of a 
merging aeries. 

By the form (L), page214j it appears, that 



if I + ' 






^ + i h' - &c.) 

«' - &c.) 
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Hence, 

ii^ =a'-y, and, x-y, = - (n+i n^H- ^ »^ +&c.) 



P 
l+n\ 2 

N-1 



or, log. (-^) = - (« + i n' + ^ n^ + &c.) 



1 + 



N+1 
Now, N = — , substitute therefore, in the preceding 

^~ N+T 

' N+i ' 

N-1 

and this series is plainly a converging series, for =r=: being 

a proper fraction^ the terms^ reckoning from the beginning of the 
series^ are less and less. 

For other methods, see the Principles of Analytical Calculation, 
pp. 137, &c. 



2\7 



Example, 
Let it be required to compute the logarithms of 2 and 3. 



N:=i^, and - 



JNT-l 1 



F+T""3 



1 
3 



s .333313333 



J— = .01234567 

3.3» 



NssiS, and 



1 

2 



^-1 2 1 
iV + 1 *'4"'2 

= .5 



5.3* 

1 

7.3^ " 

1 

1 
11.3" 

1 
13. 3« 



=: ,00082304 



= .00006532 



= .00000564 



= .00000051 



.•. log. 2 = 



= .00000004 



.34657355 



— X .3465735 



2.30258509 &c. 

r= .3010300 to 7 places. 



1 

3.2' " 

1 
5.2* •• 

1 

7.27 •• 

1 

9.2» " 

1 
11.2»» 

1 
13. 2« 

1 
15. 2»* 



17.2»7 



19.2»» 

1 

21.2«V 

1 

23.2«» 



=s .0416666666 
= .00625 
= .0011160714 
.= .0002170138 
.=..0000443892 
. = .0000093900 
. = .0000020345 



JL- = .0000004487 



i =£.0000001003 



= .000000022} 



= .0000000050 



.-. log. 3 = 



2.30258509 
= .4771212. 



.5493061422 



• , &c. X .5493061 



Ee 




thus computed, : 
systenij in which a = 10 and 

-D- i(fl- I)' +-i.Ca-l)' — &c. = 2.30258509, &c. 

If we take the base = e =: 2.71828182, &c., in which 
(c- I)„-i,(e_ if + i (e_ ])=- &c.= 1, the logarithms will 
belong to a system -called, from certain analogies, Hyperbolic, or 
from its inventor, Naper's; and accordingly, we shall have the 
hyperbolic logarithms of numbers from the preceding aeries, by 
omitting the denominator p which is equal to 1, ^^ 

since it = (c-l) ~ -^ i,e~ if + \ {e- if - Sec. ^^ 
hence, hyp, log. 2 = .69314718, and hyp. log. 3 = 



A constant multiplier connects one syster 
another : if A be the hyperbolic logarithm of 



of logarithms witii 
1 number N, then. 



2.30258509, &c. 
logarithm. Generally, 



T h K .43429448, &c. is the common 



if the base of a system of logarithms be 
b then, in that system, the logarithm of a number N = -= iJ^^ 
if B = (i_ 1) _i,(6-i>* + !■(*- I)' -&c. ^ 
or, if X be the logarithm of a number N in a system of which the 
base is a, then log. N (base b) = 

p _ ^ ^ (a-l)-i(a-lf + i(a~lf-&c. 



(A-i)-i(6- l)' + ^(b~lf—&c.' 
By means of the logarithmic series, page 214, the logarithms 
of 2 and 3 have been computed; and, by the aid of the same series, 
by the properties of logarithms, and by certain simple decom- 
positions of numbers, the logarithms of all other numbers may be 
found : for instance, 

The logarithms of 5 *, 7, 11 may be computed from the 



' Since 5 = — , log. 5= log. -^ = log. 10- log. 2 = 1 - log. 
 .3010300= ,6p89700; .•. it is umiecessarv to compute the U 
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The logarfthms of 4, 6, 8, 9, 10^ 12, U, 15, l6, 64, 8cc. 
may be deduced from the properties of logarithms, for 

log. 4 as log. 2» =3 2 log. 2. 

log. 6 = log. (2x3) = log. 2+log. 3. 

log. 8 = log. 2' = 3 log. 2. 

log. 9 = log. 3^ = 2 log. 3 

log. 10 = log. (2 X 5) = log. 2+log. 5. 

log. 12 == log. 34-log. 4 = log. 3+2 log. 2. 

log, 14 =: = log. 2+log. 7 

log. 15 = = log. 3+log. 5 

log. l6 s= log. 2* =4 log. 2 

log. 64= log. 2« =6 log. 2. 

The logarithms of 13, 17, 19^ 23, 29, &c. cannot be easily 

N— 1 
computed for the series (X), since ^^r—- — , the larger N is, 

approaches to 1 : with the preceding numbers 13, 17, &c. the 

fraction would be respectively, — , or«» Tft^^^o'To'T~' *^' 

and the numbers also being prime cannot be resolved into factors ; 
but if they algebraically be expressed after this manner, viz. 

]v=(N-i)(i + j^4rr)' **" 

log. N = log. (N - 1) + log. (l + JfZ^y - 

by (L), pagers 14; and thus, the logarithms may be computed by 
series that converge with sufficient rapidity. 

For instance, 
if 2^=13; log. .3 = log. i2+i(^-^+^-*c.) 

i{N=l7; log.l7 = log. ,6+i(±-_l_+-i_^^.) 
if N=£3; log. 23=log. 22+i (±-^+^.&c.) 
ifN=29; 'og.29 = log.28+i(^-^,+3:^-*c.) 
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In these expressions^ the logarithms of 12^ 16, 22, 28^ are 
known from the logarithms of their factors, see p. 219 : &nd when 
N is a prime number, N— I can be always resolved into factors. 
There are, however^ besides the preceding, various other artifices 
and methods for computing logarithms** . . 

But, as it has been in substance remarked before^ the art of 
computing logarithms; and dexterity in that art^ would, by them' 
selves^ be of no use in expediting calculation : if, for instance, we 
had to multiply 31.523 by 17.81, ttnd to divide the product by 
5.4312, it would be k most long method of performing the ope- 
ration, to investigate the logarithms of these numbers. It is die 
circumstance of registering computed logarithms in Tables^ and^ 
by the art of printing, of multiplying such Tables, that enables us 
to compute quickly. The calculation of logarithms is exceedingly 
operose ; but one man calculates for thousands, and the results of 
tedious operations are made subservient to the abridgment of 
similar ones. 

By the methods already described^ the logarithms of all numbers 
from 1 to 100000, are computed and registered in Tables. Those 
in common use contain the logarithms of numbers, according to 
Briggs's System^ in which the base (a) is 10. Naper's, or the 
Hyperbolic logarithms are 90 seldom required in numerical cal- 
culation^ that it is more convenient to deduce them from Briggs's, 
by multiplying the latter into the number 2 30258509299, &c. 
than to search for them in separate Tables f. 

But Naper's System, in which, (e — l) — ^(e — l)*-l-|-(e— 1)* 
— ^c. = 1 (e = base) is^ apparently, so very simple, that there 
must exist some substantial reason for the adoption of Briggs's. 
Now, in this latter system, the logarithm of 10 is 1, die loga- 
rithms of 100, or 10"", of 1000, or 10^, &c. are 2, 3, &€. re- 
spectively ; consequently, the logarithm (X) of a number N being 



* See Principles of AnaL Calc. pages 142 to 183: FhiL Trans. 180ff, 
p. 327 : Bertrand, p. 421 to 676. 

t Thomas Simpson, has given a short Table of Hyperbolic Loga 
rithms at the end of his Fluxions : in Callet's and Hutton's Logarithms 
there is a Table, of a single page, for converting common into Hyper- 
bolic Logarithms. 



^1 

known^ the logarithms of all numbers correspondiDg to N x 10%^ 

or -— can be expressed by an alteration in L of the simplest kind. 

Thus, if the logarithm of 2.7341 be .4368144, the logarithms pf 

the numbers 27.341,273.41,2734.1,27341,273410, are 1.4368144, 

6.4368144, 3.4368144, 4.4368144, 5.4368144; that is, these 

hitter logarithms are formed from the first by merely prefixing to 

the decimal, 1^ 2, 3^ 4, 5, which are called charqtcteristUiy and 

which characteristics are always numbers one less than the number 

of the figures of tlie integers in the numbers whose logarithms are 

required : the reason is this, 

527J341 = 10x2.7341 ; .•. log. 27.341 = log. 10+log. 2.7341 = 1.4368144 
2734.1= 1000 X 2.7341; .•.log.2734.1=Iog.l000 + log.2.734l=3.4368144 

and generally, log. 10"* x N= log. 10** + log. AT = m + !• 
and^ similarly, it is plain, that the logarithms of 

2.7341 2.7341 2.7341 2.7341 , . ^ 
, , , *- , that 18, of 

10 ' 100 1000 ' 10,000'. 

.27341, .027341, .0027341, .00027341, 

must be the logarithm of 2.7341^ or .4368144, subtracting, re- 
spectively, the numbers 1; 2, 3, 4^ which subtraction^ it is usual 
thus to indicate : 

1.4368144, 2.4368144, 3.4368144, 4.4368144. 

The logarithm of a number (N), then, being inserted in the 
Tables, it is needless to insert the logarithms of those numbers 
that can be formed by multiplying or dividing tJ by 10 and 
powers of 10. 

Hence, we are enabled to contract the size of logarithmic 
Tables: and this advantage is peculiarly connected with the 
decimal system of notation. If there had been, in common use, 
scales of notation, the roots * of which were 9^ or 7, or 3: then 
the most convenient systems of logarithms would have been those, 

* The root or radix of a scale is that number according to the 
powers of which any digit, as it is moved more and more towards the 
left, increases in value : in our scale the root is 10 : thus 723 = 7x10^ 
+ 2x10+3. 
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the bases of which^ are 9, 7, 3, respectively. For, in such cases, 

after having computed the logarithm of any number N, we could 

immediately, by means of the characteristics, assign the logarithm 

N 
of any number represented by 9*" x W^, or — (root = 9,) which 

numbers would^ analogously to the present method, be denoted 

by merely altering the place of the point or comma that 

separates integers from fractions. The root, then, in the scale 

of notation ought to determine the choice of the base in a 

system of logarithms. We may construct logarithms with a 

base = 3, and then, having computed the logarithm JL of a 

number Nj the logarithms of all numbers corresponding to 

N 
^m ^ ^^ gjjj _ ^Quj^j jjg ^j ^ j^^ 3nj ^ fn+ L, and, there- 

3 

fore^ could be assigned by merely prefixing the proper cba- 

teristics ; but then, in order to know the numbers corresponding 

N  

to 3^ X N and -^ , we must multiply and divide N by 3, and 

3 

the powers of 3. We cannot multiply and divide by simply 

altering the place of the point or comma that separates integers 

from decimals : so that, in fact, not knowing, by inspection, such 

numbers as 3 N, 9 N, 2? N, and 3*" x N, we should be obliged 

to insert the logarithms of all numbers in the Tables. 

A single instance will elucidate this statement : with a base 
= 3, the logarithm of £.7341 equals .915519^ then the logarithms 
of the numbers 

8.2023, 24-6069. 73.8207, 221.4621 

are 1.915529, 2.915519> 3.915519, 4.915519; 

for, the numbers 8.2023, 24.6069, &c. are produced by multi- 
plying 2.7341 by 3, 3^ 3*, 3*, respectively; they are known, 
however, only by actual multiplication, and consequently it would 
not be sufficient to insert in Tables of logarithms constructed to a 
base = 3, the logarithm of 2.7341 only; but, those of 8.2023, 
24.6069, 73.8207, 221.4621, &c. must be also inserted: and it 
is plain, that the logarithms of 27.341, 273.41, 2734.1, 27341, 
.027341 must be also inserted. If these latter logarithms are not 
inserted, the computist would be obliged to undergo the labour 



of fonning tnem, by adding to llie logarithm of 3.7341, le- 
apectivelj, the logarithms of 10, 100, 1000, &c. computed to a 
base = .3, 

This is not the sole principle inconvenience that would arise 
from using a system of logarithms with a base not equal to 10. 
We might indeed, as it has been explained, by slight Arithmetical 
operations, directly 6nd the logarithms of numbers from Tables 
of no greater extent than those which are in use ; but, the reverse 
operation of finding the number from the logarithm, could not 
at all conveniently or briefly be performed i for, the logarithm" 
proposed might be nearly equal to a logarithm which the Tables 
did not contain. These considerations will, perhaps, be suf- 
ficient to shew the very great improvement that necessarily 
ensned on Brtggs's alteration of the logarithmic base. The real 
value of that alteration does not seem to have been duly appre- 
ciated by writers on this subject. 

For the description and use of Tables, in which the computed 
logarithms of numbers are recorded, the Reader is referred to the 
volumes of the Tables themselves: and, as nothing seems wanting 
to the plainness and precision of the rules therein delivered, it 
M'ould be a needless accumulation of matter to insert them here. 
The principle however of the construction of certain small Tables 
for proportional parts, that are nearest the margin of every page, 
requires explanation. The nse of these Tables is to find the 
logarithms of numbers, consisting of more than five places. See 
Sherwin, p. 6, Hutton, p. 128, first edition. 

Let the number composed of the first five figures or digits 
of the number Nhe w ; therefore, tlie number nest to n, or which 
differs from ii by I , is n + 1 ; let 3: be the digit, which placed after 
the digits composing «, shall make it N, then N^lOn+j:, and 



!.(10« + J-> = 1 



'S-(l +7—) (P-211), 



^ (IOh)^ 
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X X 

= loff. lOwH , if the terms — ; ;«, Sec. are. on ac- 

^ pxlOn' Q.(l07if 

count of their minuteness, neglected. 

A.l W + 1 , /1\ 11,,. 

Again^ log. • = log. |l+-"l =-••- (neglecting 

n >■ 71^ p n 

, &c.) consequently, — =s: log. (« + l) — log. n^ and 

pn 



2p .n 

X 



X 



- = — {log. (/»+ 1 - log. n)}, 



p X lOn 10 

and from this formula the small Tables of the proportional parts 
may be computed: for instance. 

Let jIV = 678323, then n = 67832, and n + 1 = 67833, 
and log. 67833 - log. 67832 = 8314410 - 8314346 = 64, 

X 3 

and since a: = 3, — {log. (n+ l) — log. w} = — x 64= 192, 

(or taking the nearest whole number) == 19 : and by putting for x, 
1, 2, 3, &c. we may form the small Table which is in the page 
containing the number 6783, &c. thus : 







Proportional Part 




Proportional Part 


in tiie nearest integers 


X = 1 


6.4 


6 


2 


12.8 


13 


3 


19.2 


19 


4 


25.6 


26 


5 


32 


32 


6 


38.4 


38 


7 


44.8 


45 


8 


51.2 


51 


9 


57.6 


58 



See Sherwin's Tables, page 6, and at number 6783, and also 
Button's, page 128. 

The above proof establishes the truth of the precept for 
finding the logarithms of numbers consisting of more than 5 places 
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of figures: the other precept* which directs us to find the number 
corresponding to a logarithm not found exactly in Tables^ may 
be thus proved. 

Let L be the proposed logarithm, N the number : / the tabular 
logarithm next less; /' the tabular logarithm next greater; n, 
11 y their corresponding numbers. 

Let X be the difference of N and w, or let N = n + x ; then 
log. N=s log. (w + :r) = log. n\\ + -) = log- w + log. (l + "" ) 

X 

or, L = /+— , nearly; /. x = «p (L — /). 

wp 

^gain, 
log. ri = log. (w + 1) = log. w A + -^ = log. n + log. T 1 + -) 

or r = /H ; ."./'—/= — , consequently X = -; ;, and N=: 

wp up I ^ I 

« + T =s n + -; — - ; from which expression, the precept (Sher- 

» ~™ It 

win^ p. 8. Hutton^ p. 130.) and the small Tables are derived: for 
instance, let L=: .44 14728, then (see the Tables), 

I =.4414595, /* = 27635 

Z' = . 44 14752, //= 27636 

T , ,. , 133 1 1330 

.*. L— Z = 133, I = 157, and — = — x — — = 

* 157 10 157 

1 1256 + 74 ^ _74_ ^ J_ ^ 7400 ^ 

10 157 1570 100 1570 

1 6280 + 1120 . „ «. , o 

X = .8 + .04 + &c. = .84 + &c. 8 and 4 

100 1570 

being the two figures given according to the Rule and Table, 8 
corresponding to 125.6, or 126 the nearest integer, and 4 to 62.8, 
or 63 the nearest integer. 

* Hutton, p. 130, first edition : Sherwin, p. 8, fifth edition. 

Ff 
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It may now be worth the while to illustrate^ by a few more 
instances^ the uses of logarithms ; and this will be done chiefly 
with a view of relieving the Student from any embarrassment 
which the negative index or characteristic (see p. 221.) as it is 
called^ may occasion. 

In the common system of logarithms in which the base is 10^ 
1 is the logarithm of 10, and the logarithm of 1 : consequently, 
every number that can be assigned between 10 and 1 must have 
for its logarithm a proper fraction^ or (since a fraction may always 
be decimally expressed) a decimal fraction. The logarithms, 
therefore, of 2, 3, 4.56, 6.9345^ &c. must be such decimals as 

.3010300, .47712125, .6589648, .8410152, &c. 

which, as it has been already argued (see pp. 207» 8cc.) are 
not to be called artificial numbers, but are computed numbers 
such as make good the equations^ 

2Q.3010300 j_. 2 JQ.47712125 _^ « 

j().6589648 _ 4^g' jQ.84i0152 _ g gg^^ 

The Logarithmic Tables contain, in fact, the logarithms only 
of those numbers which are contained between 1 and 10 ; and^ 
from these registered logarithms, those of other numbers, less 
than 1, and greater than 10, are to be derived by means of the 
properties of logarithms. Thus, in the following extract from 
Sherwin's Tables : 



Nnmbers. 


Loganthms. 


1255 


093 6437 


56 


9896 


57 


099 3353 


58 


6806 


59 


100 0257 



the logarithms^ with a decimal point prefixed to their first figure, 
are respectively the true or real logarithms of 

1.255, 1.256, 1.257, 1.258, 1.259, 

and since 

log. 12.55 =log. (1.255 X 10) = log. 1.255 +log. 10 = log. 1.255+1, 
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and since similarly^ 

log. 125.6 =log. K255 =log. 1.255 + 2, &c. 

vfe find^ by these properties of logarithms^ that the logarithms of 
12.55^ 125.5^ 1255, &c. ought to be expressed by 

1 ,0986437, 2.0986437, 3.0986437: 

and similarly^ we may^ from the logarithms of 1.256^ 1.257, &c. 
immediately assign^ by prefixing the proper indices or charac- 
teristics, the logarithms of 12.56, 125.6, 12560, &c. 12.57, 8lc. 
1257000, &c. 

But if .0986437 be, as it is, the real logarithm of 1 .255, the 

(1.255\ 
since .1255 =— ^ J must equal 

.0986437 - 1, or - .9013562, 

(1 .255 \ 
since .01255 =a * ) must 

equal 

.0986437 - 2, or - 1.9013562. 

These negative quantities, then, are the real logarithms of the 
above decimal numbers, that is, the equations, 

.1255 = 10 -•»»"»*, or=:j^i55 
.01255 = lo-'-«»»»*, or = — n^ 



|QX.90iS56S 



.001255 = 10-"^-^^^, or = 



|Q«.g013M2' 



&c. =5 8cc. 
are, within certain limits of exactness, true equations. 

Now, although, by means of the registered logarithms, the 
logarithms of decimal numbers may always be assigned by the 
preceding method, yet they are not immediately assigned: there 
intervenes, as an operation, the subtraction of the logarithm taken 
out of the Tables, either from 1, or 2, or 3, 8lc. In order to get rid 



» • 



I 
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of this subtractioD, the Authors of the Rules or Precepts tor th* 
use of Logarithmic Tables have devised a notation for iiegalke 
logarithms (which the logarithms of all proper fractiODs are) bv 
which the number or the aeries of figures assigned by the Tables for 
the logarithm of say number may be retained. They have choseit 
to represent the logarithms uf 

.1255, .01255, .001255, fitc. 

neither by .0986437- 1, .0986437-2, Bcc. 
uor by the results - .9013562, — 1.9013562, 
but by 

T.098(>137, 'l0986437, &c. 

and they apply a similar conventional notation to designate the 
logarithms of all other decimal numbers. The advantage of this 
notation is obvious : the same set of figures or of cyphers which 
the Tables assign to a number are to be forthwith used, what- 
ever that number be, whether an integer or a decimal fraction : thus, 
if, in the Logarithmic Tables, 8785218, under the column marked 
log., stands opposite to the number 756, tiien, by the properties 
of logarithms (see pp. 210, &c.) and the peculiar notation, 



PTlie first 5 logarithms are real numbers in whicii the 
and cyphers have, according to their order or arrangement, that 
significancy which they have in all ordinary arithmetical opera- 
tions : the 3 last logarithms might be called Artificial Numbers, 
since their significancy cannot be inferred from analogy, bill 
altogether arbitrary or conventional. 



Numbers. 


Logarithms. 


75600 


4.87852 IS 


7560 


3.8785218 


756 


3.8785218 


7.56 


). 87852 1 8 


.756 


0.3785218 


.0756 


1.8785218 


.00756 


2.8785218 


.00756 


3.8785218 




^A. 



Dibers, 
but )« 

J 
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NoWj this being the case, we cannot, relatively to these latter 
logarithms^ establish any rules for operating on them, that is^ any 
rules for adding to them, or for multiplying and dividing them, 
except by reference to what they are made to stand for. In so 
doing we make a recurrence to a kind oi first principles. In order 
then to add the logarithms, 

T.4329693 and 2.6901961, 

(which it is necessary to do in findings by means of the Logarithmic 
Tables, the product of .271 and .049 of which the above quan- 
tities are respectively the logarithms) we must substitute the 
quantities they stand for : thus 

(a) 7.4329693 = .4329693 - 1 
(ft) 2.6901961 = .6901961 - 2 

1.1231654— 3. 

Now 1.1231654 means 1 + .1231654; 
.-. 1.1231654 — 3 equals .1231654 — 2, 

which, according to the peculiar notation, may be thus written 

2.1231654 : which is the result that would be obtained by adding 
(a) and (6), and causing the unit carried aver by the addition of 4 

and 6 to destroy 1. Generally, 

W.431 = .431 - n 
m.752 = .752 — m 

.'. w + f»+ 1.183 = 1.183 - Ti'-m 

= .183 -(/*— 1) - m; 

but .183 — (/I — 1) — wi may be written w — 1 + wi. 183 ; 

.*. in » + m+ 1.183 the 1 is to be incorporated with the n or m, 
and written thus. 



w— 1+W.18S, orw — l+n.l83. 

Suppose it necessary to subtract the preceding logarithms 
(which it would be were it required to divide, by means of loga- 
rithmic Tables .271 by .049.) 
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then since (c) 1_.4329693 stands for .4329693 — 1, 
and (d) 2.6901961 .6901961 - 2; 

by subtraction, the right result is — 1 + .7227732 + 1, 

or .7227732 

which is the same result as will follow by subtracting (d) from (c) 
in the common way and by considering — 1 and 1 as the same. 

In order to procure instances for the multiplication and division 

of such indices or characteristics^ as 2, 3, Szc, suppose it were 
required to find, by the aid of the Logarithmic Tables^ the value 
of (.0756)^. 

NoWj by the properties of logarithms (see pp. 210, &c.) 

log. (.0756)' = 3 log. 0756 = 3 . x 2.8785218 

Now 2.8785218 stands for .8785218 - 2 
(multiply by 3) 3 

2.6355654 - 6 

but 2.6355654 ^ 6, is the same as 2 + .6355654 — 6, which equals 
.6355654 - 4, which^ according to the peculiar notation of logarithms 

(see p. 228^) may be thus noted 4.6355654 : the same result as 

will be obtained by multiplying 2.8785218 by 3, considering 

6 ( = 3 X 2) + 2 to be the same as 4. 

Since .6355654 is the logarithm of 4.3208, 4.6355654 [which 
is the logarithm of (.0756)^], is the logarithm of .00043208 : con- 
sequently, 

(.0756)3 = .00043208. 

When the index or characteristic is to be divided (which 
happens in finding the root of numbers by the method of loga- 
rithms) the operation is less direct : suppose it were required to 
find the value of (.0756)*. 

1 1 ^ 

Now log. (.0756)i = 3 log. 0756 = g (2.8785218). 
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Now, 2.8785218 = ,8785218 - 2 

= 1 + .8785218 -^2-1 
= 1 + .8785218 - 3 
or = 1.8785218 - 3 

.-. -(2.8785218) = - (1.8785218 — 3) 
3 3 

= .6261739 - 1 
or T.6261739. 

But it is evident we may at once obtain this result by changing 
2, into 3^ then by dividing by 3y and, in the division immediately 
succeeding to that of the index^ carrying 1, as a quantity borrowed, 
to the next figure. 

If the value of (.0756)'" had been required, then, since it 
would be necessary to divide 2.87852 18 by 5, we must make 2, 5, 
and carry y as quantity borrowed, 3 to the next figure : for 

2.8785218 = .8785218 — 2 
= 3.8785218 - 5 

.'. - (2.8785218) = - (5+ 3.87875218) 
o o 

= T.7757043. 

A few more instances, involving such characteristics as 
2, 3, &c. are subjoined. 

Required the sum of 3.6989700, 7.3467875, 1.4771213, 
5.4313638, 

by separate additions, 

y.3467875 3.6989700 

5.4313638 1.4771213 

T2.778I513 _5.1760913 

12.7781513 



7.9542426 
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or by one operation. 



7^.3407875 
7.4313638 
3.6989700 
1.4771213 

7.9542426 

Instances of Subtraction • 

1st, T.9788107 (= log. 00000095238) 
subtrahend 3.1549020 (= log. 0014285) 

-— ■- ^ , 

^8239087 ( = log. 00066666). 

2d, 2.2218487 (= log. 016666) 
subtrahend 4.6989700 (= log. .50000) 

7.5228787 (= log. .00000033333). 
In the first of these instances the quotient (.00066666) arising 
from dividing .00000095238 by .0014285, is found by the method 
of logarithms : and in the second the quotient (.00000033333) 
arising from dividing .016666 by 50000. 

Instances of Multiplication and Division, 

Find the values of (.05)^ of (.0000625)*, and of (075218)^. 

1st multiplicand 2.6989700 (the log. of .05) 
multipli er 5 

7.4948500 (the log. of .0000003125) 
^. (.05)^ = .0000003125 
2d, 4 I 5.7958828, the dividend ( = log. 0000625) 

"2.9489707 = log. .088914; 
.-. (.0000625)* = 088914. 

3rd, T.8763253 (= log. .075218) 

2 

5 |T.7526506 (see pp. 230, 231.) 
T.950530 1 ( = log. .89234) ; 
.-. (.075218)^ = .89234. 
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The logarithms of decimal fractions (see pp. 227^ &c.) are truly 
aud properly expressed hy negative quantities : but since (see 
pp. 228.) they are not commodiously so expressed, a peculiar 
notation with negative iridices or characteristics has been invented. 
Their meaning is to be derived not from analogy, but from the 
terms of that prescription that assigns them their meaning. We 
must refer, as we have seen (see pp. 229, &c.), to the same source 
for establishing the truth of rules for operating on such indices. 
But there is another contrivance for designating the logarithms of 
fractions, in which no negative indices are employed. This 
consists in borrowing 10, or 100, or 1000, &c. and by prefixing, 
to the decimal part of the logarithm, the difference between 10, 
or 100, or &c., and 1, 2, &c. Thus, 

instead of T.8763253, 7.4948500, &c. 

the numbers 9-8763253, 3.4948500, &c. 

or 99.8763253, 93.4948500, &c. 

are written : but then, in these cases, to prevent ambiguities, or to 
derive rules for operating on these artificial logarithms, it must be 
noted or understood that 10, 100, &c. is borrowed. For, .4948500, 
1.4948500, really representing the logarithms of 3.125, 31.25, the 
logarithm 3.4948500 would naturally and analogously be that 
of 3125 ; but it is made, according to the notation we are now de- 
scribing, to represent the logarithm of .0000003125. There will 
exist, therefore, in this, and in similar cases, an occasion of ambiguity 
which cannot occur in the notation with negative characteristics. 

In order to establish any rules relatively to the last-mentioned 
method of noting the logarithms of fractions, we must, as in the 
case of negative characteristics, refer to the real quantities they 
are made to represent. For instance, 3.4945800 (which, without 
any convention expressed or implied, would designate the loga- 
rithm of 3125) is made to represent the logarithm .0000003125, 
it stands for 3.4945800- 10 (= —6.5054199) : and this mul- 
tiplied by 4 equals 

4 X 3.4945800 - 40 

=5 13.9783200-40, 
Gg 
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which may be thus expressed^ 

13.9783200 40 being borrowed, 

or 3.9783200 30 being borrowed ; 

whence we derive a rule for multiplication; which is, to multiply 
the logarithm (expressed by borrowing 10) by the multiplier (in 
for instance) and to reject the lO's from the characteristic: the 
number then borrowed is m x 10 — the lO's rejected. 

Thus, if 5.9635786 stands for .9635786-5 

6 or .9635786 - (10 - 5) 

35.7814716 represents 6 times the logarithm of 
.00009195. Again, if 5.9635786 stands for .9635786 -(10 -5), 
six times the logarithm equals 35.7814716, in which 60 is 
borrowed, or rejecting 30, 5.7814716 may represent it, 
30 (= 60 — 30) being borrowed. 

In order to divide 9.7526506 by 5 (to take such an instance) 
9.7526506 stands for .7526506-1, 

or 9.7526506 - 10 ; 
.-. 49.7526506 is equivalent to 49-7526506-50; 

.-. - (49.7526506) equivalent to -^ (49.7526506) - 10, 
5 5 

or 9.9505301 to 9.9505301 - 10; 

but the left-hand set of figures is made to stand for the right: 
therefore we may divide a logarithm (expressed by the borrowing of 

10) by changing the characteristic (c) into m — 1 X 10 + c, if w be 
the divisor, and then by dividing by m : the quotient is the real 
quotient, 10 being supposed to be borrowed, or is the real 
quotient- 10; thus if 3.4948500 standing for 3.4948500-10, 

be to be divided by 5, add 40 ( = 5 — 1 X 10) to the characteristic 
making it 43 : then 

7 (43.4948500) = 8.6989700. 
5 

There is then no difficulty in finding rules for operating with 
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logarithms thus noted. But since (hs we have already explained the 
matter in pp. 333, Arc.) the logarithms, expressed by 10, or 100, 
8cc. being supposed to be borrowed, have ameaning different from 
their usual or natural import, there exists a cause of ambiguity and 
some danger of confusion. The logarithms expressed by means 
of negative characteristics are free from these objections : they 
have indeed, like the others, a conventional meaning but they 
have only one meaning. The rules for operating with them are 
distinct: and the only objection against them is, their typo- 
graphical uncouthness. 



IS for the Sine and Cosine of a multiple Arc (see p. 46). 
E expressions admit of no simple proofs ; yet, we will 



Expreisio 
Thes 

proceed to give their proofs, principally from the necessity of the 
case, and, partly, on account of the importance of the formula 
which they depend, and which is little known to English 
Students. 

The object of the formula is to afford the means of computing 
^u (a function of u) when it is expressed by this equation, 

u = x+y.fn, 

in which yu (= U) denotes another function of «, not necessarily 
the same as ^u*. 

Since u = x +y .fv, it is plain that u and consequently ^ u, 
depend on x and tf, or, to use the language of Mathematicians, 
(which has been used on the Continent ever since the lime of 
John Bernoulli) axefunctima of x aud y ; let <pu = F; then, fay 
taking the partial differential coefficients (see Princ. Anal. Calc. 
pp. 79, &c.) of V, we have 

iZ - iS^ ^ ^ _ rf('^M) du 
dx du dx' dy du dy' 

dV _ du dV du 



* For instance, /u or U may in a partjeular case represent «", 
whilst 0u represenU sin. v, or tan, ti (see And, Calc, pp. 42, &c.) 



Again, uLe die partial diiTerential coefficients of du, 
the equation w = x+y.f/; 



du 



dU 
dU 



dx' 

du 



Ty-''-T, = ° '*>• 

du 

Substitute in this last equation, the value of — , sa g 
dy 



ax 



•w. 



in the equation (a), and 

dy 

and froiD these two equations, the formulae for u and for .1 
i^=.(bu) are to be derived. Thus, 

= * + y -/c^ + .V ■/") 

= i+S-^+S'-A +y' .B + lu. 
X — fx, and A, B, Stc. being supposed to be (iuctions 
Hence, 



du 



du 
dx 



dX , dA , dB 
X Jr ^y . A + 3f . B + &c. 



Substitute these values in the equation (£), aud there resuTS 
= X + 23/ . 4 + 3/ . B + &c. 

f (^^ ^dA \ 

-(X + <i.A + ,/.B,x {1 +y--j7+.V;i7 + ««'k 



237 

Hence, comparing the coefficients of the terms involving like 
powers of y, we have 



dx' 



dx 



•ilf = A .-^- + A .— . 

ax dx ax 

, di ,d(jy») 

dUX) , ddjX') , if(X') 
  dx ~ ' dx' ~ 5 dx' ' 
1 ifiX') 



[isequenti}', B = 



2.3 dx^ 



and 



ipu is to be obtained precisely in the same way. For, 

<Pu = 4,(x + s.f„) = ^(x +_vV); 
.'., since the first term of the developement will be (fix ( = P), and 
U has been expressed by a series of terms involving functions 
of X, assume 

F, or ^K = P + ;/ . Q + y . K + y . S, &c. 
P, Q, B, &c- being functions of x. 

From this, find, as before, (p. 235, I. 28, 29.) the partial 
dV dV 
differential coefficients —r- , -r- and substitute their values, with 
dx dy 

that of 17, in the equation (c), and their results 
= 
Q 4-2% + 3Sy + &C. 
fdP ^ dQ,^ dR X /-y.ydCX')^^ >. 
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Hence, as before (p. 3S6.) multiplying the two series of ihc 1 
latter part, and comparing the terms affected with like powetf I 
of y, 

dx 



L 




— S-i^,^ 


dx 








-f + ^-- 


dX 

 dx 


J 


L 




dx dx 




 


b 




diQX) 
dx ' 




^ 


^ 




^-^- dx ■" dx 




aid 


so on : Hence, 




1 


V,o,0 


......%4- 


dx +*"• 1 


■which is 


the 


important formula that v 


ve proposec 


to inveS' 


tigate.* 












* See on this subject, Laplace, Mem. Acad. 1777. and his ikTee^.V 
(kleite, pp. 170, &c. Lagrange, Thcorie des Fonctions Anal. Edit. I. -j 
pp. 101, &c, and bia Eqiia. iVum. Edit. I . pp. 234, &c. and Cousig, , 
Astron. Phynque, pp. 15, &c. 

The Student, who examines the preceding demonstration, will per- 
ceive how necessary it is, in complicated processes, to be possessed of a 
precise and commodious notation. In the text, the diSerential, in pre- 
ference to the flusionary, has been used ; but even that may, with 
advantage, be, in this as in like cases, superseded by Arbognst's, in which 
the small Roman character n is used to denote the differential coefficienL 



With that character, instead of 
I>(X*. nP), and 30 
and Preface, pp. 28, fi 



'{-'■-£) 



we should write 



See Principles of Anal. Cak. pp. 22, 



43, &C^| 



We wffl DOW apply thia theorem to express the cos mA^ 
By p. 48, 2 . cos, viA = a" H — ^; 

if, 2. cos. A = a + -. 
Hence, we must, from the preceding formula, find a™ ana 
I horn this equation 



for tiiis end, compare it with a = x + if . V { 

then u = a, j; = 2 cos. A, y = — 1, and 

^i—f^'i — - '■ aid the function (tpu) of u, or of a, that is re- 
quired, is a™. 

Hence, P = tpx = y" = 2" . cos." A 



ax 

. A -r~ = m X 2 



Again, 






;C2co>. ^r-i 



«.(m - 3) (2 COS. A)"" 



inlikemanner,— =a "* is to be obuined ; inthiscase^u 
and P = i— , 



'(-•■s 



dp _ 

dx 
dP\ 
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t (2 C03. A)~ " " ' = -m.(fi COS. A)~' 
— wi .(2 cos, j1)~' 






«.(m-f3)(2cos.^r' 



, &c. 



•Hence, 2 . cos, mA = a™ + — 

(.(m-3) 



. ^)"' — ni.(2cos. J)"' 



(2 cos, A}" 

3) 

— .(2cos. ii)~"'~''+&c. 



+{2cos.j1) " + m(2cos.-/^) "* = + - 

This expression is apparently composed of two series, one 
arranged according to the positive, the other according to the 
negative, powers of 3 cos. ^. Bui, it is to be observed, the first 
series is to be continued, till the terms involve, in Tact, negative 
powers of 2 cos. A, which, in the case of m being an inlegefj 
will be all destroyed by the terms of the second series. 

For instance, if wi= 1, 

2 COS. A= 2 COS. ^ — (2 COS. ^r' - (2 . cos. j1)~' + 8u:. 
+ (2cos.ir'+(2.cos. ir' + &c. 
Again, if in ^ 2, 
2 COS. 2.1 = (2 cos. A)^ - 2 . (2 COS. .4)" - (2 cos. 4)" ^ &c. 

+ (2cos.^r-- + &C.| 
= (2 COS. J.f~2, 
and, similarly, it wiil so happen, when other whole numbers are 
substituted for m. 

Hence, in those cases in which m is represented by whole 
numbers, the value of 2 cos. wiA may be represented by the first 

* This is only one out of the many important applications that may 
be made of the formula which we have demonstrateti. 
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series done, that aeries being restricted from involving any 
negative powers of a cos. A : that is, if 2 cos. J=p, 

m.{m-3) 



2. COS. nA=p™ — mp'" 



 Stc. 



The series is frequently written in a reverse order ; since the 
general term is 

-^ , ""-)"»-'-■> ("-""+■> X,"-. ■• 

m-tt 1.2 M ' 

when m = 2H, the aeries terminatesj and the above term becomes 
^ S. If we make the aeries begin from this term, then 

c.co,.»a=+a|i--g^. + '"'"°'-""';' - Jccj 

~ I I. 2. a' 1.2.3.4.2* J 

the upper or lower sign taking place, as m is of the form 4Sj or 
4* +2. 

If m = 2n + 1, the preceding general term becomes mp, 
and then 



1.2.3.2-^ 1.2.3.4.5.3' 



^p^-&c.) 



the upper or lower sign taking place as m is of the form 43 + 1| 

or, 4ii + 3. 

From these expressions for the cosine of a multiple arc, 
several others may be deduced. Let j and c be the sine and 



cosine of an arc, then c=: -: and 

KOS.mA=i f(2c)"' — m(2f )'""'' + 

or, (m odd) 

^ + imc 

- \ 1.2.3 

(m' „ m'.{ni' — 4) , \ 
'" l.g'+ i.g.3., '•-»"■) W- 

II H 



1.^.3.4.5 
.(7n'-4) 



-'-««.) (a) 
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Since the expression (b) is true whatever be the arc^ let the 
arc instead of ^. be A, then cos. ( il J =sin.^=5« and 

cos. w f - — il J =cos. f — — mil 1 = ± sin. mil, (+if wi 

be of the form 4s+ 1, —if of the form 4 5 + 3 :) hence, in all 
cases^ (m odd) 

m(m^-l) 3 m.(m^- l) (m^-9)^ 

sm. mA=ims —     5 + sr — &c. (a) 

1.2.5 1.2.3.4.5 

Take the differential or fluxion of {a\ then since (p. 106.) 
d (cos. mA) = — sin. mA,m, dA, and 2"* . d (c"*) = 
2''*xmc'""^dc = — 2'".»ic**"^5.dil, &c. 
.^. dividing by m(2il> we have^ since ^ enters each term, sin. mA^ 

s ((2cr-i -(m-2)(2cr-''+ ("»-3)("»-4) ^^^y^.g _ &c.)»(g). 

* The remark made in p. 244, 1. 1 7, on formula (a) produced to 
the Author of the present Treatise an anonymous letter dated Trin. Coll. 
Dec. 12, 1817> communicating an ingenious demonstration of (e) (the 
formula for the sin. mA), 

The following process for finding (a) contains, substantially^ the 
principle of that demonstration. 

By virtue of the formula of 1. 8. p. 32, 

cos. (»+l) fl = 2 cos. wfl.cos. a— cos. (n^l)a; 
,', cos. (n-\-l)a.x*= 2 cos. na.cos. a.j:*— cos. (n— l)a.«*. 

Let n = 0, 1,2, 3, &c. ; then collecting the severally resultiDg 
values 

cos. a + cos. 2 fl . a? + COS. 3a,x* + Sec. = 
COS. a—x 4- 2. COS. a.x {cos, a '\-' cos. 2 a .x -}- cos, 3tf.«* + &c. } 
— «* {cos. a + COS. 2a,x + cos. 3 a . a?* + &c.} 
consequently, 
cos. a + cos. 2 a . J? + cos. 3 a . «* + &c. + cos. na . «•"* + &c. = 
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If we perform the same operations on (b) and (c), we shall 
have (m odd) sin. mA=i 

±'V' ^' -^ 8.3.4 '="^->) ^•^- 

and (m even) sin.mil =: 



COS. a— X COS. a— X 

X 



1 — 2cos. a.x+x* 1+x* X 

1 — 2 COS. a . 



l+r» 



Equate the terms that on each side are afifected with x*~^ : now of the 
terms within the brackets, the last written term, the last but two, the 
last but four, &c. each contain (when their denominators are evolved) one 
term and only one affected with x*^^ thej will also be so affected when 
multiplied by cos. a, the first term of cos. a— x. The intermediate terms 
contain no such term : but they will contain such a term when multipUed 
by —X the second term of cos. a— x: hence the coefficient of the term 
affected with x*^^ arising from the complete developement of {A) 

2*~* COS.* a 
— 2*^ cos.*^ a . (n— 2) — 2"^ . cos."^ a 



+ 2^,co8.'>-^g /''""t^^" ^^ +2-^.cos.--4a.(n-3) 

X % At 

r^ -* (n-6)(»i-5)(n-4) («-5)^ ^^ 

- 2*^ . C08.»-« fl . i 2 % 2*-«co8.»-«a.-Y-^(fi-4) 

+ &c. + &c. 

and hence cos. Jia = 

(2 COS. «)r-ii . (2 COS. a)r-* + 1^1-1(2 cos, a)»-* 

"•("-/>(''-^\2co..ar«+&c. 




If we perform a like operation on {d), then, sii 
711 COS. mA.dA (p. 106,), we ahall liave 

. r, ""'-1 > , fm*-l)(»«'-9) 
COS. mA = c{l ,■■ 



'®'-&c.)<s). 
d (sin. 771^ = 

-&c.)....(«. 



If in the equation (c) i 

C = COS. I - 

ad COS. ml- — Af ^ cos. 
(+, if m 18 of the form 4 
Hence, in both casesj 
COS. mA ^ ] — — s"-j-  



2.3.4 
put, instead of j1, A, then 

il J = sin. .Isis, 

■s. C— ~mA^ = +C09. mA 



, if wj is of the form 4^ + 2). 



\ 



iHm°-A) , 



Take the differential or fluxion of this equation (J), and divi^ 
by mdA, then we have (m being even) sin. mA 



<" 



«(m°— 4) . , (».'-4){ 



.4.5 



''-) 



These formulae for the sine and cosine of the multiple arc, (ti 
in number,) require not, as it has appeared, separate demon- 
strations, since the nine latter are easily derived from the first 
(o) ; the attention then of the analyst ought principally to be 
directed to that. If in the formula: (a), (rf), (e), (ft), we sub- 
stitute for m, 2, 3, 4, 5, there will result, as particular instances, 
the forms designated by {c"), (c"% (t^*'), (cO, («'"), (s''^, &c, in 
pages 45, 46, 47 ; and if in (y), (A), (i), 
ferent numbers, we shall have 



1 



J 
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m = 3 sin. 3-4= — « (1 - 4c*) \ 

m = 5 sin. 5A^ « (1 - 12cH l6c*)/ ""^^ ^^ 

&c 

w = 3 COS. 3il = c (1 —4s*) 1 

m = 5 COS. 5 A = c(l-12s*+ 165^)/ ^"""^ ^^^ 

&c. 

m=4 co8.4^ = 1 — 8s* + 8s* 



jj from («), 



m = 6 cos.Sil = l-18s*+48s*-32s^J 

&c. 

M^hich particular forms were not deduced in the above-mentioned 
pages. 

Series for the Sine and Cosine. 

By the form (d), p. 242, 

wi.(m*-l) 3 . m.(wi*-l)(w*-9) < ^ 
sm »?^^:=«^s— s i s^— &c. 

1.2.3 2.3.4.5 

Let A be very small, and m very large, and such, that mA^x, 

then s = sin. A = sin. — = — , nearly ; and w*— 1, m* — 9? &c. 



=m', wi*, &c. nearly ; .*. sin. mA^ or, 

2 2 

sm. 



X m.m /'x\ , m.m.m /x\^ 
m 2.3 Vm/ 2.3.4.5 Vm/ 



:r' . x^ 



= X — — — + ^ ^ , — — &c.. (v). 

2.3 2.3.4.5 

We shall have the same result if vre take the series (k) in 

X 

which m is even ; for c = cos. A ss cos. —sssl nearly, and m* — 4. 
171* — 16, &c.=:m*, m*, &c. 

If m the series (h), or (Oj we make the same substitutions as we 
have already made, we shall have 

cos. i7»^, or COS. x= 1 — -j — ~ + -j — - — — - — &c. . «. . (w). 
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Instead of computing sin. l' by the methods given in pp. 67 

and 69. Calculators, in the construction of Trigonometrical Tables, 

have employed the precedii^ series (v) for the sin. x, and under 

this form, 

m JT m w m ir „ 

sm. — . - = , J . -; + &c. 



putting — . - instead of j:: thej have also, avuling themselves of 

previous computatioDS*, taken ^ = 3.14159 26535 89793, and 
accordingly have been able to represent the above seriesj and the 
series (u) for the cosine, with numerical coefficients, after the 
following n 



• Dr. Horseley, in his Elemeniary Treatiie on Meehamet, p. 153, 
says, that this is "taking things in a preposterous order;" and, un- 
doubtedly, it would be so in a Treatise intended specially to explain 
the principles of the construction of tbe Trigonometrical Canon, but 
not in a Treatise giving rules for practically constructing it with as 
much ease and conciseness as possible. 
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•sin. -.90» = 
n 



m 



1.57079 63267 948966 -...[1] 
-0.64596 40975 062463 ^...[2] 
+....7969 26262 461670 ^...[3] 

- 468 17541 353187 ^^..[4] 

+ 16 04411 847874 — 



-..., 35988 432352 ^ 

+ ....^ 569 217292 -r, 

ft * 



6 688035 ^* 



+ 60669? 



.438^ 



COS. - 90® = 
n 



1.00000 00000 000000 



-1.23370 05501 361698 ^ 
+0.253(56 95079 010480 -r 



m 



6 



- . . .2086 34807 633530 -5 



fi 



.91 92602 748394 



n 



1? 



.2 52020 423731 ^ 



4710 874779 -5 
..63 866031 — 



«' 



m 



IS 



656596 ^ 



5294,^ 



34-- 
fir 



From this series not only the sin. 1^^ but the sine of any arc 

may be computed ; for instance^ let — == — > then computing 
exactly as far as seven places. 



* Euler, Introd. ad Anal. Inf. p. 99. Callet's Log. 27, 28. 
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since - = .1, [1]=.157079632 

since -- = .00001 , [3] = .000000796 



n« 



.157080428 



\ 



since -^ =.001, [2] =.000645964 



n^ 



.-.sin. 9° =.156434464 



The fourth term [4] and the re- 
maining terms produce no 
significant figures in the 9th 
Sthy &c. places. 



or, in nearest numbers, as far as 7 places, sin. 9^ = .1564345. 
See p. 76, 1. 6. 

From the series for sin. - 90**, we may, by assigning different 

n 

values to — , deduce as imny formula of verification as we please; 

for instance, suppose we wish to know whether sin. 20^, computed 
according to the methods of pages 70, 71^ be rightly computed; 

put — 90" = 20; /. — = - , which value is accordingly to be 
7i n 9 

m 
substituted for — in the several terms of the preceding series 

for sm. - X 90". 
n 

The sines of arcs deduced by the preceding series and the 
formulae of pages 70, 71> will be expressed in parts of the radius, 
and be, what are called, natural sines; but, computation is usually 
conducted by means of logarithmic sines, which latter may, by 
the aid of the common logarithmic Tables, (if the log. sines are 
required to seven places only,) be computed by taking the loga- 
rithms of the numbers that express the natural sines ; and, in 
order to avoid the inconvenience of negative logarithms, (for if 
the radius = 1, the sines are all fractions and the logarithms 
consequently negative) the Trigonometrical Tables are con- 
structed to a radius = 10^^, the logarithm of which = 10: 

so that, instead of T.6006997, the logarithm of .3987491, 
which is the natural sine of 23^30' to a radius 1, 10 +(1.6006997) 
or 9*6006997 is made to denote the logarithm. 
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But it is not absolutely necessary to compute the logarithmic 
from the natural sines; and, indeed, if the latter consist of more 
than 7 places, their logarithms cannot, from the Tables in common 
use^ be obtained : on this account it becomes necessary to shew^ 
by what means independent of Logarithmic Tables, or re- 
quiring the aid only of the Tables that are in ordinary use, 
logarithmic sines may be computed to any degree of exactness. 

By the form (i?), sin. x=:x — + &c. 

^ ^ 2.3 2.3.4.5 

2 4 

1 1- &c. ) . 

2.3 2.3.4.5 y 

Now, for the purpose of finding the composition of 

1 + &c. put sin. x = 0, then (Table, p. 16. making 

il=0)x may be 0, or ir, or 2 7r, or 3 tf^ &c. and x may 
also be either — ^, or — 2 tt, or — 3 tt, &c. hence, viewing 
the above series as an equation, 0, tt, 2 7r, 3 7r, &c. are its 

roots, or if we put •* for x^ and then reduce the equation, so 

that the term of the highest dimensions {y^ for instance) stands 

^111 111 

first, - , — , — , &c. — -, , — — , &c. are roots of 

Tr 2'7r 37r ir 27r 37r 

y" — ' h&c. and consequently, for reasons like those stated in 

p. 57, y — "• J y 9 occ* y + "" > y "T » »^« *re divisors of 

TF 2'7r IT 27r 

the equation : hence, 

^- i3 +*'=-=(^- i)(^+ ;)(^- i^)(^+ .-^) *^- 

or (dividing by _y"), 

1 - r-r— ^ + &c. = (\ - — ) (\ + — ) &c. 
a.Sy V 7r»// V iry/ 

Ii 
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and /. 1 + &c. = ( 1 I I 1 + - ) &^^ 

Hence, sin.\r^jr ( 1 — "2) f 1 *" T^/ ^' 

p.uttingx=-.-; 

m TT m IT ^ ^^\/. ^^ \ ft, 

sin; -.-== — .-(1 — —-5 f I 1 — 7:^-2 I &c- 



ft- . w* ^ 
and consequently, log. sni. — . - 



:=Ipg.^+log.- +log. (.- — ,)+Iog. (l-— 2 + &C. 

.... I . . • . ... , 

By a like decomposition we shall have 
and log. COS. " • g =l<'g- V,^ " ^/ + 'og- (,^^ " ^^ + ^- 



 If in the expression for sin. - • -, we put w — w instead of iw, 
then, since sin. ( . -) = sin, (-- | = cos, - . r , we nave 

«=»«• « • i = -;r • 2 (tt) (-2^) (-IT-) (-JT-) *'^-'^^« 



wi w 



equate this expression for cos. — . - with the former one, and divide each 
• ' Jit ^ 

by the common factors, there results 3,3^.^^,^^^,. = 5 x 2.2.4.^5.6. &c. 

whence - = - ^ which is Walhs s expression ; and m^y 

other curious results, which are not, however, the proper objects of this 
Treatise, might be obtained. 
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The preceding series may be Idifferently expressed: since* 

=2 log. {2n+m) (2w — m) - 9. log. 2n 
^ log. (2n + m) + log. (2« - *i) — 2 log. 2-2 bg. » ; 

•\ log. sin. — .90^ = log. TT + log. m - 3 log. n — 3 log. 2 
It 

+ log. (2n+m) + log. (2n — tw) 

• ' • > ' 

and by steps exactly similar we may obtain 

log. cos. — . 90^ = log. (» — w) + log. (« 4- w) -* 2 log. n 
n 

 I 

and since, (p. 214), 

 Log. f 1 — -7-^* or log. (1 — 9i-») is J^ot expanded, as the 

similar expressions log. ( 1 — 75-5) » ^^' ^^®' ^"^^ ^^^ this reason ; if 

m^ 1 1 

expanded, it would increase the coefficient of —^ by -^ : now — jj^ = 

------- — =.00000009, &c. or the significant figures would come in the 

1048570 

eighth place, whereas^ = 109951 1627776' ^ -00000000000009, &c. 

and the significant figures do not come in till tbe fourteenth place : if, 

(wi* \ 1 

1 — p^-A had been expanded, or the powers of -j- 
At Hi f At 

retained in tbe computation, we must have computed a greater number 
of terms, (see succeeding series, p. 247,) in order to have had the series 
exact to fifteen places of decimals. 



log- (i--n) = 1-5-5 + r-; + j-5+*C'r 

V o w / p (b n 2 . o'«' 3 . ff'M" J 



V 8'wV 



2.8*B* 3. 



If we sum the coeiEcients of — , — , &c. taking the i 

verticaily, that is, if we 6ud the arithmetical value of 

.4342944, 8ic. i"; + ":;+-: + &c,\ ('coefficient of '^^ I 
U &" 8* I \ n X i 

I (111 1 / . ^ ra^N 1 

i.4342944, &c. i -i + ;n + — + &c. f ( coefficient of -; ) I 
' 14* 6* a* ) \ n*/ I 

i .4342944, &c. \-r + :^ + ~,- + &<=-\ ^coefficient of ^) i] 
■* U" 6" 8" J V tr-^ \ 

and add 10 the log. tabular radius, we shall have two Table 

resembling those given in page 247. 



^^^^^F 


^H 


Iog.«n.?.90» = 


105.C 


03.-90" = 


log.m + log.(Sn-M) 


log. (»- 


!H)+ioe-C«+"')-2iog.« 


+log.C2fl+™)-3log,« 


+ 10 




M + 9.59405 98857 02190 


-...0 


10149 +8593 41892^ 


[1] - 0.07003 28266" 03901 --^ 


-.... 


.318 72940 65451 ^ 


[2] -....111 726()4 41661^ 

[0]- 3 92291 4(>453^ 

- 17292 70798^ 




.,20 94858 00017—5 




. ..1 68483 48597-^ 




14801 93986^ 


_ 843 62986^ 




1365 02272—73 


^1 _ 43 48715^ 




129 31715 ^ 


 — 2 31031 ~- 




12 6l471~ 


1 - 126W'^ 




1 24567 — 






t - '«^ 




1^*56^ 






h^ -5 


-...,.. 


1258 — 




'* " „!2 


^■jj^-iT'"" 


I..T.; .1 


128 ■— 




B" 


■1 




■=? 


From these series, inny logarilhrnic s 


ncs and cosines, inde- 


pendenlly of the values of the natural sin 


BS, be computed to 15 


places ; and, this inconvenience is avoided ; 


if the natural sines had 


been talcen, consisting of more than 7 places 


no Tables in common 


use would give their logarithms. The logarithms indeed of the ^H 


-■■•■-"— 1 


L 


^ 
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places, and these can be had^ since the numbers \vill not consist 

of more than 6 figures : for — cannot exceed J* : therefore, since 

n 

w = 90.60.60 = 324000, n + m, 2n + m, &c. Cannot exceed 
lOdOOOO, 

As an iostance to the preceding formula, suppose the loga- 
rithmic sine of 9** to be required : here w= 1, »= 10. 

,'. log. m or log. 1=0 

log. {2n-m) or log. 19 =1.2787536009 

log. (2h + m) or log. 21 =1.3222192947 

[a] =9.5940598857 



i 1 I I*' 



12.1950327813 [d] 
[1] 0007002282 

[«] 1117 

3 log. 10 ,...=3. 



V • * 



3.0007003399 [c] 
- ,% log. sin. 9\ that is, [rf] - [e] =9.1943324414 

This is the log. sin. 9^ to 10 places : and the decimal part is the 
log^thm of 15643446 the natural sine of 9^> found, p. 73, &c. 

Rule, withits proof, for finding the logarithmic sine, and tangent 
of very small arcs, (see pp. 96, &c. and Introduction to Taylor's 
Logarithmsyf. 17 , &c.) . 

For the sine ; to the logarithm of the arc reduced into seconds 
with the decimal annexed^ add the constant quantity 4.68557499 

ffi \ 
* If "^ •*" ^ » ^^® series for the cosine would be used for computing 

the sine, since sin. (45^ -^ A)=. cos. (45° — ^): it is obvious, that the 
logarithms of m, n-)-^* &c. may be dispensed with entirely, by ex- 

1 — -j^j; but then, tb' attain the same exactness, w^ 

must make the series consist of more terms. It is also plain, that instead 
of; fifteen places in the numerical coefticients of the series, any number 
may be used. See Callet's Logarithms, p. 48. 



and from the siini subti'act one-thiid of the Arithmetical compie' 
ment of the log. cositie ; the remninder will be the logarilhmic 
sine of the given arc. 

For the laiige/il ; to the log. arc and above coastant quantity, 
add two-thirds of the Arithmetical complement of the log. 
cosine, the sum is the log. tangent of the given arc. 

Proof of the Rule for titt Sitie. 

By the series, p. 245, sin. x = x ~ ~— + — *c. 

■' ' H , 23 i 2.3.4.5 

= (x being small) 

hence, log. sin. .f = iog. ^" + -5- log. I I — —j 

= log. .r -f- y log. COS. 1, 
and introducing the tabular radius lO'", the logarithm of whi<:h 
= 10, log. sin. j; = Iog. j; - j (10— log. cos, x). 
Now ,r is in parts of the radius; let « be its value reduced to 
seconds, then Srx 3.14159, &c. : x :: 360.60.60 : n; 

consequently, 
log. j' = log.«-(-log.2r+Iog. 3.14159,&c.-eiog. SG-log. 1000 

= log. n + 4.6855749, 
and log. sin. x = log, « + 4.6855/49 — ^ (10— log. cos.!") which, 
since 10 — log. cos. x is the Arithmetical complement of the loga- 
rithmic cosines, proves the rule. 

Proof 0/ the Rule for ike Tangent. 



sin. X 

' COB.X ' 



X / X \i 

■TTs , '('-^) 

J- , nearly =^ 5 — 



(-ir 



.' . iog. tan. X = log. X— ^ log. cos 

or =log..T + 4- (10 — log. COS. x) [introducing t 
tabular radius 10'°]. 
hence, as before, n being the number of seconds in the arc J 
log. tao. x = log. n + 4,6855749 -H-j- arith'. comp'. log. cos.'; 

since cot. x =: , log. cot. x, or log. tan. (90° — x) = 

20 — (log. M + 4.6655749 + ^ arith'. comp". log. cos. jt). 

These are the proofs of the two rules for finding the sine and 
tangent from the arc ; but, there are also two rules for the reverse 
operation of finding the arc from the log. sine and log. tangent. 
These are subjoined. See the Introduction to Taylor's Logarithms, 
p. 22. 

Rule to find the Arc from ike Sine. 

To the given log. sine of a small arc add 5.3144231 and y of 
the arithmetical complement of log. cosine ; subtract 10 from the 
I index of the sum, and you will have the logarithm of the number 
 of seconds with the decimal fraction of the given arc. 

Rule to find the Arc from the Tangent. 

To the log. tiuigetit add 5.3144251, and from the sum subtract 

I 4- of the arithmetical complement of log. cosine, and subtract 10 

firom the index, and you will have the logarithm of the number of 

seconds with the decimal fraction of the given 



Proof of the First Ride. 
dy 



.x=J dy [X-y'r^ =J dy {\ 
. J = V + j-^ (nearly) = y (^ I -+ 



le given arc. ^ 

Ride. '^1 

7(f^ '-"^ 



^(1-/)' 
i ) nearly, since y is small. 



J 
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-2, 



/. log. j: = log.y-^ log. (l — '!) = log.y -^ log. COS. x; 

or to tabular radius, log. x » log.y+ -jClO— log. cos. a?), but, p. 255, 
log. :c=log. w+4.6855749 = log. w + (10— 5.3144251); 

consequently, 

log, n =s log.y + 5.3144251+3- arith*. comp*. log. cos. a?— 10 
which is the rule symbolically expressed. 

Proof of the Second Rule, 



t 



l3 



= ^ — I f' nearly, and/ = = f\(l+0^^ 



(1+a^ 



= *' - 4 ^^ nearly ; 



hence, expanding, by the Binomial Theorem, the value of dx as 
far as two terms, and integrating, there results 

^^ 2.3 

e e 

= t -4 (nearly) 

2 ^ 2.3 ^ ^ 

='-t 

= ^ (1 + O";* (nearly). 

1 
Hence, log. x == log. ^ — -i- log. sec.* x = log. f — •§- log. , and 

COS. X 

supplying the Tabular radius, and putting for x its preceding 
value, 

log.nsslog. ^ + 5.3144251 — ^(10-log. cos.x) — 10 

== log. t + 5.3144251 — ^ arith^ comp^ log. cos. x — 10, 
which is the rule symbolically expressed. 

Kk 



258. 



Examples to the Rules : with their Solutions by SherwirCs and 

Taylor*s Tables. 

Required the Arc whose Logarithmic Sine is 6.4976549* 



By the Rule. 

5.3144251 

6.4976549 
Arith*. comp'.ssO 

11.8120800 

.'.log. arc = 1.8120800 

/. arc =64".8754. 



=:1'4".8754 



By Sherwin^ 

log. sin. 2' as 6.7647561 

log. sin. 1' =6.4637261 

.3010300 
given log. sin. . . . =6.4976549 
log. sin. 1' =6.4637261 

"" 339288 

. 339288 - 

arcsrl' • xOO 

3010300^ 



By Taylor. 

log. sin. 1' 5" = 6.4984882 

log. sin. 1 4 s 6.4917548 

67334 

given log. sin.. = 6.4976549 

log. sin. 1' 4" = 6.4917548 



59001 



'. arc = r 4" + 



59001 



67334 
= 1' 4".876. 

Required the Arc whose Logarithmic Tangent is 7*1644398. 



By the Rule. 



5.3144251 
7.1644398 



12.4788649 

2 
1©+- arco. log. cos.= 10.0000003 

log. arc. . .^ . . . = 2.4788646 
.-.arc .,=30r".2067 

= 5'1".2067 



By Sherwin. 

log. tan. & = 7.2418778 

log. tan. 5 = 7.1626964 

79I8I4 

given log. tan. ...= 7.1644398 

log. tan. .. . = 7.1626964 

17434 

^,17434 ■., 

•, arc:=5 xoO 

• 79I8I4 

=5' 1".32. 
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By Taylor. 

log.' tan. 5' . 2" i =7.1655831 

log. tan. 5' . 1" =7.164.1417 

14404 

given log. tan =7,l6'44398 

log. tan. 5'.1" =7.1641417 

'' 2981 

"^'^ ;...=5.1 j^^^ 

=5M".2069. 

Here, if we take^ in the first Example, that to be the true 
result which is determined by the rule^ it appears that the arc is 
not determined from its logarithmic sine by Sherwin'a Tables 
exactly in seconds, nor by Taylor's Tables exactly in parts df 
seconds (see p. 96). In the second Example, the number of 
seconds in the result obtained by Sherwin's Tables is right : for, 
although the number of seconds is not necessarily right, it may, 
in certain cases^ happen to be right : if, instead of 7.164439S, 
the proposed logarithmic tangent had been 7.2022871, the aro^ by 
Sherwin, would have been 5' SOl'^ and wrong in seconds, sinee the 
true arc is 5' 28^^633. 

Amongst the independent methods of ascertaining tne true 
result, there is none more simple than that which is called, tech- 
nically, the differential'^. If a, a', cl\ &c. be successive values of a 
quantity, a, differing by a constant interval 1, and if the 1st, 2d, 
3d, &c. differences be d', d'', i"^ &c. then any intermediate value 
(il) distant from a by the interval x is equal to 

a+x.d' + x.^^.d''+x.^— ^.^^r + &c. 

2 2 3 

This series, by a direct application, gives the logarithmic sine 

and tangent of a proposed arc : thus, suppose the logarithmic 

tangent of b' \" \9!" 24^^ to be required: 

a =log. tan. 5' 0" =7.1626964 

a' =Iog. tan. 5' 1" =7.1641417 

o"=Iog. tan. 5' 2" =7.1655821 

a'"=log. tan. 5' 3" =7.1670178 



d' 


<f' 


14453 


-49 


14404 


-47 


14357 





* Sec Wood, p. 242. Waring, 548, 



teeo 

Here^ stopping at the 2d difference d!' and taking 48 for its 
mean valuej, and, for greater simplicity, making the series to 
begin from a , in which case 

12x60 + 24 62 

X = — - — — = , we have 

60.60 300 

log. tan. arc required = a' + ^^' + ^ • d*' 

62 
=s 7.1641417 + .0014404 X - — + .0000004 « 7.1644398 

300 

as it ought to be. See the former Example, p. 258. 

The arc cannot by a direct process be found, by means of 
the preceding series, from the logarithmic sine or tangent : but, 
thus it may be found : 

Since J7 is small, 

a + ^d' + X d" ( = il) = a '\'xd' d** nearly. 

2 2 

»» A '^ a ^ . ^ 

Hence^ a? = -rr, ; thus, if 4 = 7.1644398; 

d'- - 
2 

then (by the Tables) the logarithmic tangents next less and 
greater are 7.1641417, the log. tan. 5' l"^ and, 7.1655821, the 
log% tan. ^ i' : hence, taking the differences as before^ 

7.1644398 - 7.1641417 
X :^ - — ^067 

.0014404 + .0000024 '"^ 

and consequently the arc =5^ l'^2067 as before, see Example, 
p. 258. This method, although it does not determine the loga- 
rithmic sines and tangents of small arcs so concisely and con- 
veniently as Dr. Maskelyne's Rule, is of very extensive use, and 
especially in Astronomy. It may be considered as the foundation 
of the common Rule given in books of Logarithms, for finding 
the logarithmic sines, tangents, 8cc. of arcs that contain a frac- 
tional part of a minute or second :^ for, in mean arcs, the differ- 
ences d'\ d'^y &c. are nothing or very small, and consequently 

il = a + xd\ 
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Thus, to iitid by Sberwin's Tables the log. tan. 44^ 29^ 30". 



d 



2527 
2527 







log. tan. 44^ 28'= $.9919143 
log. tan. 44^ 29' = 9-992 167O 
log. tan. 44^ 30'= 9-9924197 
.-. since ar = J, log. tan. 44^ 29^ 30"= 9.9921670 + ^ (.0002527) = 

9.9922933. See p. 96. Also Sherwin, pp. 23, 24, &c. Hqtston, 
p. 149, &c 

Demonstration of the Formula for Computing the Afproximate 
Reduction to the Horizon. See p. 186. 

Let A be the observed angle, x the correction, that is^ let 
A 4*^ be the angle required, if and h the heights, 

1 / ^ . X COS. A - sin. If. sin. A 

then COS. (il + T)= — ^ — - — 7; ^— r — ^ (p. 139). 

COS. £1 . COS. n 

But, p. 245, Appendix^ 

sin. If = H h 8cc., when H is small, = H nearly ; 

2.3 

similarly, sin A = A 

COS. If = 1 + 8cc. = I nearly ; similarly, cos. A = 1 - — . 

COS. A — JEf A COS. A — Hh 

HeBee,co..(il+x)= ———— = ' fl« J^. = 

{cos. A^Hh) [1 -i (H*+A')r* 

or, co8.il. COS. JT — sin. J.. sin. x= (cos. A-- JFf A) [1 +|(JEf'4*A*)3 
nearly, 

but, since x is very small, cos. a: = 1, and sin. x±^x\ 

.*. cos. ^ — sin. ^. a: = COS. 4 — HA + 1 cos. A(H'+A*) 

/fA-icos.ii(lf' + A») 

and X = 2 — . > 

sm. A 
or X may be differently expressed ; thus, 

make p:=i (H+A) .-. p'^^g^^Hh 

and :r = P'""^^^ - (P* + 9^) cos, il 
sin. il sin. A 
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J 1 —COS. A ^ 1 + C08. A 

sin. A sm. A 

A A 

(p. 33.)= />'• tan. — — y'.cot. ~ . 

^his is the expression given by M. Legendre, Mem. Acad. 
1787, p. 354; also in his Trig. edit. 6, p. 413. It is nearly equal 
to the first term of the series given by Delambre, Connoissanee 
des Terns J 1793, and in the first vol. of Measure of an Arc of the 
Meridian, p. 140 ; by Suanberg, p. 38 ; and by Dr. Maskelyne^ 
Phil. Trans. 1797, pi 451. 

A A 

If n^ tan. — . sin.* f (H + A) - cot. - . sin.* ^ (H - h\ 

then^ the series deduced by the three latter Mathematicians, is 

x=^n sec. -ff . sec. h sec.* H. sec* A. cot. A. sin. l'' 

+ J n' . sec.^ If. sec* A ( j + cot.* -4) . sin.* l" + &c . 
Here the first term, since sin. ^ (if +A) is nearly =: | (.&+ A), 
agrees with Legendre's expression. 

Demonstration of Legendre's Theorem j See p. 191- 

Let r be radius of sphere ; a^ b^ c, the sides of the spherical 
triangle; then the sides of a similar triangle on a sphere whose 

radius is 1^ are -* , - , *-; let also A be the spherical angle oppo- 

r r r 

site to u, and A' the angle of a rectilinear triangle, the sides of 



which are a,b, c; then, since r = (sin. - sin. - I 

f) , c \ t r/ 



— 1 



sm. - sm. - 
r r 



we have, by Prop. 18, p. 159^ 

1+cos. j1 /. 5 . 5— fl\/. h cx"^ 

s= I sm. - . sm. J I sm. - ^ sin. - I 

2 \ r r /\ r ^r/ 

"■\7 2.3rV\ r " 2 .3r'/ V 2.3r' a.Sf^/ 

^ r" 
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Ac *" 6c V a.S.r' / 

neglecting the terms that involve^ in the denominator^ higher 
powers than r*; but, 

4 4 

a'+g6c-ft*-c* _ a*-(fc-c)* 
~ 2 2 

= ^^±^=£^f:i*±l^ = 2 . (S-CH5 - 6). 

„ 1+cos. ^ S.(S-a) 2S(S-a)(5-J)(S-c) 

Hence, s= ; -. _ ' » 

2 ic Ac X 6r* 

.». « - V 1+cos. il' 6c . 2 ., 

(Prop. 2, p. 25.) = — ^ ^^^^ sin. 4 ; 

/. tos. -4 = cos. A — —5 sm, A ; 

or' 

but, COS. A = COS. 4' *- sin.A'.Xy if 4 = 4'+a?, and a? be very small ; 

_^ be , 1 ftc.sin.^' Area 

-'^x^-^.sm.A _— ,x - -^> 

and il'=: A s-; and, in like manner, if B, C, B', C be the 

Other angles, 

Area 



JB'sjB - 



C=C - 



St" 
Area 



5r 



a » 
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and y+,3' + C( = 18(n=4+jB+C- 



the theorem mentioned, p. 191. 




■^ft«««?% 



